aUANTUM  COHERENCE 

AND 

REALITY 

In  Celebration  of  the  60th  Birthday  of  Yakir  Aharonov 


International  Conference  on 
Fundamental  Aspects  of  Quantum  Theory 

University  of  South  Carolina,  Columbia 

10  -  12  December  1992 


Editors 

Jeeva  S  Anandan  &  John  L  Safko 

University  of  South  Carolina 


World  Scientific 

Wr  Singapore  •  New  Jersey  •  London  •  Hong  Kong 


Published  by 

World  Scientific  Publishing  Co.  Pte.  Ltd. 

P  O  Box  128,  Farter  Road,  Singapore  9128 

USA  office:  Suite  IB,  1060  Main  Street,  River  Edge,  NJ  07661 

UK  office:  57  Shelton  Street,  Covent  Garden.  London  WC2H  9HE 


QUANTUM  COHERENCE  AND  REALITY 
In  Celebration  of  the  60th  Birthday  of  Yakir  Aharonov 

Copyright  €>  1994  by  World  Scientific  Publi.shing  Co.  Pte.  Ltd. 

All  rights  reserved.  This  book,  or  parts  thereof,  may  not  be  reproduced  in  any  form 
orhyanymearts,  elecironic  or  mechanical.  Including  photocopying,  recording  nr  any 
information  storage  and  retrieval  system  now  known  or  to  he  invented,  without 
written  permission  from  the  Publisher. 


For  photocopying  of  material  in  this  volume,  please  pay  a  copying  fee  through 
the  Copyright  Clearance  Center,  Inc.,  27  Congress  Street,  Salem,  MA  01970,  USA. 


ISBN  981-02-2117-7 


Printed  in  Singapore, 


PREFACE 


On  December  9-12,  1992  over  150  scientists  from  around  the  world  gathered 
in  Columbia  to  celebrate  the  sixtieth  birthday  of  Yakir  Aharonov.  The  major  portion 
of  this  celebration  was  a  three  day  conference  on  the  Fundamental  Aspects  of 
Quantum  Theory.  This  volume  is  the  proceedings  of  that  conference  and  a  brief 
biographical  sketch  of  Yakir  Aharonov  as  presented  by  Alex  Pines  after  the 
banquet. 

Among  the  topics  discussed  were  the  Aharonov-Bohm  effect,  geometric 
phases,  gauge  fields,  black  holes,  quantum  gravity,  non-locality  and  geometry,  spin 
and  statistics,  phenomenology,  and  quantum  reality.  These  topics  were  chosen  since 
they  are  all  areas  in  which  Yakir  Aharonov  has  made  contributions  and 
suggestions. 

Years  ago  developments  in  the  fundamentals  of  quantum  theory  were 
primarily  of  interest  only  to  theoreticians.  Topics  such  as  quantum  gravity,  non¬ 
locality  and  geometry,  and  black  holes  are  still  with  us  today;  however,  as  can  be 
seen  from  the  table  of  contents,  applications  abound.  Experiments  have  been 
performed  showing  flux  lines,  quantum  interferometers  are  in  use,  and  condensed 
matter  applications  and  statistical  applications  exist.  Recent  satellite  data  provides 
information  on  black  holes.  The  Aharonov-Bohm  effect  is  now  a  laboratory 
phenomenon.  Yakir  Aharonov  has  recently  demonstrated  the  reality  of  the 
wavefunct.ion  for  a  single  particle. 

In  the  years  since  the  Aharonov-Bohm  effect  was  proposed,  Yakir  Aharonov 
has  made  important  suggestions  and  contributions  to  many  areas  related  to 
fundamental  interpretation  of  quantum  theory.  He  has  always  taken  the  viewpoint 
that  quantum  theory  must  be  studied  to  develop  the  necessary  intuition  to  be  able 
to  understand  what  the  theory  is  really  telling  us.  Without  this  intuition  we  will 
often  not  ask  the  "right"  question,  and  hence,  misinterpret  the  basic  nature  of 
reality.  That  is,  if  we  ask  classical  questions,  we  will  see  only  some  aspects  of 
quantum  theory.  Intuition  will  enable  us  to  ask  the  proper  quantum  question  to 
discover  the  full  implication  of  the  theory.  We  dedicate  this  volume  to  him. 

We  had  planned  to  have  David  Bohm,  FRS,  as  a  speaker  at  these  sessions 
and  to  help  honor  his  former  student.  We  deeply  regret  his  uiitimely  death.  He  was 
a  great  physicist  with  a  deep  understanding  of  quantum  theory  and  a  humanistic 
person  with  a  wide  range  of  interests. 

We  express  our  appreciation  to  the  aid  provided  by  the  members  of  the 
Scientific  Advisory  Committee:  Michael  Berry  (Bristol),  David  Bohm  (London), 
Roger  Penrose  (Oxford),  Norman  Ramsey  (Harvard),  Charles  Townes  (Berkeley), 
John  Wneeler  (Princeton)  and  Chen  Ning  Yang  (Stony  Brook).  We  also  express  out 
sincere  appreciation  to  the  other  members  of  the  Local  Organizing  Committee:  Chi- 
Kwan  Au,  Prank  Avignone,  Richard  Creswick,  Horacio  Farach,  James  Knight, 
Pawel  Mazur,  and  Carl  Rosenfeld.  Without  the  help  of  both  of  these  groups,  this 
conference  would  not  have  been  possible.  Wc  also  gratefully  acknowledge  the 
generous  support  for  this  conference  provided  by  President  Palms  of  the  University 
of  South  Carolina,  the  National  Science  Foundation,  the  Department  of  Energy,  the 
Office  of  Naval  Research,  and  Hitachi  Ltd. 

University  of  South  Carolina,  Columbia  Jeeva  S.  Anandan 

otember  1994  John  L.  Safko 
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SECTION  1 


After-Banquet  l^dk  in  Honor  of  Aharonov’s  60th  Birthday 


Symposium  on  Fundamental  Aspects  of  Quantum  Theory 
Columbia,  South  Carolina,  December  10-12,  1992 

A.  Pines 

University  of  California,  Berkeley 


Yakir  Aharonov:  Ehom  A  to  B 

Following  the  dictates  of  David  Mermin,  /  have  preparxtd  some  spontaneous  remarks: 


Ladies  and  Gentiles, 

You  sec  before  you  a  most  reluctant  after-dinner  spr^aker.  Someone  once  said  that  if 

you  took  all  the  after-dinner  speakers  and  laid  them  head- to- toe  at  the  equator, . 

that  would  be  a  very  good  thing.  In  fact,  some  years  ago,  my  friend  Anatole  Abragam 
warned  me  -  Alex,  when  they  start  asking  you  to  give  after-dinner  speeches,  it  might 
be  an  indication  that  you  are  no  longer  on  the  way  up.  So  when  1  was  asked  to  talk 
about  Aharonov  tonight,  the  first  two  words  that  came  to  my  mind  were  -  oy  vey. 

But,  ladies  and  gentlemen,  this  is  no  ordinary  occasion  Yakir  Aharonov  is  not 
only  a  truly  great  scientist  and  one  of  the  most  brilliant  and  stimulating  people 
I  have  ever  known,  he  is  an  extraordinary  colleague  and  dear  friend,  and  it  is  a 
privilege  and  a  pleasure  for  me  to  say  a  few  words  about  him.  You  might  well  ask, 
why  me,  a  chemist,  talking  about  a  physi¬ 
cist.  Well,  Aharonov  himself  once  paid  me 
what  he  considers  the  greatest  compliment 
you  guys  can  give  a  chemist  -  Come  on, 

Alex,  you’re  not  really  a  chemist,  you’re 
too  smart,  ....  you're  a  physicist.  Yakir, 
it’s  your  birthday,  let  me  return  the  com¬ 
pliment  you  don’t  look  seventy. 

Yakir  Aharonov  was  bom  in  1932,  in  Haifa, 

Israel,  to  Russian  parents.  He  grew  up,  so 
to  speak,  in  Kiryat  Haim,  where,  already 
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at  eige  five,  it  was  abundantly  clear  that 
he  was  a  mathematical  prodigy.  The  res¬ 
idents  of  Kiryat  Haim  soon  became  ac¬ 
customed  to  the  apparition  of  the  boy 
Aharonov  accosting  and  threatening  them 
in  the  streets,  challenging  them  to  give  him 
a  problem  a  novel  concept  of  mathemat¬ 
ical  mugging,  your  problem  or  your  life. 

Because  his  parents  were  unwilling  to  teach 
him  chess  (a  waste  of  time),  Aharonov 
traded  some  strawberries  from  his  yard  to 
a  neighbor,  an  older  child,  who  taught  him 
the  game.  When  not  playing  with  his 
friend,  Aharonov  would  play  by  himself, 
one  hand  against  the  other,  one  playing 
white  and  the  other  black.  It  is  not  known 
which  hand  was  stronger,  his  left  hand  or 
his  other  left  hand.  As  many  of  you  know, 
Aharonov  had  a  natural  aptitude  for  the 
game  and  became  a  very  strong  player,  to¬ 
day  an  Israr;li  candidate  master.  During 
his  period  as  Miller  f’rofessor  at  Berkeley, 
Aharonov  made  an  unforgettable  impres¬ 
sion  not  only  on  the  scientist.s,  but  also 
on  the  nationally  renowned  Berkeley  chess 
community.  As  a  young  man,  Aharonov 
had  a  gift  not  only  for  math  and  chess;  he 
was  good  at  all  sorts  of  games  and  puz¬ 
zles.  He  discovered,  to  his  joy,  that  his 
prowess  at  backgammon  made  him  almost 
irresistible  to  middle-eastern  women, 

I’he  last  time  I  played  blitz  chess  against 
Aharonov,  he  again  asked  if  I  wanted  a 
handicap.  I  related  to  him  the  (perhaps 
apocryphal)  story  told  to  me  recently  by 
.John  Rowlinson  about  Max  Euwe,  the 
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former  world  chess  champion,  siuwe  was 
on  a  train  analyzing  a  game  cn  his  pocket 
chess  set.  A  fellow  traveler  in  the  oompart- 
meiit  asked  him  if  he  played  chess,  to  which 
Euwe  replied  that  yes,  he  did.  Would  you 
like  to  play  a  game,  asked  the  other  fel¬ 
low;  sure,  said  Euwe,  who  proceeded  to 
set  up  the  pieces  and  then  removed  one 
of  his  rooks.  What  are  you  doing,  asked 
his  partner.  I’m  giving  you  a  rook,  replied 
Euwe.  You’re  giving  me  a  rook?  You’ve 
never  played  against  me,  you  d'>n’l  know 
who  1  am,  how  can  you  give  me  u  roolv?  If 
I  couldn’t  give  you  a  rook,  said  Euwe,  I’d 
know  who  you  are. 


Well,  Aharonov  doesn't  give  me  a  rook,  but  he  does  give  me  a  differential  time 
handicap  in  order  to  imbue  the  game  with  some  semblance  of  balBUioc.  In  other  words, 
he  beats  the  hell  out  of  me.  It  is  because  of  Aharonov  that  1  have  now  resorted  to 
playing  for  money  against  small  children.  But  Aharonov  too  is  fallible  -  about  twenty 
five  years  ago,  in  New  York,  he  played,  and  lost,  three  games  against  Bobby  Fischer. 
Aharonov  maintains  that  this  is  pretty  good;  he  lost  only  three  games,  so  he  did 
better  than  the  famous  Russian,  Taimanov,  and  the  great  Dene,  I^arscn,  who  each 
lost  six  games  against  Fischer. 


At  age  eleven,  Aharonov  tewk  up  the  violin,  an  instrument  that  he  cherishes  to  this 
very  day.  He  soon  discovered  that  the  best  acoustics  for  his  instrument  were  in  the 
kitchen  and  bathroom.  It  was  later,  after  he  read  how  Emslein  hac’  indcf>endently 
made  the  same  discovery,  that  Aharonov  decided  he  would  become  a  physicist. 


After  graduacion  from  high  school, 
Aharonov  was  inducted  into  the  army, 
into  the  artillery  division.  Yes,  the  ar¬ 
tillery  division.  He  soon  lost  interest 
in  experimental  artillery  after  he  proved 
that  quantum  corrections  to  the  bal¬ 
listic  trajectories  were  insignificant  and, 
much  to  the  relief  of  the  command¬ 
ing  authorities,  he  volunteered  for  an 
army  research  unit.  The  only  legacy  of 
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Aharonov’s  army  experience  was  his  occa¬ 
sional,  misguided  tendency  to  force  himself 
upon  his  friends  as  a  bodyguard. 

After  his  discheu-ge  from  the  aimy, 
Aharonov  studied  at  the  Technion,  the  Is¬ 
rael  Institute  of  Technology,  where  he  met 
the  late  David  Bohm.  Here  Aharonov  is 
shown  at  the  Technion  with  a  co-student 
whom  he  identiiies  as  Tsachi  Gozani. 
Gozani  allegedly  spent  much  of  his  time 
begging  Aharonov  to  stay  away  from  the 
apparatus.  After  discussions  with  fac¬ 
ulty  members  who  feared  for  their  lives, 
Aharonov  seriously  contemplated  becom¬ 
ing  a  theoretician.  He  moved  with  Bohm 
to  Bristol  to  do  his  Ph.D.  and  it  was 
there  that  the  famous  Aharonov-Bohm  ef¬ 
fect  was  conceived,  elucidated  and  pub¬ 
lished. 

One  of  the  external  examiners 
for  Aharonov’s  Ph.D.  was  Rudolph  Peierls, 
who  claimed  he  did  not  believe  some  argu¬ 
ment  that  Aharonov  had  formulated  about 
energy-time  uncertainty,  but  Pcicrls  could 
not  find  an  error.  He  invited  Aharonov  to 
Birmingham,  where  they  sat  and  argued 
for  days,  after  which  Peierls  was  convinced 
and  said  that  he  now  believed.  But  Yakir 
tells  me  that  just  two  years  ago,  Pcicrls  was 
in  Israel  for  the  Landau  Symposium  -  he 
ran  into  Aharonov  and  said  hey,  aren’t  you 
Aharonov?  Yes,  1  am.  Well,  said  Peierls, 
now  I  don’t  believe  you  again. 
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It  was  during  his  time  in  England  that 
Aharonov  became  concerned  about  his  Is¬ 
raeli  accent,  because  he  felt  that  it  was 
h'  I'ering  his  chances  with  women.  He 
arranged  for  intensive  tutoring  sessions  in 
elocution,  seeking  to  acquire  not  just  any 
old  accent,  but  an  Oxford  accent,  and  de¬ 
voting  considerable  time  and  effort  to  the 
enterprise.  On  the  day  of  the  first  ex¬ 
periment  with  his  nc  '  accent,  an  excited 
Aharonov  ventured  into  the  streets  of  Bris¬ 
tol  and  asked  for  directions  to  go  some¬ 
where;  I  imagine  that  we  can  all  sympa¬ 
thize  with  his  frustration  when  the  imswer 
came  back  in  Hebrew. 

Following  his  Ph.D.,  Aharonov  spent  sev¬ 
eral  years  at  Brandeis  and  Yeshiva  Univer¬ 
sities  in  the  United  States.  In  1962,  he 
created  a  sensation  when  he  talked  about 
the  Aharonov-Bohm  effect  at  the  Cincin¬ 
nati  Conference  on  quantum  theory  (the 
other  participants  included  Dirac,  Furry, 
Podolsky,  Rosen  and  Wigner).  The  con¬ 
ference  made  headlines  despite  the  many 
other  exciting  events  in  Cincinnati  at  the 
time. 

In  1966,  Aharonov  joined  the  faculty  at 
South  Carolina  and,  in  1967,  he  became 
Pull  Professor  at  Tel-Aviv  University.  He 
was  subsequently  honored  with  chairs  in 
physics  both  at  Tel-Aviv  and  here  in  South 
Carolina,  where,  I  understand,  he  is  agmn 
contemplating  changing  his  accent.  His 
colleagues  here  know  that,  for  Aharonov, 
physics  is  not  just  a  job  -  it  is  a  passion, 
like  chess,  ^hat  Tel  Aviv  University  and 
the  University  of  South  Carolinu  pay  him 
to  indulge  in  his  passion  remains  for  him 
unfathomable.  Yakir,  may  it  become  yet 
more  unfathomable. 


Over  the  years,  Aharonov  has  further  cultivated,  carefully  and  successfully,  his  image 
as  a  shlcmiel,  thereby  shielding  him  from  annoying  appeals  to  help  around  the  lab, 
the  department  or  the  house,  and  leaving  him  time  to  do  what  he  loves  and  does 
beat  -  to  think.  And,  as  many  of  us  know,  Aheux>nov  thinks  best  in  an  atmosphere 
composed  of  ten  percent  oxygen,  forty  percent  nitrogen  and  fifty  percent  cigar  smoke. 
What  kind  of  cigar  smoke?  Well,  let’s  just  say  that  many  years  ago,  1  gave  him  one 
of  my  prized  Montecristos  from  Havana,  and  he  was  able  to  exchange  it  for  a  year's 
supply  of  his  beloved  White  Owls.  Aharonov  continues  with  his  tradition  of  visiting 
Berkeley  whenever  he  runs  out  of  cigars,  much  to  the  delight  of  my  children,  by  whom 
hs  is  much  admired. 

Yakir  Aharonov  is  a  giant  of  modem  physics.  FVom  his  Ph.D.  with  Bohm  to  his 
work  on  geometric  phases,  he  has  made  monumental  contributions  to  quantum  the¬ 
ory,  and  he  has  profoundly  advanced  our  understanding  of  electromagnetism  and 
other  gauge  theories  of  fundamental  interactions.  On  two  occasions,  John  Maddox, 
the  editor  of  Nature  (the  science  magazine),  suggested,  justifiably,  many  of  us  be¬ 
lieved,  that  Aharonov,  Bohm  and  Berry  should  get  the  Nobel  Prize  for  physics.  In 
his  first  editorial  on  the  subject,  in  1989,  Maddox  writes  about  Abrahamov  and  the 
Abrahamov-Bohm  effect;  in  his  second  editorial  on  the  subject,  this  year,  he  makes 
a  slightly  better  approximation,  writing  about  Aharanov  and  the  Aharanov-Bohm 
effect.  And  listen  to  the  perverse,  yet  quaint  1989  description  of  the  effect  -  Abra¬ 
hamov  and  Bohm,  independently  of  M.  J.  Berry,  have  shown  that  the  supposedly 
insignificant  complex  phase  of  Maxwell’s  electromagnetic  potential  is  measurable. 

Well,  Yakir  Aharonov  is  no  stranger  to 
honor  and  to  ceremony.  He  is  a  member 
of  the  Israel  and  U.S.  National  Academics 
of  Sciences,  and  amongst  his  many  awards 
arc  the  prestigious  Israel  Prize  in  exact 
sciences  and  the  Elliot  Cresson  Medal 
of  the  FVank.in  Institute  in  Philadelphia. 

But  Aharonov  is  particularly  proud  of  the 
knighthood  bestowed  upon  him  by  his 
friends  on  the  occasion  of  his  fiftieth  birth¬ 
day  which,  he  calculates,  was  ten  years  ago. 

1  guess  the  citation  reads  -  why  is  this 
knight  different  from  all  other  knights? 
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Ladies  an<?  gentlemen,  1  was  asked  to  make 
my  remarks  either  wi*ty  or  brief  -  so  I  must 
come  to  a  close. 

Yakir  Aharciiov  is  a  man  with  a  legendary 
hunger  for  science  and  for  life,  But  be¬ 
yond  his  genius  and  his  accomplishments, 
Aharonov  has  that  rarest  of  human  qual¬ 
ities  -  he  is  a  mensch.  Dear  Yakir,  I  am 
sure  that  I  apeak  on  behalf  of  everyone 
here  when  1  say  that  you  have  earned  our 
respect.  On  the  occasion  of  your  sixti¬ 
eth  birthday,  pennit  me  to  offer  a  toast  to 
you  and  your  family  -  the  Aharonovs,  the 
Abrahamovs  and  the  Aharanovs  -  Yakir 
and  Nilii, .  to  another  sixty  years. 
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SECTION  2 


AHARONOV-BOHM  EFFECT  AND 
GEOMETRIC  PHASES 


DYNAMIC  OBSERVATION  OF  FLUX  LINES 
BASED  ON  THE  AB  EFFECT  PRINCIPLE 


A.  TONOMURA 

Advanced  Research  Laboratory,  Hitachi,  Ltd. 

k 

Tonomura  Electron  Wavefront  Project,  ERATO,  JRDC 
Hatoyama,  Saitama  350-03,  Japan 


ABSTR4CT 

Flux  lilies  penetrating  superconducting  films  arc  directly  observed  with  a  ’’co¬ 
herent”  field-emission  electron  beam.  These  flux  lines  are  detected  as  phase 
shifts  of  an  election  beam  passing  through  the  films  due  to  the  Aharonov-Bohm 
effect. 


1.  INTRODUCTION 

The  behavior  of  flux  lines  plays  a  decisive  role  in  the  fundamentals 
and  practical  applications  of  superconductivity. 

Although  much  effort  has  been  expended  on  developing  methods  to 
directly  observe  flux  lines,  until  recently  flux  lines  have  evaded  direct 
observation  because  they  are  shaped  like  an  extremely  thin  thread  and 
have  a  small  flux  value  of  /t/2e(=  2  X  10“'*  Wb).  In  1967,  Essman  and 
1'rauble'^  used  the  Bitter  technique  to  directly  observe  the  flux-line 
lattice  predicted  by  Abrikosov.^)  In  this  technique,  fine  ferromagnetic 
particles  are  sprinkled  over  the  superconductor  surface  and  the  loca¬ 
tion  of  flux  lines  is  observed  as  a  replica  with  an  electron  microscojic. 
'I’liis  technique  has  recently  been  used  to  elucidate  the  microscopic 
characteristics  of  high-Tc  superconductors.*^  However,  this  technique 
is  essentially  static,  and  it  cannot  determine  the  dynamic  behavior 
of  flux  lines.  New  techniiiues  for  observing  flux-lines  have  also  been 
developed.'’’*^  For  example,  Hess,  et  al.^^  used  a  scanning  tunneling  mi¬ 
croscope  to  observe  the  flux-line  lattice  of  NbSe2.  Hi  wever,  dynamic 
observation  is  still  not  feasible  with  these  techniques. 
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The  possibility  of  direct  observation  using  a  transmission  electron 
microscope  has  been  theoretically  investigated  making  use  of  the  fact 
that  an  electron  beam  is  defleeted®"*^  or  phase-shifted  by  flux  lines: 
Despite  trials,  the  deflection  angle  is  too  small — less  than  1  x  10“** 
rad — to  observe  flux  lines  as  a  Lorentz  micrograph  (a  greatly  defo 
oised  electron  micrograph).  Or,  in  other  words,  the  phase  shift  of  the 
electron  beam  is  produced  due  to  the  Aharonov-Bohm  effect®^  when 
the  beam  passes  through  a  flux  line,  which  is,  in  this  case,  less  than  tt. 
This  phase  shift  was  actually  detected  by  electron  interferometry.^'’’^' 
Using  this  method,  Boersch,  et  observed  the  location  of  a  single 
flux  line  leaking  from  a  superconducting  tube  as  a  shift  of  parallel 
interference  fringes  by  half  their  spacing,  followed  by  thermally  acti¬ 
vated  jumps  of  flux  lines  from  one  pinning  center  to  another  with  ;i 
time  resolution  of  around  one  second. 

However,  as  a  result  of  the  development  of  a  ’’coherent”  field- 
emission  electron  beam,'^’’^'  it  has  become  possible  to  measure  the 
phase  distribution  of  an  electron  beam  to  a  precision  of  1/100  of  the 
wavelength'''’'  through  electron  holography.'®"'"'  In  addition,  tlu'  two- 
bcoiii  interference  pattern  has  become  directly  observable  on  the  flu¬ 
orescent  screen,  permitting  dynamic  observation. 

Such  technical  development  has  helped  to  open  the  way  to  direct 
observation  of  flux  lines.  In  this  method,  a  single  flux  line  leaking  from 
a  superconductor  surface  could  be  observed  directly  and  even  dynam 
ically  as  a  contour  fringe  in  an  interference  micrograph.  Furthermore, 
for  the  first  time,  flux  lines  were  also  observed  in  the  transmission 
inode. 


2.  EXPERIMENTAL  APPARATUS 

Experiments  were  carried  out  using  holography  electron  micro¬ 
scopes.  The  holography  electron  microscopes  used  in  the  present  ex¬ 
periments  arc  transmission  electron  microscopes  equipped  with  field- 
emission  electron  guns'®’'^'  for  coherent  specimen  illumination,  and 
electron  biprisms'®'  for  hologram  formation. 

A  cut-away  drawing  of  our  350-kV  holography  electron  microscope"'’' 
is  shown  in  Fig.  1.  The  main  column  below  the  objective  lens  is 
almost  the  same  as  that  of  a  Hitachi  H-9000  transmission  electron 
microscope.  The  illumination  system  consisJ.s  of  a  cold  field-emission 
('lectron  gun  and  double  condenser  lenses. 

The  specimen  is  illuminated  by  a  collimated  electron  beam.  The 
small  illumination  angle  2(3,  which  is  indispensable  for  forming  elec¬ 
tron  holograms,  or  Lorentz  micrographs,  can  be  reduced  to  5  X  10"" 


Electron  gun  — 
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rad  by  the  double  condenser  lenses.  A  low-temperature  specimen 
stage  is  substituted  when  flux  lines  re  observed.  The  temperature 
of  the  specimen  holder  can  be  reduced  to  4.5K.  At  the  same  time,  a 
magnetic  field  of  up  to  150  Gauss  can  be  applied  in  the  horizontal 
direction. 

I'ilectron  biprisms^®^  arc  installed  at  two  positions,  one  below  the 
objective  lens  and  the  other  below  the  intermediate  lens.  The  ap¬ 
propriate  biprism  position  can  be  selected  after  the  optical  conditions 
such  as  magnification  have  been  determined. 

The  specimen  or  hologram  image  can  be  enlarged  by  magnifying 
lenses  as  in  the  electron  microscope,  which  is  usually  recorded  on  film. 
However,  for  dynamic  observation,  it  is  recorded  on  videotape  through 
a  television  system  attached  to  the  microscope. 

3.  EXPERIMENTAL  METHOD 

'I'wo  methods  were  employed  in  the  present  experiments,  i.c.,  elec¬ 
tron  holography  and  borentz  microscopy.  Magnetic  lines  of  force  leak¬ 
ing  from  the  supc'rconductor  surface  were  directly  observed  as  contour 
fringe's  in  an  elect, ron  interference  micrograph  obtained  through  t.lu' 
e'h'ctron  holography  process.  In  the  Lorentz  mic.rogvapli  with  an  ap¬ 
propriate  dc'focusing,  flux  lines  in  the  superconductor  wc're  ob.se'i  vcd 
as  glolniles  with  black  and  wliitc  contra.st  pairs. 

/  FjU’cifon  llolofiraphy 

Electron  holography  is  a  two-step  imaging  method  using  elec¬ 
tron  waves  and  light  waves  (see  Fig.  2).  An  electron  wave  ilhiininatfs 
an  object,  and  is  scattered.  A  reference  wave  that  lias  liei'ii  tiltc'd  by 
a  prism  is  t.lnui  projected  onto  the  scattered  wave  to  form  an  interlV.r- 
ence  pattern  that  is  recorded  on  film.  This  film,  called  a  liolograin,  is 
subsequently  illuminated  by  a  collimati'd  laser  beam.  The  (exact  im¬ 
age  is  then  three-diinenslonally  re])roduced.  An  additional  conjngaie 
image  is  also  produced  in  holography. 

Once  elect, ron  wavefronts  have  been  rei)rodnccd  as  light  wav('front.s, 
versatile  optica, 1  techniques  can  be  used  to  supplement  electron  optics. 

An  interference  micrograph,  or  contour  ma]>  of  the  wavefront,  can 
be  obtained  by  simply  overlapping  an  optical  ])lane  wave  with  this 
reconstructed  wave  (see  Fig.  3(a)).  If  a  conjugate  wavefro'it  instead 
of  a  plane  wave  overlaps  this  wavefront,  the  phase  difference  becomes 
twice  as  large.,  and  is  as  if  the  phase  distribution  were  amplified  two 
times,  as  shown  in  Fig.  3(b).  By  repeating  this  technique,  a  phase 
shift  can  be  detected  even  as  small  as  1/100  of  a  wavelength. 


Object 

Hologram 


Virtual  image  Real  image 

Fig.2.  Fi'inciple  behind  electron  holograpy. 


Fig. 3.  Principle  behind  phase  amplification. 

(a)  Contour  map.  (b)Twice-amplifit;d  contour  map. 
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This  phase- amplified  interference  electron  microscopy  provides  infor¬ 
mation  about  microscopic  distribution  of  the  electric^^^  and  magnetic 

fields. 

Flux  lines  can  be  directly  observed  in  a  twice  phase- amplified  in¬ 
terference  micrograph.  The  observation  principle  is  illustrated  in  Fig. 
4.  When  an  electron  beam  is  incident  to  a  uniform  magnetic  field,  the 
beam  is  deflected  to  the  left  by  the  Lorentz  force,  which  acts  perpen¬ 
dicularly  to  the  direction  of  the  magnetic  field.  Viewing  electrons  as 
v;aves,  the  introduction  of  a  ’’wavefront”  perpendicular  to  the  electron 
trajectory  will  suffice.  The  incident  electron  beam  is  a  plane  wave, 
but  the  outgoing  beam  becomes  a  plane  wave  with  the  left  side  tilted 
up.  In  other  words,  the  wavefront  is  viewed  as  rotating  around  a  ro¬ 
tating  axis;  the  magnetic  line  of  force.  From  a  contour  map  of  this 
wavefront,  it  can  be  seen  that  the  contour  lines  follow  the  magnetic 
lines  of  force.  This  is  because  the  height  of  the  magnetic  lim;  of  force 
is  the  same  along  it.  Thus,  a  very  simple  conclusion  can  be  reached: 
when  a  magnetic  field  is  observed  in  an  interference  electron  micro¬ 
graph,  the  contour  fringes  can  be  considered  to  represent  magnetic 
lines  of  force. 


Electrons 


Magnetic 

field 
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Fig. 4.  I’rinciple  behind  magnetic  flux  observation. 
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The  interference  fringes  are  also  quantitative.  A  simple  calculation 
convinces  us  that  a  certain  minute  amount  of  magnetic  flux,  h/e,  is 
flowing  between  adjacent  contour  fringes.  This  is,  in  a  sense,  quite 
natural.  A  superconductive  flux  meter,  SQUID,  can  measure  the  flux 
in  units  of  hj2e  by  using  Cooper  pair  interference.  An  electron  inter¬ 
ference  micrograph  is  formed  by  the  interference  of  electrons  rather 
than  Cooper  pairs.  Therefore,  the  flux  unit  is  h/e,  since  the  electric 
charge  is  e  rather  than  2e.  However,  the  principle  is  the  same. 

It  can  be  concluded  then  that  a  contour  fringe  in  a  twice  phase- 
amplified  interference  micrograph  indicates  a  single  flux  line. 

S.l.l  Lorentz  microscopy 

A  Lorentz  micrograph  is  a  greatly  defocused  electron  micrograph. 
The  principle  behind  it  is  shown  in  Fig.  5.  When  an  electron  beam 
is  incident  to  a  ferromagnetic  thin  film,  which  has  two  magnetic  do¬ 
mains,  the  beam  is  deflected  by  the  magnetization,  and  the  deflection 
directions  are  different  for  tlm  two  domains.  Therefore,  when  the  elec 
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Fig. 5.  Lorentz  microscopy. 
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tron  intensity  distribution  is  observed  in  the  lower  plane,  the  domain 
wall  can  be  observed  as  a  line  of  the  weak  intensity.  Thus,  Lorentz 
microscopy  is  effective  when  the  magnetic  field  changes  suddenly,  such 
as  at  a  domain  boundary  in  a  ferromagnetic  film.  However,  it  is  not 
easy  to  observe  flux  lines  in  free  space  by  Lorentz  microscopy,  since 
magnetic  fields  there  are  distributed  smoothly  in  a  harmonic  form. 

4.  EXPERIMENTAL  RESULTS 

Individual  flux  lines  were  statically  and  dynamically  observed  using 
holography  electron  microscopes. 

4-1  Observation  in  the  Profile  Mode 

Flux  lines  leaking  out  from  a  superconducto*'  surface  can  be  directly 
observed  as  contour  frinj  s  in  a  twice  phase-amplified  interference 
micrograph  through  electr  u  holography,  as  explained  in  the  previous 
section. 

The  experimental  arrangement  is  shown  in  Fig.  6.  A  thin  tungsten 
wire  40/[im  in  diameter  was  used  as  the  substrate  for  a  superconduct¬ 
ing  specimen.  Lead  was  evaporated  onto  one  side  of  the  wire.  A 
magnetic  field  of  a  few  Gauss  or  less  was  applied  to  the  evaporated 
lead  film.  The  specimen  was  cooled  to  4.5K.  In  a  weak  magnetic 
field,  the  magnetic  lines  are  excluded  from  the  superconductor  by  the 
Meissner  effect, 


□ectron  Wave 

1 

I  1 


Superconductor 


Fig. 6.  Experimental  arrangement  to  observe  flux  lines 
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but  if  the  magnetic  field  is  strong,  the  magnetic  lines  of  force  penetrate 
the  superconductor  in  the  form  of  flux  lines.  By  applying  an  electron 
beam  to  the  specimen  from  above,  the  magnetic  lines  of  force  of  flux 
lines  were  observed  through  the  process  of  electron  holography. 

Figure  7(a)  shows  the  single  flux  line  observed  when  the  supercon¬ 
ducting  film  was  0.2/im  thick.  In  this  figure,  the  phase  difference  is 
amplified  by  a  factor  of  two.  Therefore,  one  interference  fringe  cor¬ 
responds  to  one  flux  line.  A  single  flux  line  is  captured  in  the  right 
part  of  this  photograph.  The  magnetic  line  of  force  is  produced  from 
an  extremely  small  area  of  the  lead  surface,  and  then  spreads  out  into 
free  space. 

In  addition  to  observing  isolated  flux  lines,  another  surprising  re¬ 
sult  was  found.  A  pair  of  flux  lines  were  observed  that  were  oriented 
in  opposite  directions  and  connected  by  magnetic  lines  of  force  (Fig. 
7  (a)  left).  The  following  explanation  may  be  considered.  When  the 
specimen  is  cooled  below  the  critical  temperature,  the  lead  becomes 
superconductive.  During  the  cooling,  however,  the  specimen  experi¬ 
ences  a  state  where  the  flux-line  pair  appears  and  disappears  repeat¬ 
edly  due  to  thermal  excitation  and  is  pinned  by  some  imperfection 
in  the  superconductor,  eventually  resulting  in  the  flux  being  frozen. 

What  happens  when  the  thickness  of  the  superconducting  thin  film 
is  increased?  Figure  7(b)  shows  the  state  of  the  magnetic  lines  offeree 
when  the  thickness  is  l^m.  It  can  be  seen  that  the  state  changes 
completely.  Magnetic  flux  penetrates  the  superconductor  not  as  in- 


Fig.7.  Interference  micrograph  of  flux  lines  leaking  from  Fb  film 
(Phase  amplification :x 2). 

(a)Thickness  =  0.2;tm.  (b)Thickness  =  l^m. 
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dividual  flux  lines  but  in  a  bundle.  The  figure  does  not  show  any 
fiux-line  pairs. 

Our  explanation  for  this  phenomenon  is  as  follows.  Becauce  lead  is 
a  type-I  superconductor,  the  strong  magnetic  field  applied  to  it  par¬ 
tially  destroys  the  superconductive  state  in  some  parts  of  the  speci¬ 
men  (intermediate  state).  Figure  7(b)  is  a  photograph  showing  that 
the  magnetic  lines  of  force  penetrate  the  parts  of  the  specimen  where 
superconductivity  has  been  destroyed.  However,  since  the  other  sur¬ 
rounding  parts  are  still  superconductive,  the  total  amount  of  pen¬ 
etrating  magnetic  flux  is  an  integral  multiple  of  the  flux  quantum, 
h/2e.  Thin  superconducting  films  (Fig.  7(a))  were  an  exception.  In 
that  case,  however,  lead  behaved  like  a  type-II  superconductor  and 
the  flux  penetrated  the  superconductor  in  the  form  of  individual  flux 
lines. 

Since  the  flux  itself  can  be  observed  using  electron  holography, 
its  dynamic  behavior  can  be  observed.^^)  In  this  case,  after  electron 
holograms  were  dynamically  recorded  on  videotape,  a  twice  phase- 
amplified  contour  map  of  each  frame  was  numerically  reconstructed, 
and  again  recorded  on  videotape.  Although  off  line,  flux  dynamics 
could  he  observed  with  a  time  resolution  of  1/30  of  a  second. 

The  experiment  was  carried  out  as  follows.  IVapped  fluxes  in  a  Pb 
thill  fill  remained  stationary  at  5K.  However,  when  the  sample  tem¬ 
perature  was  raised,  the  flux  line  diameter  gradually  increased.  Just 
below  the  critical  temperature,  the  flux  lines  began  to  move.  Figure 
8  shows  a  section  from  the  videotape  that  recorded  this  movement. 

Three  flux  lines  in  the  upward  direction  are  trapped  in  the  super¬ 
conductor  and  their  magnetic  lines  of  force  can  be  seen  in  Fig.  8(a). 
At  0.13  seconds,  the  flux  lines  moved  suddenly  to  the  left  after  only 
the  lapse  of  a  single  frame.  Two  upward  flux  lines  and  two  downward 


(a)  (b)  (c) 


Fig. 8.  Dynamical  observation  of  trapped  flux  line  near  Tc. 

(a)  0  seconds.  (b)0.13  seconds  later,  (c)  1.33  seconds  later. 
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flux  lines  are  connected  by  magnetic  lines.  At  1.33  seconds,  downward 
flux  lines  moved  to  the  right  and  only  a  broad  single  magnetic  line 
remained. 

Although  this  flux  movement  due  to  thermal  activation  is  random, 
a  similar  experiment  is  now  in  progress  wnere  a  current  is  applied  to 
the  superconductor.  In  this  case,  flux  lines  receive  a  Lorentz  force 
determined  by  the  current,  but  with  opposite  directions  for  upward 
and  downward  flux  lines.  The  pinning  force  at  each  pinning  site  can 
thus  be  measured. 

J^.2  Observation  in  the  Transmission  Mode 

Flux  lines  h?,ve  recently  been  observed  in  the  transmission  mode.^^^ 
A  two-dimensional  distribution  of  flux  lines  was  seen  dynamically  by 
Lorentz  microscopy  with  a  300-kV  holography  electron  microscope. 

The  experimental  arrangement  is  shown  in  Fig.  9.  A  Nb  thin  film 
was  prepared  by  chemically  etching  a  roll  film.  The  film,  set  on  a 
low-temperature  stage,  was  tilted  at  45“  to  the  incident  beam  with 
300  keV  electrons  falling  vertically,  so  that  the  electrons  could  receive 
the  flux-line  magnetic  fields  penetrating  the  sample  perpendicularly 
to  its  surface.  An  external  magnetic  field  of  up  to  150  Gauss  was 
applied  hori'/.'^ntally. 

The  information  about  the  flux  lines  is  contained  in  the  phase  dis¬ 
tribution,  or  in  other  words,  the  wavefront  distortion  of  the  trans¬ 
mitted  electron  beam.  This  information  cannot  be  read  from  a  con¬ 
ventional  electron  micrograph  where  only  the  intensity  is  recorded. 
However,  the  distortion  reveals  Itself  in  a  defocused  image,  i.e.,  a 
Lorentz  micrograph,  in  which  a  flux  line  can  be  seen  as  a  tiny  spot; 
one  half  bright  and  the  other  half  dark. 

The  samole  was  first  cooled  down  to  4.5K  and  the  applied  mag¬ 
netic  field  B  was  gradually  increased.  As  B  was  increased,  flux  lines 
suddenly  began  to  penetrate  the  film  at  U  =  32  Gauss,  and  theb'  num¬ 
ber  increased  with  B.  Their  dynamic  behavior  was  quite  intei’csting: 
at  first,  only  a  few  flux  lines  appeared  here  and  there  in  the  field  of 
view,  15  X  10/rm^,  oscillating  around  their  own  pinning  centers  and 
occasionally  hopping  from  one  center  to  another.  These  movements 
continued  as  long  as  the  flux  lines  were  not  closely  packed  [B  <  100 
Gauss). 

An  example  of  the  equilibrium  Lorentz  micrographs  at  B  =  100 
Gauss  is  shown  in  Fig.  10.  The  film  has  a  fairly  uniform  thickness  in 
the  region  shown,  but  is  bent  along  the  black  curves,  called  bend  con¬ 
tours,  which  are  due  to  Bragg  reflections  at  the  atomic  plane  brought 
to  a  favorable  angle  by  bending.  Each  spot  with  a  black  and  white 
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contrast  is  the  image  of  a  single  flux  line.  This  contrast  reversed,  as 
expected,  when  the  applied  magnetic  field  was  reversed.  The  tilt  di¬ 
rection  of  the  sample  can  be  read  from  the  line  dividing  the  black  and 
white  part  of  the  spots.  Since  the  black  part  is  on  the  same  side  for 
all  the  spots,  the  polarities  of  all  the  dux  lines  as  seen  in  the  region 
aie  the  same. 
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Fig.9.  Schematic  for  flux-line  lattice  observation. 


Fig.  10.  A  Lorentz  micrograph  of  a  two-dimensional  array  of  lliix 
lines  in  superconducting  Nb  film. 


At  low  B,  i.e.,  up  to  30  -  50  Gauss,  the  Ilux  lines  are  too  scarcer 
l-o  form  a  lattice,  even  in  equilibrium.  At  B  =  100  Gauss  where  tlu' 
(lux-line  density  is  so  high  that  it  cannot  be  anything  but  a  hexagonal 
lattice,  the  flux-line  configuration  and  movement  are  influenced  by 
structure  defects. 

5,  CONCLUSION 

Electron  holography  has  opened  up  a  new  window  for  direct  and 
real-time  observation  of  the  microscopic  dynamics  of  individual  su()er- 
conducting  flux  lines  such  as  in  flux  creep,  pinning,  etc,  which  up  to 
now  has  only  been  observed  in  macroscopic  experiments.  '1  nis  te.cli- 
nique  will  effectively  be  employed  for  elucidating  fundamentals  and 
practical  application;;  of  superconductivity,  especially  in  the  field  of 
high-Tc  superconductors. 


26 


6.  REFERENCES 

1)  V.  Essman  and  H.  Trauble:  Phys.  Lett.  A24  (1967)  526. 

2)  A.  A.  Abrikosov,  Zh.  Eksp.  Teor.  Fiz.  32  (1957)  1442  [Sov.  Phys. 
JETP  a  (1957)  1174]. 

3)  For  example,  D.  J.  Bishop,  et  al.:  Science  255  (10  January  1992) 
165. 

4)  H.  F.  Hess,  et  al.;  Phys.  Rev.  Lett.  62  (1989)  214. 

5)  J.  Mannhart,  et  al.:  Phys.  Rev.  B35  (1987)  5267. 

6)  H.  Yoshioka:  J.  Phys.  Soc.  Jpn.  21  (1966)  948. 

7)  C.  Colliex:  Acta  Crystallogr.  Sect.  A24  (1968)  692. 

8)  C.  Capiluppi,  G.  Pozzi,  and  V.  Valdre:  Phil.  Mag.  26  (1972)865. 

9)  Y.  Aharonov  and  D.  Bohm:  Phys.  Rev.  115  (1959)  485. 

10)  H.  Wahl:  Optik  28  (1968)  417. 

11)  B.  Lischkce;  Phys.  Rev.  Lett.  22  (1969)  1366. 

12)  H.  Boersch,  et  al.:  Phys.  Status  Solidi  (b)  61  (1974)  215. 

13)  A.  V.  Crewe,  et  al.:  Rev.  Scient.  Instrum.  39  (1968)  576. 

14)  A.  Tonomura,  et  al.:  J.  Electron  Microsc.  28  (1979)  1. 

15)  A.  Tonomura,  et  al.:  Phys.  Rev.  Lett.  54  (1985)  60. 

16)  D.  Gabor:  Proc.  R.  Soc.  London,  Ser.  A197  (1949)  454. 

17)  A.  Tonomura:  Physics  Today  22  (April  1990)  22. 

18)  A.  Tonomura:  Adv.  Phys.  41  (1992)  59. 

19)  G.  Mbllenstedt  and  H.  Diiker:  Z.  Physik  145  (1954)  377. 

20)  T.  Kawasaki,  et  al.:  Jpn.  J.  Appl.  Phys.  29  (1990)  1j508. 

21)  S.  Frabboni,  G.  Matteucci  &  G.  Pozzi,  Phys.  Rev.  Lett.  55  (1985) 
2196. 

22)  A.  Tonomura,  et,  al.,  Phys.  Rev.  Lett.  44  (1980)  1430. 

23)  J.  M.  Kosterlitz  and  D.  Thouless,  J.  Phys.  C6  (1973)  1181. 

24)  T.  Malsuda,  et  al.,  Phys.  Rev.  Lett.  66  (1991)  457. 

25)  K.  Ilarada,  et  al.:  Nature  360  (5  November  1992)  51. 


SIGNS  AND  MmACI;ES  OP  THE  AHARONOV-BOHM  EFFECT 
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ABSTRACT 


Familiar  aspects  of  electromagnetic  inlliienceii  on  the  quantum  propagation 
of  charged  particles  -  and  some  not  so  familiar  -  conspire  to  support  a  view  of  the 
Aharonov-Bohm  effect  as  the  essential  and  primary  manifestation  of  gauge  inter¬ 
actions.  In  particular,  the  perturbative  renormalization  group  scaling  for  this  form 
of  the  coupling  lends  appeal  to  the  notion  that,  on  scales  where  the  conventional 
coupling  a  becomes  strong,  there  should  be  a  ‘universal  pasta  solution’  for  the  vac¬ 
uum  structure  of  any  gauge  ttieory:  The  Nicisen-Olesen  proposal  of  flux  spaghetti 
should  apply  not  only  fur  QCD  at  long  distances  as  they  argued,  but  just  ns  well 
for  QFjD  at  short  distances. 

Signs  of  the  AB  effects 

I  hope  to  weave  into  a  single  ttipestry  a  number  of  threads  which  together 
illustrate  the  beauty  as  well  ns  the  power  of  the  Aharonov-Bohm  effect*  as  an  orga¬ 
nizing  principle  for  gauge  theories.  Some  of  these  notions  are  explicit,  some  perhaps 
implicit  in  the  existing  literature.  Much  of  the  analysis  is  (lontained  in  a  recent  pajuu’ 
with  Hsiang-Nan  Li  at  Academia  Sinica  in  Taiwan  and  Rajesh  Parwani  at  Saclay,'* 
and  I  am  most  grateful  to  them  for  a  stimulating,  still  progressing  collaboration.  I^t 
me  begin  by  addressing  a  deceptively  simple  question,  “What  is  the  sign  of  the  AU 
effect?”  I  failed  to  grasp  the  point  properly  in  tny  spoken  presentation,  but  Jeeva 
Anandan  and  Raymond  Cliiao  helped  me  iifterwards  to  see  that  the  AB  effect  really  is 
two  complementary  effects:  There  is  the  shift  of  interference  fringes  which  Aharonov 
and  Bohm  pointed  out  in  tlieir  original  work,'  and  then  there  is  the  shift  in  angular 
momentum  eigenvalue  for  a  particle  in  a  ring  encircling  some  magnetic  flux. 

Let  us  start  by  determining  tire  sign  of  the  second  effect,  the  shift  in  angu¬ 
lar  momentum  eigenvalue.  This  may  be  done  by  classical  physics  using  Ehrenfest’s 
theorem,  which  states  that  the  change  in  expectation  value  of  some  observable  is  de¬ 
termined  by  the  clas.sical  eciuation  of  motion  for  that  observable,  with  the  appropriate 
expectation  value  used  to  compute  the  classical  force.  Imagine  that  the  magnetic  flux 
is  turned  on  adiabatically,  so  that  the  particle  remains  in  a  definite  eigenstate  through¬ 
out,  By  Faraday’s  law,  if  the  flux  is  generated  by  a  current  of  particles  witli  the  same 
sign  of  charge  as  the  test  particle,  then  the  angular  momentum  of  the  test  particle 
must  decrease  as  the  angular  momentum  of  the  current  particles  increases.  Thus,  for 
positive  charge-flux  product  q'P,  with  the  flux  coming  out  of  the  plane  of  motion  as 
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viewed  from  above,  the  shift  in  angular  momentum  is 


6M  =  -q<b/hc  =  -I" ,  (1) 

where  F  is  the  flux  expressed  in  units  of  on  AB  quantum,  hc/q.  In  terms  of  signs, 
this  means  that  the  sign  of  the  coherent-ring  AB  effect  is  negative. 

Next  we  need  to  study  the  classic  fringe-shift  effect.  To  put  the  question 
in  terms  of  observables,  let  us  Jisk:  On  which  side  of  a  Hux,  the  right  or  the  left, 
should  one  introduce  an  attractive,  velocity-increasing  electrostatic  potential  in  order 
to  compensate  the  AB  phase?  To  answer  this  question  by  classical  physics,  consider 
a  charged  particle  traveling  through  a  region  of  uniform  magnetic  field  oriented  up 
with  respect  to  the  plane  of  motion.  How  could  we  arrange  that  the  particle  travels 
in  a  straight  line  instead  of  being  deflected  to  the  right?  We  could  compensate  for 
the  Lorentz  force  by  introducing  an  electric  field  in  the  plane,  which  by  itself  would 
push  the  particle  to  the  left.  This  means  that  the  electrostatic  potential  decreases 
from  right  to  left,  and  thus  is  more  negative  on  the  left  than  on  the  right. 

Since  a  uniform  magnetic  field  may  be  described  as  a  collection  of  adjacent 
regions  of  magnetic  flux,  it  follows  that  to  compensate  for  the  AB  phase  one  must 
place  a  suitable  negative  potential  on  the  left  side  of  the  flux.  We  con  see  this  directly:® 
The  pure  uniform  magnetic  field  gives  a  deflection  to  the  right.  This  is  the  some  effect 
which  would  result  if  the  phase  velocity  were  increased  on  the  right,  since  that  means 
the  number  of  wavelengths  per  unit  distance  increases,  or  the  wavelength  shortens, 
which  by  standard  refraction  ideas  gives  deflection  to  the  right.  To  compensate  then 
requires  adding  attraction  on  the  left.  Evidently  this  means  that  another  observable, 
the  direction  of  shift  in  the  interference  pattern,  also  must  be  to  the  right,  so  that  the 
wave  fringe  motion  of  tlie  AB  effect  is  in  the  same  direction  us  the  cliussical  deflection 
by  a  uniform  field.  The  conclusion  is  that  with  standtu-d  conventions  the  si  pm  of  the 
classic  AB  effect  is  positive. 

To  see  why  these  two  opposite  signs  not  only  are  compatible  but  are  intrinsi¬ 
cally  connected,  let  us  go  to  a  special  gauge,  in  which  outside  the  region  of  magnetic 
field  the  vector  potential  vanishes  almost  everywhere,  but  between  the  azimuthal  an¬ 
gles  —  27t'  - 1  tmd  =  0  + 1  there  is  a  sharp  jump  in  the  phase  of  the  wave  function. 
Since  the  angular  momentum  is  rediuxjd  by  the  flux,  it  follows  that  in  this  gauge  the 
phase  must  have  a  decreasing  contribution  proportional  to  the  flux  as  ip  increases 
from  0  to  27r.  Hence,  the  phase  jump  us  (p  increases  through  '2Tr  must  be  positive,  to 
restore  the  original  value.  What  does  this  mctui  for  interference  shifts?  If  we  imagine 
the  right  and  left  parts  of  the  diffracted  wave  arriving  at  a  distant  screen  at  an  angle 
(p  >  0,  then  the  part  of  the  wave  which  goes  round  on  the  right  passes  through  the 
rnutcbjng  angle  and  experiences  a  positive  phase  jump.  On  the  other  hand,  if  we 
look  on  the  screen  at  an  angle  p  <  2n  then  the  wave  which  goes  round  on  the  left 
experiences  a  negative  phase  jump.  In  either  case,  the  effect  of  the  flux  is  to  produce 
a  positive  relative  phase  shift  of  the  right  with  respect  to  the  left  part,  reproducing 
the  previous  conclusion. 
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Scattering  on  a  thin  flux  string 

Having  learned  the  basic  signs  of  the  AB  effect,  we  should  look  for  miracles 
beyond  the  miracle  of  the  effect  itself.  The  first  such  miracle  is  found  already  in 
the  original  work.'  Aharonov  and  Bohm  observed  that  for  a  spinless  charged  particle 
interacting  with  an  infinitely  thin  string  of  noninteger  flux  the  AB  effect  is  self- 
enforcing.  In  every  partial  wave,  even  the  lowest,  there  is  a  centrifugal  barrier  which 
assures  that  the  wave  function  vanishes  as  a  positive  power  of  a/A,  where  a  is  the 
radius  of  the  flux  string,  and  A  is  the  De  Broglie  wavelength  of  the  particle.  Thus 
a  low-energy  particle  effectively  is  excluded  from  the  region  of  magnetic  field,  and 
this  constitutes  the  necessary  requirement  that  the  sole  obser  .able  consequence  of 
the  field  iu  the  AB  effect. 

I  cannot  resist  an  twide  about  the  special  cose  of  nonzero  integer  F.  For  any 
integer  F,  there  exists  a  partial  wave  which  outside  the  flux  has  vanishing  kinetic 
angular  momentum,  and  which  approaches  a  constant  at  small  radius.  For  nonzero  F' 
this  channel  has  a  repulsive  phase  shift  of  order  l/ln(A/a),  implying  that  a/A  must  be 
exponentially  small  if  the  phase  shift  is  to  be  negligible.  Thus  at  finite  o  there  can  be  a 
significant  correction  to  the  limiting  form  valid  for  a  =  0,  and  that  correction  violates! 
periodicity  becanse  it  distinguishes  between  F  =  0  and  all  other  integer  values.  This 
is  not  the  last  time  that  logarithmic  effects  will  emerge  in  our  consideration  of  flux 
strings. 

'I'he  miracle  of  th(!  lliiii  string  limit  does  not  end  with  self-enforcement  of 
the  AB  effect,  If  the  ratio  a/A  may  be  negleeted  iSe”.  it  is  possible  to  compute  the 
scattering  amplitude  analytically,  and  the  result  is  remarkably  simple.  The  amplitude 
is 

/  -  sin(irF)e“**^*/('2!rifc)*''*sin(^/2)  ,  (2) 

whore  k  is  tlie  wave  number  of  the  charged  particle.*-^  1  believe  that  for  a  suitable 
choice  of  gauge  convention  the  above  expression  can  be  used  in  the  F  interval  [0, 1], 
with  periodicity  used  to  define  the  expression  outside  that  interval,  at  the  cost  of  a 
discontinuou.s  derivative  dj jdF  at  integer  values.  The  resulting  cross  section  in  any 
case  is  periodic  in  F  with  period  I,  as  all  observables  must  be  under  these  conditions. 

Enter  helicity 

The  situation  changes  in  a  signilicant  way  when  the  charged  particle  is  on  elec¬ 
tron  with  the  Dirac  gyromagnetic.  ratio  2.  Now  the  attractive  interaction  between  the 
flux  and  the  electron  for  parallel  orientation  of  its  magnetic  moment  allows  penetra¬ 
tion  into  the  flux,  and  hence  a  sensitivity  to  more  than  the  AB  phase  or  the  fractional 
part  of  F.  What  may  be  .surprising  is  th.at  in  the  long  wavelength  limit  the  sensitivity 
to  F  is  only  slightly  enhanced;  The  observables  depend  not  only  on  the  fractional 
part  F  —  (F),  but  also  on  the  sign  F/|F|.''  Thus,  a  new  sign  has  entered  the  discussion, 
the  sign  of  the  magnetic  fltix.  If  electrons  are  confined  to  a  cylinder  centered  on  the 
flux,  then  energy  levels  in  the  partial  wave  with  smallest  kinetic  angular  momentum 


30 


are  lower  for  ma^iietie  inonietit  )3arallel  to  the  flux  than  antiparallel.  It  is  hard  to 
decide  which  is  more  remarkitble  the  breakdown  of  periodicity  in  the  dependence  of 
observables  on  the  flux,  or  the  extremely  simple  form  of  that  breakdown,  leading  to 
periodicity  for  nonnegative  F,  and  separately  for  nonpositive  F,  but  not  for  integer 
shifts  which  cross  7^’  =  0. 

The  effect  on  the  scattering  amplitude  /  of  the  magnetic  moment  coupling 
may  be  understood  from  a  symmetry  so  powtn  ful  that  it  is  fairly  called  miraculous, 
the  conservation  of  helicity  for  an  ideal  Dirac  electron  in  the  presence  of  a  pure 
magnetostatic  field.  The  minimum  modification  required  to  bring  the  amplitude  for 
scattering  of  spinless  particles  to  a  suitable  form  is  the  inclusion  of  a  factor  which 
rotates  the  spin  in  such  a  way  that  helicity  eigenstates  with  respect  to  the  initial  beam 
direction  are  converted  to  engenstates  with  rosirect  to  the  scattered  beam  direction.® 
This  factor  is  a  spin  rotation  matrix  ,  which  however  is  not  single- valued  in  (p. 

Since  we  are  working  in  a  gauge  wliere  the  vector  potential  is  nonsingular,  the  wave 
function  and  hence  the  scattering  amplitude  must  be  .single-valued,  and  therefore 
we  need  to  include  a  further  factor  The  choice  of  sign  for  the  exponnit  in 

this  factor  is  directly  related  to  observable  quantities,  the  (opposite)  signs  of  the 
phase  shifts  in  the  two  partial  waves  with  magnitude  of  kinetic  angular  momentum 
J3  =  Ij3  +  S3  smaller  than  1/2.  It  turns  out  tliat  the  phase  shift  for  Dirac  magnetic 
moment  parallel  to  the  flux  F  is  attractive,  while  for  antiparallel  it  is  repulsive.  The 
scattering  amplitude  indeed  is  sensitive  to  the  sign  of  the  flux,  and  there  aiu  observable 
consequences,  such  as  the  'Zeeman  si)litting.s  mentioned  above,  and  the  properties  of 
specially  designed  junctions.^  ''* 

"rhe  case  of  nonzero  integer  F  is  altered  a  bit  from  the  situation  described 
earlier  for  spinle,ss  charged  particles.  The  wave  with  orbital  kinetic  angular  momen¬ 
tum  zero  and  Dirac  moment  aatipai-allol  to  F  again  exj^ericiices  a  reirulsive  phase 
shift  vanishing  as  1  /ln{X/a),  but  there  is  no  appreciable  phase  shift  for  the  wave  with 
Dirac  moment  parallel. 

All  the  results  of  helicity  ermservation  follow  from  the  assumption  that  tlie 
electron  experiences  only  magnetic  forces.  In  tnany  laboratory  examples,  this  is  not  a 
good  assumption,  since  tlm  materials  in  conducting  coils,  and  shields  for  those  coils, 
exert  pow(\rful  nonmagnetic  forces  on  any  iiicicUmt  particle.  'I’liis  diliic\ilty  may  be 
overcome  by  making  use  of  a  purely  magnetic  lield,  as  in  the  region  just  at  the  cud 
of  a  tube  amtainiiig  a  supercon«luctor  quantum  of  Hux,  F  =  hc.l2rJ  Another  way  to 
iniike  the  effective  field  purely  magnetic,  is  to  deid  only  with  irropagation  of  ekictroii 
quasiparticles  through  a  superconductive  medium,  in  which  case  the  interactiim  is 
purely  magnetic  (and  even  locally  a  pure  gauge  effect)  unless  the  quasiparticle  actually 
penetrates  a  vortex  of  magnetic  Hux.  In  the  interior  ol  the  vortex  there  might  be  an 
effective  scahir  potential  influencing  tlie  motion,  flowiwer,  as  long  as  the  resulting 
forces  are  weak  on  the  scale  rieterniined  by  the  vortex  ratiims  thi;y  have  uegligible 
influence  on  long-wavelength  seatleriiig,  .so  that  helicity  conservation  continues  to  be 
a  good  approximation  in  this  regime,  even  though  110  longer  exact. 

Such  is  the  situaliirn  expected  for  e.osmic  strings,.  'I’lie  ordinary  vacuum  play.s 
the  role  of  a  superconducting  medium,  ami  for  ligiit  fermions  with  effective  mass  com- 
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ing  from  a  Higgs  coupling  the  change  of  effective  mass  in  the  interior  of  the  string  has 
negligible  influence  on  the  scattering.  Thus,  for  cosmic  strings  one  expects  the  helicity 
conserving  boundary  conditions,  only  changing  the  si-’.n  of  one  phase  shift  from  that 
for  pure  AB  scattering,  to  be  the  uniquely  selected  di  ecription  for  the  effect  on  light, 
low-energy  fermions  of  such  strings. 

Induction  of  vacuum  currents 

A  further  dynamical  consequence  of  sensitivity  to  the  sign  of  F  may  be  seen  if 
we  examine  (for  spinor  QED)  vacuum  electric  currents  induced  by  F.  These  currents 
always  work  to  generate  a  magnetic  field  opposed  to  F,  but  otherwise  periodic  for 
nonnegative  or  nonpoaitive  fn  the  case  of  .scalar  electrodynamics,  the  induced 

currents  work  to  bring  the  flux  to  the  nearest  integer  value,  and  so  are  insensitive 
to  the  sign  and  completely  periodic  in  A  case  for  which  one  may  guess  the 

behavior,  though  it  is  not  yet  computed  to  my  knowledge,  is  that  of  vector  electro¬ 
dynamics.  Here  perturbation  theory,  as  well  as  studies  of  behavior  of  the  vacuum  in 
the  presence  of  a  uniform  magnetic  field,  lead  to  the  expectation  that  the  induced 
currents  will  enhance  rather  than  oppose  the  applied  flux,‘*'‘^’’‘‘  in  other  words,  that 
conventionrd  screening  will  be  replaced  by  antiscreening.  In  all  cases,  one  expects  the 
Induced  flux  to  vanish  when  F  is  exactly  an  integer,  .since  then  the  effective  bound¬ 
ary  conditions  on  imy  charged-particle  wave  function  at  the  location  of  the  infinitely 
thin  flux  are  exactly  the  same  as  if  no  flux  were  present.'^  The  antiscreening  may  he 
understood  qualitatively  because  the  attractive  magnetic,  moment  interaction  reduces 
the  effective  mass  of  a  spinor  or  vector  particle.  For  spinons,  the  vacuum  is  described 
as  a  Klled  negative-energy  sea,  so  that  a  reduction  in  effective  mass  actually  rai.ses  the 
vacuum  energy,  while  for  vectors  the  reduction  in  single-i)article  energies  implies  also 
a  reduction  in  the  energies  associated  with  the  zero-point  motion  of  the  oscillator  for 
each  single-particle  state  and  hence  a  reduction  in  vacuum  energy, 

Ill  the  region  close  enotigh  to  the  (lux  string  that  the  railius  t  is  negligible 
compiured  to  the  Clompton  wavelength  of  the  charged  particle  one  may  neglect  the 
particle  mass,  and  then  use  dimensional  analysis  to  see  that  the  azimuthal  current 
density  must  be  proportional  to  r“*,  I'his  iiiqilies  a  magnetic  field  proportional  to  r""*, 
contributing  a  magnetic  flux  between  shells  of  radii  r  and  r'  proportional  to  ln{r'jr). 
'I’lius,  as  a  test  charge  approaches  tlie  string,  the  apparent  flux  instead  of  remaining 
constant  exhibits  an  anomalous  dimension,  fainili.T  from  the  renormalization  group 
treatment  of  electric  couplings.  However,  still  within  the  perturbative  context,  there 
is  a  big  difference.  The  relevant  beta  function  (to  nil  orders  in  F,  but  lowest  order  in 
the  gauge  coupling  a)  vanishes  for  integer  F.  Since  the  AB  coupling  does  not  diverge, 
even  though  it  does  get  strong  enough  to  make  perturfjntion  thwiry  suspect,  it  may 
be  a  more  reliable  indicator  of  the  behavior  in  the  large  a  regime  than  is  the  naively 
divergent  a  itself. 
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Dynamical  strings  of  flux? 

We  may  say  with  considerable  assurance  that  in  the  strong  coupling  (large 
a)  domain  there  will  be  large  (order  unity)  fluxes  present  as  vacuum  fluctuations. 
Further,  since  at  least  in  this  abelian  gauge  theory  flux  is  conserved,  these  fluxes 
in  the  vacuum  plausibly  could  be  excited  to  form  observable  moving  strings  of  flux. 
However,  if  the  net  flux  in  such  a  string  were  an  AB  quantum  (Here  'net  flux’  includes 
the  accompanying  vacuum-current  induced  flux),  then  low  energy  electrons  would  be 
insensitive  to  its  presence,  since  if  the  interior  is  not  penetrated  an  AB  quantum  is 
invisible.  If  net  flux  cjuanta  other  than  zero  were  present  in  the  vacuum  fluctuations, 
the  vacuum  would  exhibit  ‘spontaneous  electric  charge  quantization’,  in  the  sense  that 
a  particle  with  a  fraction  of  an  electron  charge  would  find  its  effective  mass  raised  to 
a  value  on  the  scale  where  the  coupling  becomes  strong. 

The  picture  of  a  vacuum  containing  magnetic  flux  strings  with  diameter  char¬ 
acterized  by  the  strong  coupling  scjilc  has  been  proposed  before,  by  Nielsen  and 
Olesen,*®  who  used  an  intricate  pattern  of  deduction  to  argue  for  the  necessity  ol 
such  a  flux  spaghetti  in  the  nonabelian  theory  QCD.  FVom  the  renormalization  group 
point  of  view  adopted  here  their  argument  seems  quite  natural.  In  QCD  one  may 
characterize  flux  in  a  gauge  invariant  way  by  obtaining  the  Wilson  loop  function,  the 
trace  of  the  gauge  transformation  associated  with  a  particular  loop  in  space.  If  that 
gauge  transformation  is  a  multiple  of  the  unit  operator,  then  the  suitably  normalized 
trace  has  possible  values  Since  gluons  are  insensitive  to  the  presence 

of  any  such  flux  quantum,  one  may  wonder  if  the  full  beta  function  might  vanish  at 
such  values,  leading  to  an  enhanced  likelihood  of  finding  quantized  fluxes,  and  there¬ 
fore  density  enhancements  in  the  complex  plane  near  the  above-mentioned  values  (for 
which  the  group  invariant  density  actually  vanishes). 

If  we  now  introduce  quarks,  which  lie  in  the  fundamental  representation  of 
S(/(3),  then  the  beta  function  will  vanish  for  Wilson  loop  trace  1.  However,  for  each 
of  the  other  two  unit-matrix  values,  which  would  give  a  nontrivial  Aharonov-Bohm 
effect  on  the  quarks,  their  weaker  and  nonvanishing  beta  function  will  oppose  the 
contribution  from  gluons,  so  i.liat  one  expects  the  enhancements  in  concentration  to 
be  near  but  not  at  these  vahies.  Nevertheless,  such  a  pattern  would  imply  strong, 
locally  correlated,  cxjlor  magnetic  fields.  These  could  well  be  a  (or  the!)  critical  factor 
generating  color  electric  confinement. 

Consistency  of  QED? 

At  this  point  let  us  pause  and  take  stock.  We  have  been  treading  fiuniliar 
ground  in  the  sense  that  it  has  long  been  known  that  couplings  in  perturbative  field 
theories  generally  have  .anomalous  dimensions  which  give  rise  to  increasingly  strong 
interactions  as  length  scales  g<;t  larger  (QCD)  or  smaller  (QED).  If  the  coupling 
studied  is  an  Aharonov-Bolun  roupling,  then  at  least  in  perturbation  theory  it  is 
not  divergent,  but  only  approaches  unit  strength.  This  invites  us  to  consider  the 
AB  coupling  ns  n  more  reliable  indicator  t)f  the  true  dynamics  in  the  strong-coupling 
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regime  than  the  pertnrbatively  divergent  ordinary  electric  coupling.  However,  all  of 
this  assumes  that  QED,  in  particular,  is  a  consistent  theory.  What  is  known  about 
that? 

Two  different  approaches  give  different  answers.  On  the  one  hand,  we  know 
that  a  theory  extrapolated  to  a  new  domain  may  fail  either  because  it  lacks  essential 
physics,  as  Newton’s  mechiuiics  fails  for  relativistic  velocities,  or  because  the  theory  is 
not  consistent,  with  the  inconsistency  becoming  dramatic  in  the  new  domain.  There 
is  strong  circumstantial  evidence  that  \4>*  theory  is  consistent  only  for  A  =  0.  In 
perturbation  theory  there  is  a  divergence  as  distance  scales  grow  smaller,  just  as  in 
QED.  This  suggests  that  QED  may  be  viewed  as  a  ‘cousin’  theory  with  the  same 
genetic  disease.  However,  the  pathology  in  \<j>*  is  such  a  borderline  effect  that  it 
is  easy  to  itnagine  a  cure  resulting  from  very  slight  changes.  On  the  other  side  of 
this  question,  we  have  even  stronger  circumstantial  evidence  that  QCD  is  consistent. 
Thus  it  becomes  a  question  of  which  cousin  theory  is  closer  in  its  essence  to  QED, 
A0'*  or  QCD.  If  we  choose  the  latter,  then  v/e  need  ask  only  the  more  limited  but 
still  quite  challenging  question,  ’’What  are  the  dyntunics  of  QED  on  short  distance 
scales?”  For  that,  the  well-behaved  AB  coupling  is  an  appealing  guide. 

Let  us  explore  the  conseciuences  of  assuming  that  tubes  of  flux  become  dyniun- 
ical  degrees  of  freedom  on  the  scale  where  the  coupling  is  strong.  Such  a  tube  would 
have  transverse  dimensions  in  its  rest  frame,  and  also  string  tension,  determined  by 
the  strong-coupling  scale.  A  chargeci  parti(;ie  localized  on  this  scale  would  receive  ar¬ 
bitrarily  large  contributions  to  its  effective  mass  from  virtual  flux  strings  of  arbitrary 
velocity  passing  by.  On  the  other  hand,  a  spread-out  particle  wave  function  would  be 
insensitive  to  these  strings  with  their  cpiantized  [tux.  Thus  the  effect  of  this  assumed 
vacuum  structure  would  be  to  make  sufficiently  localized  i)articles  so  massive  that 
there  would  be  negligible  contributions  from  large  virtual  mijsses  in  loop  diagrams 
for  vacuum  polarization. 

Now  we  may  consider  whether  there  is  a  mechanism  to  generate  the  assumed 
flux  tubes.  Suppose  a  localized  pair  of  electron  and  positron  appear.  If  they  overlap 
spatially,  then  they  have  negligible  Coulomb  energy.  If  further  they  have  parallel 
magnetic  moments  then  the  energy  is  much  lower  than  for  antiparallel  moments, 
so  that  the  fluctuation  should  last  longer.  Eirthermorc,  reinforcing  fluctuatioirs  at 
neighboring  locations  are  favored  for  the  same  reason.  Thus  correlated  flux  fluctua¬ 
tions  corresponding  to  virtual  flux  striiig.s  .s<ieni  iiievitn.ble.  There  is  an  extra  subtlety 
in  this  argument.  The  notion  of  a  magnetic  moment  is  only  simple  in  a  nonrelativis- 
tic  context,  but  that  is  immediately  applicable  here  since  it  is  being  supposed  that 
the  electron  becomes  massive  at  the  strong  interaction  scale.  Thus  the  hypothesis 
that  QED  is  consistent  and  that  small  diameter  flux  strings  populate  space  leads  to 
a  picture  of  the  vacuum  which  indeed  hangs  together,  with  the  flux  strings  giving 
mass  to  the  elections  and  so  halting  the  divergence  of  the  ordinary  electric  coupling 
at  small  distances,  and  the  iniissive,  strongly-coupled  electrons  easily  generating  the 
flux  strings. 

Having  speculated  this  far,  let  us  go  a  little  farther.  For  pure  QED  with  one 
.species  of  electron  the  scale  factor  for  going  from  the  electron  Compton  wavelength 
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A,  to  the  strong  coupling  region  is  er  =  10"™**.  However,  in  the  standard  model, 
with  U{\)  of  QED  replaced  by  f/(l)ft,  and  three  generations  of  quarks  and  leptons 
included,  the  number  in  the  exponent  is  reduced  by  an  order  of  magnitude,  and  comes 
to  the  vicinity  of  the  value  appropriate  for  the  ratio  of  the  Planck  length  to  Ae.  Thus 
relatively  minor  modifications  of  the  standard  model  could  lead  to  flux  strings  ap¬ 
pearing  on  the  Planck  scale.  Such  a  circumstance  would  engender  a  temptation  to 
identify  the  flux  strings  with  the  strings  of  string  theory,  which  then  could  be  treated 
as  derived  objects.  If  known  light  particles  were  derived  from  string  theory,  this  could 
become  the  ultimate  bootstrap! 

Coda 

We  have  arrived  in  the  land  of  pure  fantasy,  but  tbe  fact  that  such  a  fantasy 
even  could  be  conceived  is  a  testament  to  the  reach  and  scope  of  the  AB  effect,  which 
at  least  perhaps  might  be  not  only  the  essence  of  gauge  interactions  but  also  the  root 
of  the  whole  structure  of  the  Universe.  This  makes  it  quite  fitting  to  close  with  a  few 
personal  remarks  about  the  di.scoverers  of  the  effect. 

I  met  Yakir  Aharonov  a  while  ago,  and  by  now  have  hud  a  niimber  of  chances 
to  experience  his  unique,  adrenalin-raising  apjiroach  to  science.  As  with  Niels  Bohr’s 
lucky  horseshoe,  it  is  not  necessary  to  believe  Yakir’s  ideas  in  order  to  benefit  from 
them.  Many  others  here  can  attest  that  even  when  disiigreeing  with  him  one  finds  he 
has  exposed  deep  aspects  of  physics  whose  further  study  is  bound  to  be  fruitful.  He 
comes  closer  than  anyone  I  know  to  making  the  Socratic  method  a  workable  tool  for 
learning  about  Nature.  It  is  no  surprise  that  this  meeting  in  hi.s  honor  should  exhibit 
the  seune  quality  of  excitement  and  discovery  which  wo  have  learned  to  associate  with 
Yakir. 

I  looked  forward  to  this  conference  us  my  first  opportunity  to  meet  David 
Bohm,  whom  I  had  admired  since  college.  I  took  a  course  on  quantum  mechanics 
in  which  the  lecturing  did  not  match  my  learning  style  very  well,  and  his  book  was 
my  salvation.  For  reading  by  oneself  the  high  ratio  of  words  to  equations  proved 
quite  congenial,  leaving  me  at  the  end  feeling  that  1  had  grown  \ip  knowing  quantum 
mechanics.  That  foundation  hius  served  me  well  ever  since,  and  I  am  most  grateful 
for  it.  Its  author,  by  sliowing  much  more  courage  than  I  in  ijrobing  and  questioning 
the  structure  of  quantum  mechanics  which  he  understood  and  explained  so  well,  only 
increased  my  admiration  for  liim  as  a  person  perpetually  restless  in  the  search  for 
truth. 

The  paper  of  Aharonov  and  Bohm  may  have  been  the  first  scientific  article  I 
read  on  my  own  rather  than  for  a  class  ns.signment.  I  remember  being  impressed  by  the 
striking  simplicity  of  the  argument  but  a  little  cautious  because  of  the  audacity  of  the 
language.  When  Furry  and  Ramsey*’^  wrote  a  paper  in  respon.se,  the  rumor  I  got  from 
fellow  students  was  that  they  had  pvit  Aharonov  and  Bohm  in  their  place,  demolishing 
the  idea.  Of  course,  wiien  1  read  the  paper  it  became  clear  that  wasn’t  so.  Instend 
they  showed  that  the  AB  effect  is  necessary  for  the  consistency  of  quantum  mechanics, 
in  particular  for  the  complementarity  between  observation  of  wave  interference  and 
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detection  of  particle  trajectories.  The  whole  episode  was  a  wonderful  introduction  to 
science  at  the  frontier,  and  shaped  the  work  of  many  people.  Not  least  significant  is 
the  fact  that  the  A3  phase  was  contained  in  a  paper  published  ten  years  before,  by 
Ehrenberg  and  Siday,’®  who  seemed  to  take  the  effect  as  a  matter  of  course  and  thus 
failed  to  focus  on  it  the  attention  which  it  so  richly  deserves  and  has  so  richly  repaid 
since  1959. 

This  work  was  supported  in  part  by  the  National  Science  Foundation  under 
Grant  PH*/  92-11367. 
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ABSTRACT 

The  implications  of  complementarity  on  two  path  interferences 
and  separated  oscillatory  field  resonances  are  discussed.  Furry 
and  Ramsey  have  shown  that  an  apparatus  to  determine  the 
electron  path  introduces  uncertainties  in  the  scaler  and  vector 
potentials  that  disturb  the  phase  of  the  electron  wave  function  so 
much  through  the  Aharonov-Bohm  effects  that  the  interference 
fringes  disappear.  A  similar  result  is  derived  for  the  neutron, 
but  with  the  phase  uncertainties  coming  from  the  magnetic 
moment's  motion  through  an  electric  field  discussed  by 
Anandan.  Aharonov  and  Casher.  The  separated  oscillatory  field 
resonance  method  can  be  interpreted  as  an  interference  between 
two  different  paths  in  spin  space.  The  same  analysis  as  for  the 
neutron  two  pUlt  interferences  shows  that  the  separated 
<  fieiu  resonance  disappears  when  the  orientation  of 

the  neutron  spin  is  observed  between  the  two  oscillatory  field 
regions.  An  interesting  difference  between  the  separated  paths 
and  separated  oscillatory  fields  experiments  is  that  the  latter  may 
be  interpreted  classically.  An  equal  superposition  of  the  two 
orientation  states  along  one  axis  corresponds  to  an  eigenstate 
relative  to  an  orthogonal  axis  so  the  separated  oscillatory  field 
resonances  can  be  interpreted  classically  whereas  this  is  not 
possible  with  the  two  path  interferences. 


1.  Introduction 

It  is  a  pleasure  to  speak  at  this  conference  honoring  Y.  Aharonov, 
whose  stimulating  papers  have  added  so  much  to  our  understanding  of 
quantum  mechanics  but  I  deeply  miss  David  Bohm. 
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I  remember  well  the  waves  of  surprise  and  disbelief  that  circulated 
throughout  much  of  the  physics  conununity  on  the  1959  publication  of  the 
Aharonov-Bohm  (AB)  paper^  that  pointed  out  the  possibility  of  observable 
effects  of  electromagnetic  potentials  on  charged  particles  unexposed  to  electric 
or  magnetic  fields.  Wendell  Furry  and  I  at  that  time  were  astoiushed  but 
willing  to  try  to  understand  the  effects  from  different  points  of  view.  As  a 
result  we  published  one  of  the  first  papers  supporting  the  AB  analysis^.  We 
pointed  out  that  the  (AB)  effects  for  scalar  and  vector  potentials  were  essential 
to  preserve  the  consistency  of  quantum  mechanics  and  the  principle  of 
complementarity.  We  showed  that,  without  these  effects  of  the  scalar  and 
vector  electromagnetic  potentials,  it  would  be  possible  to  observe  two  slit 
interference  patterns  with  charged  particles  while  at  the  same  time  detecting 
through  which  slit  the  particle  went.  Such  an  observation  is  incons^ -.tent 
with  the  principle  of  complementarity  applied  to  a  two  slits  interference 
experiment^.  We  showed  that  the  AB  effects  would  make  the  interference 
pattern  disappear  if  the  path  detection  sensitivity  were  sufficient  to  determine 
through  which  slit  the  charged  particle  went. 

Since  our  early  paper  convinced  many  scientists  of  the  validity  of  the 
AB  observations,  the  organizers  of  this  conference  urged  me  to  review  that 
paper  here.  However,  I  was  reluctairt  to  repeat  a  32  year  old  paper  in  a  field  in 
which  I  have  done  no  recent  work.  But,  I  then  realized  I  could  also  analyze 
two  different  problems  from  a  similar  point  of  view,  so  I  agreed  both  to 
review  our  old  paper  and  to  discuss  the  new  subjects,  even  though  the  three 
different  reports  produce  a  cumbersome  collective  title.  The  b.vo  new 
analyses  depend  on  the  phase  shifts  of  a  neutral  particle  with  a  magnetic 
moment  moving  through  an  electric  field  as  discussed  by  Anandan^, 
Aharonov*,  and  Casher^  (AAC).  The  first  of  the  three  reports  reviews  our 
old  work  under  the  title  Comple.nentarity  and  Two  Paths  Electron 
Interferences  .  The  second  is  Complementarity  and  Two  Paths  Neutron 
Itrterferences  and  the  third  is  Complementarity  and  Separated  Oscillatory 
Fields  Resonances. 


2.  Complementariky  and  Two  Paths  Electron  Interferences 

The  AB  paperl  considered  the  effects  of  both  the  scalar  and  the  vector 
electromagnetic  potentials  so  Furry2  and  I  did  likewise.  In  the  case  of  the 
scalar  potential  we  considered  the  idealized  apparatus  shown  in  Figure  1  to 
see  if  it  could  be  used  to  detect  through  which  slit  the  electron  passed  while 
still  observing  the  interference  pattern.  The  detection  of  the  slit  traversed  by 
the  electron  is  made  by  determining  which  way  the  test  body  of  charge  q  is 
accelerated  before  the  electron  emerges  from  the  pipe.  The  test  body  is 


38 


between  two  condenser  plates  separated  by  a  distance  1  as  in  Figure  1.  It  is 
held  fixed  half  way  between  them  (  x  =  t  /  2  )  until  the  waves  are  inside  the 
tube,  and  is  brought  back  to  this  position  before  the  waves  emerge;  thus  it 
produces  no  field  between  the  pipes  at  any  time  when  the  field  could  act  on 


Figure  1.  lilectrostatic  effects. 

the  particle.  The  test  body  is  free  to  move  during  a  time  interval  T  when  the 
waves  are  certainly  inside  the  pipes,  and  by  determining  the  direction  in 
which  the  test  body  is  accelerated  during  the  time  T  we  can  find  out  which 
tube  contains  the  particle. 

The  potential  difference  produced  by  the  presence  of  the  electron  in 
one  tube  or  the  other  is  Vi=  ±  e,  /  ( 2  C  ),  where  C  is  the  total  capacity  of  the 
condenser  and  attached  pipes.  The  magnitude  of  the  field  strength  is  thus^ 
IEI=e/(2iC).  (1) 

The  force  on  the  test  body  is  q  E.  If  its  direction  is  to  be  determined,  it  must 
produce  a  change  of  the  momentum  of  the  test  body  that  is  larger  than  the 
uncertainty  of  that  momentum  Ap.  To  be  relatively  certain  of  the  direction 
we  take  the  imparted  momentum  to 

i7lEIT>2Ap.  (2) 

Displacement  of  a  charge  q  from  a  central  position  at  x  =  /  /  2  produces  a 
potential  difference^ 

V  =  (qlC)(x-l /2)/l  (3) 

and  the  uncertainty  of  the  potential  difference  is 

=  /  lC)Ax  (4) 

Substituting  Eq.  (1)  into  (2)  .and  multiplying  by  Eq.  (4),  we  have 
qeTAV  I  {210  >2{cfllC)ApAx  .  2  (<f  /  /  C  )  h  /  (4  7t)  (5) 

Therefore, 

eT  AV  >2hl  (2  jc) .  (6) 

By  ABi,  if  alternative  electron  paths  involve  the  electron  being  in 
electrostatically  shielded  regions  with  a  potential  difference  V  for  a  time  T  the 
wave  functions  will  develop  a  difference  of  phase  of  eV  T  /  (h  /  2tz)  . 
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Therefore  the  uncertainty  in  the  phase  differences  between  the  two  paths 
caused  the  test  body  is 

A(l)  =  eT  AV  /  (h  /  2it)  >2  (7) 

A  phase  shift  uncertainty  of  2  radians  will  obliterate  the  fringes,  so  the  AB 
effect  of  the  electrostatic  potential  assures  the  consistency  of  quantum 
mechanics  by  making  it  impossible  to  obtain  interference  fringes  when  the 
electron  path  is  known. 

When  I  first  reported  on  our  work  at  scientific  meetings  in  1959, 1 
introduced  into  the  scientific  literature  a  Charles  Addams  cartoon  which  has 
since  been  used  extensively.  This  cartoon  shown  in  Figure  2  is  a  great 


Figure  2.  Charles  Addams  cartoon. 


illustration  of  a  fundamental  difference  between  classical  and  quantum 
mechanics.  In  a  classical  world  the  cartoon  is  a  joke  since  a  classical  object  can 
not  possibly  pass  through  two  separated  regions  at  the  same  time.  On  the 
other  hand  in  a  quantum  world  the  wave  function  of  an  electron  can 
simultaneously  experience  the  potentials  at  two  separate  regions  of  space. 

With  the  AD  vector  potential  effect,  the  analysis  is  similar  but  a  coil 
and  an  infinitely  long  infinitely  permeable  rod  Rare  used  for  the  path 
detection  as  shown  in  Figun'  3.  The  coils  and  plates  are  assumed  to  have  no 
resistance.  With  these  as.sumptions  there  is  no  stray  flux  outside  the  rod  and 
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hence  no  field  in  the  regions  traversed  by  the  electrons.  Furthermore  the 
current  induced  in  the  search  coil  is  then  just  that  required  to  prevent  any 
change  in  the  flux  <I>.  Passage  of  the  particle  through  either  slit  and  on  to  the 


Figure  3.  Magnetic  effects. 

screen  is  tantamount  to  flow  of  the  charge  e  through  one  half  turn  since  a  trip 
out  and  symmetrically  back  on  the  other  side  would  be  equivalent  to  a  full 
turn.  Therefore,  with  N  coil  turns,  the  charge  delivered  to  C  is^ 

Q=±el  2N  (8) 

The  characteristic  time  of  the  circuit^ 

T=(LC)V2/c  (9) 

is  very  long  compared  with  the  time  of  passage  of  the  wave  packet  through 
the  apparatus.  Thus  we  can  have  the  advantage,  as  compared  to  the  scalar 
potential  analysis,  of  ample  time  for  the  determination  of  the  sign  of  Q. 

The  circuit  has  two  canonically  conjugate  variables,  the  charge  Q  and 
(he  flux  linkage  N  d* ,  which  appear  in  the  Hamiltonian  for  the  equivalent 
harmonic  oscillator, 

H  =  Q2/2C  +  (NcI>)2/2L,  (10) 

and  satisfy  the  uncertainty  relation 

AQ  N  A(t>  >  he  f  4  n.  (II) 

If  we  are  to  determine  the  sign  of  Q  reliably,  we  must  have 

IQI>2dQ.  (12) 

From  this  and  Eqs.  (8)  and  (11)  we  obtain 

e  A0  >2  he  1 2  ft,  (13) 

A13  point  out  that  there  is  a  resultant  phase  difference 

<j>  ~  (  Ijte  /  h  c  }  0  (14) 

between  the  waves  that  have  passed  R  on  one  side  or  the  other. 

Consequently  from  Eq.  (13)  the  spread  in  ip  is  given  by 

A  ip-  ( 2  K  e  /  h  c )  A0  >2 


(15) 
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3.  Complementarity  and  Two  Paths  Neutron  Interferences 

The  above  AB  analysis  applies  only  to  cliarged  particles.  However  two 
slit  interference  patterns  for  many  years  have  been  obtained  with  neutrons 
and  more  recently  with  neutral  atoms.  One  can  attempt  to  to  detect  through 
which  slit  a  polarized  neutron  went  while  observing  the  interference  pattern. 
Various  methods  can  be  chosen  to  detect  the  neutron  path  and  for  each  there 
is  a  corresponding  uncertainty  relation  that  destroys  the  interference  pattern. 
For  example,  an  apparatus  similar  to  that  shown  in  Figure  3  could  be  used  but 
with  neutrons  polarized  perpendicular  to  the  pa]  ..‘r  and  with  neutrons  on 
one  possible  path  having  to  pass  through  the  infirutely  permeable  rod.  The 
sign  of  the  charge  Q  delivered  could  then  be  observed  as  in  the  vector 
potential  case  discussed  above.  However,  as  in  that  discussion  the 
uncertainty  in  the  magnetic  field  destroys  the  interference  pattern  when  the 
apparatus  is  sufficiently  sensitive  to  determine  the  path. 

A  different  method  of  path  detection  uses  the  fact  that  a  magnetic 
dipole  of  strength  Pm  moving  with  velocity  v  appears  in  a  stationary 
reference  frame  to  have  an  electric  dipole  moment  pE  given  by 

^iE-(v  I  c)  KfiM  ,  (16) 

so  the  passage  of  the  neutroir  through  a  condenser  could  be  detected  by 
measuring  the  induced  potential.  The  same  Figure  1  with  a  different 
interpretation  can  be  used  to  describe  tht  proposed  experiment.  Instead  of  the 
four  dark  horizontal  lines  being  interpreltd  as  two  pipes,  they  now  represent 
plates  of  two  parallel  plate  condensers  with  the  inner  two  plates  connected 
together.  The  neutrons  are  polarized  perpendicular  to  the  paper  so  the  sign  of 
the  potential  induced  by  a  passing  neutron  depends  on  which  slit  is  traversed. 
From  Eq.  (3)  applied  to  each  pole  of  an  electric  dipole,  it  can  be  seen  that  the 
potential  Vi  induced  during  the  passage  of  an  electric  dipole  through  one 
condenser  or  the  other  is 

Vj  =  ±^E/(Cd)  (17) 

where  d  is  the  separation  of  the  plates  in  the  condenser.  The  magnitude  of 
the  field  E  on  the  test  charge  is  then 

I  E  I  =  Vi  //  =/i£  l(Cdl)=v  UMlcCdl  (18) 

To  be  relatively  certain  of  the  direction  q  moves  as  in  the  AB  electrostatic 
discussion,  we  must  have 

2  dp  <p  =  ql  E  1  T  =  ^p  iifA  T I  cCd  I  «  q  hm  LjcCdl  (19) 
wliere  T,  =  Tv  is  the  length  of  the  condenser. 

But  the  detection  mechanism  in  Figure  1,  by  Eqs.  (4)  and  (19)  will  have 
an  uncertainty  in  voltage  of 
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AV  =  c\  Ax  jlC  >  qh  /  4  JilC  Ap  >  h  d  c  /  2  Ji  L  (20) 

But  by  AAC^'"*  and  Cimtnino  et  al^  the  phase  difference  between  the  two  sides 
is 

0/1/tC  =  (2  njh)  Jp  -dr  =  4npM  ^1  c  (hj2n) 

=  2iimLV  I  dc(hl2n)  (21) 

where  A  is  the  lineal  charge  density  which  by  the  Gauss  theorem  is  related  to 
the  voltage  across  the  condenser  by 

A  =  2VL/4red.  (22) 

The  uncertainty  in  tire  phase  by  Eq.  (20)  then  is 

A<tiAAC=  2pmLAV/  dc(h/2n-)>2.  (23) 

So  the  interference  disappears  just  as  the  path  of  the  neutron  is  deteefod. 

4.  Complementarity  and  Separated  Oscillatory  Fields  Resonances 

For  the  resonance  methods  of  separated  or  successive  oscillatory 
fields^'^^  the  transition  probabilities  for  a  two  level  system  can  be  exactly 
calculated.  Although  the  resulting  formulae  are  useful  in  determining 
sjK’ctral  line  shapes,  they  obscure  the  origins  of  the  observed  sharp  peaks  as 
coming  from  an  interference  between  two  possible  paths  in  spin  space. 
However,  this  origiit  can  be  clarified  by  deriving  the  transition  formula  in  an 
alternative,  but  equivalent  form.  For  simplicity  the  same  notation  will  be 
used  as  in  the  original  papers*'^  and  consideration  will  will  be  restricted  to  the 
special  limiting  case  where  the  durations  t  of  the  two  pulses  are  negligibly 
small  except  when  multiplying  the  transition  inducing  amplitude  b,  which  is 
assumed  so  large  that  bt  is  finite. 

With  these  restrictions,  the  exact  expressions*’'^  for  the  probability 
amplitudes  after  the  interaction  of  dural ii  n  r  in  terms  of  those  at  times  f] 
just  before  the  interaction  simplify  to 

Cp(  ti  +  T  )  =  cos  ( liT  )  Cp  (ti)  -  i  sin  (In)  exp  (ico  fj ;  C,^(  tj )  (24) 

C^(  1:  +  T  )  ■  i  sin  (In)  exp  (-/cofj ;  Cp(  ti )  +  cos  (  br  )  C^(  ti ) 

However  ,  following  a  finite  period  T  with  b  -  0,  the  probability  amplitudes 
are  related  as  follows: 

Cp  ( ti  +  T )  =  [  exp  (-i2%  Vip  T  /  h)  1  Cp  ( tt  )  (25) 

Cij(  ti  +  T)  =  I  exp  (-i2  K  WqT  /  h)  ]  (  ti  ). 

By  successively  applying  the.se  relations  it  is  easily  seen  lor  Cp  ( 0)  -  I  and 
C^(0)  =  0  that 

C^f  T  +  2  x )  =  -i  sin  (bx)  cos  (  bx  )  I  exp  -  i  (a)  +  2  n  Wp  /  It)  i' 

+cxp  -  i  (2  I  h)  T  I  (26) 
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The  modulus  squared  of  Equation  (26)  gives  for  the  transition  probability 
\Cq(T+2t)  =  Asin^(bz)  cos^ibt)  cos2((o  -  cdo)T/2  (27) 

which  is  in  agreement  with  the  usual  expression*'^  when  the  above 
restrictions  are  applied. 

In  Eq.  (26)  the  first  term  corresponds  to  the  probability  amplitude  for 
passing  through  the  intermediate  region  in  the  original  state  p  followed  by  a 
transition  in  the  second  oscillatory  field.  The  extra  factor  exp  -i  (o))T 
arises  from  the  phase  of  the  oscillatory  field  at  the  time  T  when  the  transition 
occurs.  The  second  term  corresponds  to  the  probability  amplitude  of  a 
transition  to  state  q  in  the  first  transition  region  with  passage  through  the 
intermediate  region  in  state  q.  From  the  form  of  Eq.  (26),  it  is  apparent  that 
the  factor  cos  ^  (eo  -  to  o)  comes  from  the  cross  terms  between  the  probability 
amplitudes  for  the  two  possible  spin  orientation  paths  between  the  two 
oscillatory  field  regions. 

In  the  case  of  the  separated  oscillatory  field  method,  the  analogue  to 
determining  through  which  slit  the  particle  passes  is  determining  the  spin 
orientation  state  of  the  particle  during  the  interval  between  the  two  coherent 
pulses.  In  the  case  of  neutrons  this  might  be  done  by  allowing  the  beam  to 
pass  between  two  plates  of  a  condenser  and  determining  the  orientation  stale 
from  the  sign  of  the  induced  potential  as  in  the  previous  discussion.  The 
analysis  is  the  same  as  for  the  two  slit  case  and  the  sharp  resonances  disappear 
through  the  AAC  effect  just  as  the  sensitivity  becomes  sufficient  to  delect  the 
orientation,  as  required  by  complementarity.  Englert,  Wallher  and  Scully* 
have  recently  and  independently  made  analogous  observations  using  a 
micromaser  with  two  field  optical  fringes. 

Despite  the  similarities,  there  arc  fundamental  differences  between  the 
two  slits  and  the  separated  oscillatory  fields  experiments  with  neutrons.  The 
orientation  slate  of  the  neutron  is  determined  by  a  vector  in  three 
dimensions  and  an  equal  superposition  of  the  m  =  +1  /2  and  -I  /  stales 
corresponds  to  an  orientation  eigenstate  along  an  axis  perpendicular  to  the 
original  axis.  As  a  res\ilt  the  sharp  resonance  p>eaks  can  be  interpreted 
classically  as  the  spin  being  flipped  n/2  radians  in  the  first  oscillatory  field  and 
being  allowed  to  process  before  the  next  one.  If  the  pr(.*cession  and  oscillator 
frequencies  are  the  same,  the  second  osciallating  field  will  do  the  same  thing 
as  the  first,  producing  a  maximum  reorientation.  If  on  the  other  hand  the 
frequencies  are  slightly  different  so  that  the  neutron  spin  processes  an  extra  tc 
radians,  the  spin  will  be  flipped  back  to  its  original  position  corresponding  ti) 
a  minimum  transition  probability,  thus  providing  narrow  resonance  even 
with  a  classical  interpretation.  On  the  other  hand,  such  a  classical 
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interpretation  of  two  slit  interferences  is  not  possible  since  there  is  no 
reasonable  classical  interpretation  for  the  probability  amplitude 
corresponding  to  the  superposition  of  two  different  paths  in  space. 
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ATOM  INTERFEROMETERS 
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1 .  Introduction 

It  is  a  pleasure  to  speak  at  Yakir’s  birthday  celebration,  especially  on  the  sub¬ 
ject  of  matter  wave  interferonicters  which  his  work  has  been  intimately  related  to  for 
so  many  years.  And  the  fact  that  we  will  be  able  to  give  the  first  report  on  experi¬ 
ments  in  which  atoms  arc  sent  on  both  sides  of  a  metal  foil  and  then  recombined  adds 
even  more  enjoyment.  But  let  me  begin  this  talk  from  the  iilomic  physics  point  of 
view. 

The  tield  of  atomic,  iiiolecular,  and  optical  physics  has  been  moving  with  in- 
eieasing  velocity  in  recent  ycais,  and  no  subiield  in  this  area  is  currently  developing 
fiister  than  atom  optics  and  atom  interferometers  (both  of  which  we  have  lecenlly  re¬ 
viewed.  About  a  dozen  cxpcriiiients  that  demoiistralc  atom  wave  interference  or 
atom  inter rerometers  have  hcen  performed  during  tire  last  live  years; ^  "  results 
which  parallel  demunstrations  of  optical  devices  that  spanned  most  of  tlie  nineteenlh 
century.  Even  without  fuillier  developments  in  atom  optics,  there  now  exist  enough 
useful  elements  to  make  a  variety  of  atom  interference  devices  and  interferometers. 
The  burst  of  activity  in  this  area  in  1991  was  reported  in  most  of  the  widely  circulated 
scientilie  maga  ines,  as  well  ns  in  recent  review  articles. vSince  these  reviews, 
two  new  groups  have  performed  lelated  demonstration  ex|)eriments.  More  im¬ 
portantly,  measurements  are  now  being  made  using  thc.se  devices.  At  this  rate,  we 
anticipate  that  many  applications  of  atom  interferometers  to  probi ms  of  scientilie 
and  technical  importance  analogous  to  those  of  the  lost  hundred  years  in  optics  will  be 
made  in  the  remainder  of  the  1990’s.  (This  is  not  to  say  that  we’re  smaller,  just  that 
we  have  the  theoretical  understanding  to  chart  a  surer  course,  and  much  commercially 
available  technology  with  which  to  pursue  it  rapidly.)  Since  our  judgement  is  that  we 
have  now  entered  a  period  in  which  the  most  important  advances  involving  atom  in- 
terfcrometei’s  will  be  new  applications  rather  than  new  interferometers,  the  remainder 
of  this  prc.scntation  will  concentrate  on  the  four  areas  in  which  atom  inlerferoiiieters 
appear  likely  to  have  signiticant  scientific  and  technical  applications.  Unfortunately 
for  those  who  have  read  our  recent  review,^  there  is  little  new  to  re|iort  in  the  couple 
of  months  since  that  was  written. 

2.  Atom  Interferometer  Applications 
2. )  Atomic  and  Molecular  I'roperlie.i 

We  are  pleased  to  report  at  this  conferi-ncc  the  fust  mcasuiemcnts  made  with  a 
separated  beam  atom  interferometer.  The  key  point  here  is  tliat  separated  beam  atom 
interferometers  piesenl  the  opportunity  to  subji  ct  part  of  the  atom  wave  to  an  interac- 
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lion  which  causes  a  phase  shift  and  then  to  nneusure  this  phase  shift  by  interference 
with  the  unshifted  part  of  the  atom  wave  in  the  same  state.  An  obvious  application  is 
the  precision  measurenient  of  tlic  (ground  slate)  polarizaliility  of  the  atoms  (or 
molecules)  in  the  interferometer,  by  subjecting  one  part  of  the  atom  wave  to  a 
nnifonn  electric  field.  We  di.scuss  such  an  experiment  currently  giving  nice  results  in 
our  laboratory.  We  note  that  this  is  intrinsically  a  higher  precision  approach  than 
measuring  the  detlection  in  a  field  gradient,  whether  this  is  measured  by 
conventional’*  or  interference  techniques.”’  We  also  note  that  polarizability 
differences  between  two  states  of  an  atom  have  long  been  measured  using  optical 
resonance  techniques,  and  can  also  be  measured  in  interferometers  of  the  Chebotayev 
type  even  though  the  two  legs  of  the  interferometer  arc  not  spatially  resolved. 


I 'igiiic  I :  A  schematic,  nut  tu  scale,  of  uur  uluiii  interferometer,  ’rhe  10  )lin  cupper  foil  is  between  tlic 
two  onus  of  the  interferometer  (thick  lines  iirc  atom  hcanis).  The  optical  intcrreromclcr  (lliiii  lines  are 
laser  hcanis)  measures  tlic  relative  |Kisitioii  of  the  201)  tun  |)cri(xl  alum  i^rulings  (which  are  indicated 
hy  vcilieni  diislicd  lines). 


Our  atom  interferometer  has  lx:en  described  in,  ■*  anil  is  depicted  in  Fig.  1 .  It 
u.ses  three  equally  .sj-.acctl  transmission  gratings,  a  .standard  interferometer  design, 
witlt  about  2/3  of  a  meter  spacing  between  the  gratings.  This  configuration  produces  a 
robust  white  fringe.’'’  Wc  now  u.se  three  0.2  micron  peritHl  nanofabricated 
diffraction  gratings  wltich  separate  the  centers  of  the  interfering  beams  by  55  p.  Wc 
collimated  the  sodium  atom  beam  with  20  p  slits  so  the  etiges  of  the  two  interfering 
beams  do  not  overlap.  The  atoms  had  a  dcHroglie  wavelength  of  16pm.  The  FWHM 
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Flguie  2.  Interference  pattern  fro.n  40  aeconda  of  tlata  (  -  i 

and  the  phase  uncertainty  is  17  milliradians.  netector  no,«:  background  of  200  counts  per  second 
been  subtracted. 

Of  the  velocity  distribution  of  tlie  beam  was  H%,  which  detcmiined  the  longitudiniU 
coherence  len^^h  (1 .6  A).  The  frinp  amplitude  was  820  cps.  which  would  allow  us 
detcriiiine  the  phase  to  15  tnilliradiaits  in  1  minute  (Fig.  *-)• 

An  interaction  region  consisting  ol  a  stretched  iiKtal  foil 
symtnetrically  between  two  side  electrodes,  each  spaced  2  inin  from  this  scpt“>n.  was 
hiserted  in  the  interferometer  so  that  the  atom  wave  in  the  two  side  of  the 
intetferemcler  passes  on  opposite  sides  of  the  foil.  Tin:  Zt 

10  microns  thick,  but  the  shadow  it  cast  on  the  .letector  was  typically  30  p  wide  due 
to  St  deviations  of  the  stretched  foil  from  perfect  flatness.  Because  we  have  a 
conducing  physical  barrier  between  the  separated  beams,  wc  can  apply 
uniform,  edcctric  and  magnetic  fields  to  the  portions  of  the  atom  wave  on  each  side  of 


the  interferometer. 


pigum  3:  Stark  phase  ahifu  for  voltagc.s  applied  to  the  right  (open  ciwfea)  and  Ita  left 
delennines  the  dc  (lolariMhility  of  sodium  willi  0.4%  statistical  uncertainty. 
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If  an  electric  field  is  put  on  one  side  of  the  interaction  region  the  DC  Stark  shift 
of  the  atom  wave  on  that  side  will  change  the  phase  of  the  interference  pattern.  The 
Stark  shift  is 

V,=-aE^/2, 

where  a  is  the  electric  polarizability  and  c  is  the  applied  electric  held.  The  Stark  shift 
acts  as  a  slight  depression  in  the  potential  energy,  V,  as  the  atom  wave  passes  through 
the  electric  field.  This  increases  its  spatial  frequency  (since  the  dcBroglie  wave 
number  is  k  =  [  2m(E  -  V)]  and  E  is  conserved),  resulting  in  an  increased  phase 
accumulation  relative  to  the  wave  that  passes  on  the  side  of  the  septum  with  no  field. 
Since  is  eight  orders  of  magnitude  smaller  than  E,  the  square  root  can  be  expanded 
with  the  result  that  tlic  differential  pha.se  shilt  is  4>=al  =  where  I  is  the 

length  of  the  interaction  region,  v  is  the  velocity  of  the  atoms,  and  t  is  the  transit  time, 
We  found  that  the  measured  phase  shift  was  quadratic  with  the  applied  field  within 
error,  as  expected,  allowing  us  to  determine  the  polarizability  of  the  ground  slate.  We 
found  that  putting  the  field  on  opposite  sides  of  the  septum  gave  the  same  absolute 
value  of  the  phase  shift,  giving  a  statistical  error  of  .4%  in  -  20  minutes.  We  arc 
currently  investigating  several  systemrtic  errors  (the  largest  due  to  variation  of  the 
phase  shift  with  septum  position)  which  currently  limit  our  detennination  of  an 
absolute  value  of  the  polarizability  to  -  1%.  Figure  3  shows  the  phase  shifts  vs. 
applied  electric  field. 
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I'igurc  4:  Conlra.st  revivals  from  conslroclive  reptrasing  of  the  independent  interference  pnttems  of  tlic 
S  differeni  magnetic  sub-states  of  sodiiiin.  These  patterns  ore  dephased  by  a  curicnl  llowing  tlown  tlx 
.septum  which  aiicis  lire  mrigniludc  of  the  uniform  mtrjtuuic  field  on  Ihc  two  sides. 


We  have  also  observed  the  periodic  rephasing  of  the  indepeiulent  intci  ference 
patterns  of  the  different  Zeeman  substates  of  Ihc  ground  state  as  a  differential 
magnetic  field  is  applied  to  opposite  sides  of  the  septum.  To  observe  this,  wc  lirst 


applied  a  uniform  magnetic  <ield  along  the  beam  axis  to  determine  the  quantization 
direction.  By  running  a  current  down  the  metal  septum,  perpendicular  to  the  plane  of 
the  interferometer,  we  increased  the  field  magnitude  on  one  side  of  the  interaction 
region  and  decreased  it  <111  the  other.  This  gave  a  differential  Zeeman  energy,  and 
therefore  phase,  for  the  two  paths  around  the  foil.  The  phase  shift  is  proportional  to 
the  current  passing  through  the  .‘icptum  and  the  projection  of  Uie  magnetic  moment 
along  the  quantization  axis.  Sintx  our  beam  Ls  unpolarized,  the  observed  interference 
pattern  is  a  sum  of  interference  patterns  for  each  of  the  eight  sodium  ground  states. 
Since  the  g-factors  of  the  F  ==  I  and  F  =  2  hypetfine  levels  ’-ave  equal  magniludr  <but 
o|>posite  sign),  there  are  only  three  different  magnitudes  of  projected  ma  .otic 
moment.  At  low  fields  the^e  are  proportional  to  0,  1/2,  and  1  tiwies  a  Bohr  magiicton. 
Consequently  the  independent  interference  patterns  periodically  rephase 
constructively  to  produce  a  high  contrast  interference  pattern  with  the  same  phase  as 
the  pattern  at  zero  field.  This  is  shown  in  Figure  4.  The  first  revival  of  contrast  is  the 
point  wliere  the  phase  shifts  are  4jt  for  the  I  mpl  =  2  states,  271  for  the  I  mp  I  =  1  slates, 
and  0  for  the  mp  =  0  states.  In  this  experiment,  therefore,  the  informative  variable  is 
the  contrast  (not  phase)  vs.  magnetic  field. 

The  contrast  versus  differential  magnetic  field  has  the  same  shape  as  the 
amplitude  versus  positinp  for  a  five  slit  diffraction  grating  whose  central  three  slits 
are  twice  as  wide  as  the  ixtrenml  slits.  (To  make  this  analogy  more  precise,  we  would 
have  to  illuminat'’.  the  grating  with  light  of  the  appropriate  spectral  width.)  Fig.  4  also 
contains  a  fit  to  the  data  which  correctly  models  the  effects  of  our  finite  velocity 
dis'ribution  and  misalignment  of  the  unifonn  magnetic  field  that  determines  the 
quantization  axis.  Not  only  the  relative  positions  of  the  contrast  maxima,  but  also 
their  width  and  the  degradation  of  contrast  of  subsequent  rephasings  due  to  the  finite 
coherence  length  is  well  accounted  for  by  the  model.  The  real  significance  of  this 
rephasing  experiment  is  that  (since  the  value  of  the  Bohr  magneton  is  accurately 
known)  one  of  the  fit  parameters  is  the  average  velocity  of  the  atoms  that  successfully 
make  it  through  the  interaction  regin  and  contribute  to  the  interference  pattern.  This 
can  be  exploited  to  eliminate  systematic  effects  arising  from  processes  which  cause 
this  final  average  velocity  to  differ  from  the  average  velocity  of  the  atoms  in  the  beam 
upstream  of  the  interferometer. 

For  large  currents  down  the  foil,  the  average  over  the  velrxiity  distribvtion  of 
the  atom  beam  reduces  the  contrast  in  the  interference  pattern  of  all  atoms  except 
those  in  the  two  mp  =  0  states,  which  experience  no  Zeeman  phase  shift.  1  his  will 
result  in  a  contrast  one-fourth  of  that  observed  for  no  current.  At  this  point,  any  small 
phase  shi'ts  observed  from  additi''nal  interactions  would  be  those  of  only  the  nip-O 
states.  By  applying  a  large  St:  base  shift  to  all  of  the  substates,  the  contrast  of 

these  mp=0  states  could  be  reui.  1  to  nearly  zero  while  another  polarization  state 
was  shifted  back  into  coherence  with  itself.  This  would  allow  experiments  to  be 
performed  on  a  polarized  beam  without  the  difficulty  of  optical  pumping,  (but  without 
the  gain  in  intensity  which  such  optical  pumping  should  bring). 

What  happens  if  the  atom  wave  on  one  side  of  the  septum  passes  through  a  gas 
not  present  on  the  other  sideV  From  the  perspective  of  wave  optics,  the  passage  of  a 
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wave  through  a  medium  is  described  in  terms  of  an  index  of  refraction  whose  real 
part  is  proportional  to  the  phase  shift  of  the  wave  and  whose  imaginary  part  is 
proportional  to  the  absorption  of  the  wave.  For  an  atom  wave  passing  through  a 
gaseous  medium,  absorption  will  be  proportional  to  the  well  understood  total 
scattering  cross  section,  which  is  determined  by  the  imaginary  part  of  the  scattering 
amplitude  at  zero  angle.  The  phase  shift  will  be  proportional  to  the  teal  port  of  the 
scattering  amplitude  at  zero  angle.  Taken  together,  the  absoiption  and  phase  shift 
therefore  determine  the  phase  and  amplitude  of  the  scattering  amplitude.  In  low 
energy  collisions  this  means  that  both  the  magnitude  and  sign  of  the  scattering  length 
can  be  detennined,  an  important  advance  since  knowledge  of  the  sign,  hitherto  not 
nteasurabic,  is  critical  to  predicting  low  temperature  collective  behavior. 


2.2  Inerlial  Effects 


Atom  interferometers  are  sensitive  to  inertial  effects  because  the  atoms  travel 
freely  (if  field  gradients  are  sufficiently  small),  whatever  the  acceleration  of  the 
apparatus.  The  difference  in  position  of  the  interference  pattern  when  observed  in  an 
accelerating  vs.  an  inertially  stable  apparatus  can  be  observed  interfcrometrically, 
giving  a  precise  measure  of  the  iion-incrtial  behavior  of  the  apparatus.  To  make  these 
ideas  quantitative,  first  imagine  atoms  with  velocity  v  passing  through  a  matter  wave 
lens  with  focal  length  L/2  as  shown  in  Fig.  S;  if  the  apparatus  accelerates  upwards  at 
a.  the  central  atom  ray  appears  to  follow  the  curved  path  shown,  and  the  position  of 
the  image  of  the  source  will  have  a  vertical  displacement, 

yf  =  Vyo(2t)  -  1/2  a  (2t)^  =  -at^  =  -  afL/v)^  , 

where  t  is  the  flight  time  for  distance  L  and  Vyu  is  the  initial  y  velocity  necessary  to 
pass  through  the  center  of  the  iens.  If  the  inis  is  converted  into  a  separated  Fresnel 
biprism  by  blocking  off  its  central  dashed  portion,  the  Airy  diffraction  patteni  of  the 
^ens  will  be  converted  into  an  extended  interference  pattern  and  the  shift  in  position  of 
I  he  central  fringe  can  be  measured  as  a  phase  shift, 

(ji = 2  71  y  ^d = - 2  It  a  t^/d, 

where  d  is  the  fringe  spacing.  The  above  expression  also  applies  to  a  three  grating 
interferonteter  with  grating  period  (or  lattice  spacing)  d. 


The  equivalence  principle  dictates  that  Uic  response  of  an  apparatus  with 
acceleration  g  upwards  must  be  the  same  as  a  stationary  apparatus  in  a  downward 
gravitational  field  with  strength  g.  Thus  the  phase  shift  in  a  giavitational  field  should 
be 


JL 

v 
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This  result  (with  appropriate  trigonometric  modifications  for  finite  opening  angle)  has 
been  checked  using  neutrons;^'  a  small  discrepancy  exists.  The  application  of  more 
complex  interferometer  configurations  to  the  determination  of  the  gravitational 
gradient  has  also  been  discussed. 
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septum  current  in  mA 


Figure  3:  With  no  acceleration  (i),  the  atom  image  (daihed  axU)  liom  the  lens  (dashed)  and  the 
diffraction  pattern  (solid  axis)  from  the  Fiesnel  biprism  (solid  lines  at  edges  of  lens)  line  up  at  y  =  0. 
When  the  apparatus  accelerates  upward  (ii),  image  and  diffraction  pattern  are  both  displaced  by  yf - 
(see  Eq.  3). 


If  the  apparatus  is  rotating  with  angular  velocity  the  atoms  experience  a 
Coriolis  acceleration  a^  =  -  2  For  the  interferometer  discussed  above,  the 

phase  shift  due  to  this  rotation  may  be  calculated  by  substituting  this  acceleration  into 
Eq,  4  with  the  result, 


dv 


assuming  small  opening  angles  in  the  iiitcrferometer.  ‘I his  result  has  been  verified  for 
iwth  neutron  and  atom  interferometers.  ^ 


Although  this  equation  expresses  the  phase  shift  in  terms  of  the  experimentally 
specified  parameters,  it  is  customary  to  express  the  phase  shift  due  to  rotation  in  terms 
of  the  enclosed  area.  A,  by  the  atoms.  For  grating  type  inteifooj^elers  this  i.s 
detennined  by  the  diffraction  angle,  P  =  yielding  (])(;  ==  2m/fl  W-  A,  the  familiar 
Sagnac  phase  for  matter  wave  interferometers. 

Atom  interferometers  cannot  measure  any  new  inertial  effects  intrinsic  to 
atoms,  so  the  real  question  is  one  of  technical  periorinance.  For  rotation  sensing,  the 
greater  phase  shift  of  matter  wave  interferometers  relative  to  light  interferometers  of 
the  same  cunnguraiiuii  (by  the  factor  mcVSoJijji,,  =  lO’*’)  suggests  that  improved  atom 
optics  technology  (especially  a  non-diffractive  beamsplitter)  should  enable  atom 
interferometers  to  attain  better  precision  tha,i  laser  gyros.  For  measurement  of  the 
local  gravitational  constant  (or  for  accelerometers)  the  demonstration  of  sensitivity  of 
3x10'*  in  the  first  slow  atom  interferometer  by  the  Stanford  group  is  very 
encouraging,  especially  if  further  experiments  verify  the  projected  freedom  from 
systematic  error. 
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2.3  Fundamental  Measurements 

The  inherent  precision  available  with  interferometry  makes  atom 
interferometers  ideal  instruments  with  which  to  moke  fundamental  “null"  tests  (c.g, 
of  the  charge  of  a  neutral  atom).  Scns>  ivity  to  phase  (as  opposed  to  energy  times 
time)  will  allow  atom  interferometers  to  pro^  physical  processes  that  generate  phase 
shifts  such  as  Berry’s  (and  other)  topological  phases  (cf.  a  recent  related  proposal, 
also  discussed  at  this  conference),  the  passage  of  atoms  through  a  waveguide,  or  the 
phase  shift  which  accompanies  surface  bounces.  In  general  it  has  not  previously  been 
possible  to  observe  these  phase-generating  effects. 

A  recent  proposal  by  Anandan^*  and  Aharonuv  and  Cashcr^*  combines  two  of 
these  ideas:  it  is  a  topological  phase  which  tests  a  fundamental  tenet  of  quantum 
mechanics  —  that  a  phase  shift  con  occur  in  the  absence  of  any  classical  force.  A 
study  of  this  effect  using  neutron  interferometers  is  presented  in  these  proceedings,^ 
so  we  need  not  dwell  on  its  desirability  here.  The  advantages  of  using  atoms  arc  the 
greater  magnetic  moment  (partially  offset  by  the  large  Stark  shift  which  limits  the 
practical  size  of  the  fields  which  can  be  applied)  and  the  gmater  intensity.  Together 
these  should  greatly  reduce  the  statistical  error  and  should  also  allow  us  to  study,  for 
the  first  time,  the  predicted  dependence  on  the  dipole  orientation. 

Another  important  measurement  is  the  precise  detennination  of  the  monientuni 
of  a  photon;  an  experiment  underway  at  Stanford  has  been  described. 

Before  getting  too  carried  away  with  the  possibilities  of  new  fundamental 
measurements,  we  should  note  that  many  fundamental  experiments  in  matter  wave 
optics  and  matter  wave  interferometry  have  already  been  carried  out  using  neutron 
interferometers.  A  recent  review  of  this  work^^  serves  as  i  'Oth  a  source  of  inspiration 
and  a  standard  of  comparison  in  this  field. 

2.4  Direct  Write  Atom  Holography 

Looked  at  from  another  perspective,  vr  three  grating  interferometer  is  a 
holographic  apparatus  that  produces  a  real  image  in  the  plane  of  the  third  grating.  By 
changing  the  geometry  (c.g.  using  the  two  first  order  beams  from  the  first  grating  and 
the  second  order  beams  at  the  second),  this  image  can  be  made  to  differ  from  the 
gratings  used  upstream  (in  this  example  it  would  be  a  grating  with  half  the  period  of 
the  others).  If  the  middle  grating  were  replaced  by  a  calculated  hologram  (this  would 
be  easy  since  the  electron  beam  writer  which  writes  the  grating^'*  is  computer 
cuniroilcu),  the  resulting  image  could  be  quite  arbitrary.  Recently  it  has  been 
shown  that  an  atom  image  like  the  one  just  described  can  be  written  on  a  substrate 
with  resolution  better  than  3000  A,  so  the  possibility  of  writing  patterns  of  a 
particular  type  of  atom  on  a  surface  already  exists.  If  some  way  were  found  to 
develop  this  image  (if  it  were  written  in  silver,  regular  photographic  techniques  might 
be  applicable)  it  would  be  a  directly  written  atom  structure. 
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3.  Summary 

The  future  of  atoms  interferometers  looks  bright:  atom  beams  are  inexpensive 
and  intense  relative  to  neutron  beams  from  reactors,  several  techniques  have  now 
been  demonstrated  to  make  interferometers  for  them,  and  the  atoms  which  may  be 
used  in  them  come  with  a  wide  range  of  parameters  such  as  polarizability,  mass,  and 
magnetic  moment.  One  can  even  imagine  applications  for  molecular  interferometers. 
This  assures  the  applicability  of  these  instruments  to  a  wide  range  of  measurements  of 
both  fundamental  and  practical  interest.  Hence  atom  interferometers  may  now  be 
regarded  as  devices  to  think  up  experiments  fur.  Ultimately  they  should  became 
sufficiently  robust  and  simple  that  they  can  be  regarded  os  instruments,  to  be  applied 
technologically  or  used  in  other  experiments. 
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ABSTRACT 

Band-limited  t'unctiuns/lA;)  can  oscillate  fur  arbitrarily  long  intervals  arbitrarily  faster  than 
the  highest  frequency  they  contain.  A  class  of  integral  representations  exhibiting  these 
'supcruscillatiocs'  is  described,  and  by  asymptotic  analysis  the  origin  of  the  plicnumcnon 
is  shown  to  be  complex  saddles  in  frequency  space.  Computations  confimi  the  existence 
of  supcruscillatiuiis.  The  price  paid  for  supcrascillations  is  that  in  the  infinitely  lonr.cr 
range  where /(x)  oscillates  conventionally  its  value  is  exponentially  larger.  For  example, 
to  rcprrxiuce  Bcclhovccn’s  ninth  symphony  as  supcroscillations  with  a  IHz  bandwidth 
requires  a  signal  cxp|  10*^)  times  stronger  than  with  conventional  oscillations, 


1.  Model  for  gupcroscillations 

My  purpose  is  to  decribe  sonic  inathenwtics  inspired  by  Yakir  Aharonov  during  a 
visit  to  Bristol  several  years  ago.  He  told  me  that  it  is  possible  fur  funutions  to  uscillatc 
faster  than  any  of  their  Fourier  cotnponents.  This  scemod  unbelievable,  even  paradoxical; 
I  liitd  heard  nothing  like  it  before,  and  learned  only  recently  of  just  one  related  paper’  in 
the  literature  oti  Fourier  analysis  (see  §4).  Nevertheless,  Aharonov  and  his  colletigues  had 
constructed  such  'superoscillations'  using  quantum-incchanical  argutnents^.  Here  I  will 
exhibit  a  large  class  of  them,  and  use  asymptotics  and  numerics  to  study  their  strange 
properties  in  detail. 

Consider  functions  f{x)  whose  spccUum  of  frequencies  k  is  band-limited,  say  by 
lltKl,  so  that  on  a  conventional  view/should  oscillate  no  faster  than  co.s(x:).  But  we  wish 
/to  be  supcroscillatoi that  is  to  vary  as  cos(/fjc),  where  K  can  be  arbitrarily  large,  for  an 
arbitrarily  long  interval  in  x  A  representation  that  achieves  this  is 

oo 

I  ducxp{ij[*(4)}cxp|-^-(M-iA)^|  (1) 


where  the  wavenumber  function  il:(u)  is  even,  wiih  it(0)=l  and  Dtl^il  for  real  «,  A  is  real 
and  positive,  and  8  is  small.  Examples  are 


Y^-  j  ,  ^2(“)  =  =  k4{u)-COiiU 


(2) 
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Aharonov's  reasoning  (he  suggested  Eq.(l)  with  k^)  was  that  when  Sis  small  the 
second  exponential  would  act  like  a  'complex  delta^funclion'  and  so  project  out  the  value 
of  the  first  exponential  at  u=\A.  Thus /  should  vary  as 

/  ~  cxp{iXjt}  where  K  =  k{iA)  (3) 

Under  the  conditions  above  Bq.(2),  k  increases  from  u=0  along  the  imaginary  axis,  so 
that  Ar>l,  (and  for  the  given  examples  can  be  arbitrarily  large),  and  so  corresponds  to 
superoscillalions.  What  follows  is  a  study  of  the  small-5  asymptotics  of  the  integral 
representing/.  As  well  as  justifying  Aharonov's  argument,  this  will  dissolve  the  paradox 
posed  by  superoscillations,  by  showing  that  when  x>0(\/S^)  they  get  replaced  by  the 
expected  cos(x),  and/ gets  exponentially  large. 


2.  Asymptotics 

The  aim  is  to  get  an  asymptotic  approximation  fur  small  5  to  the  integral  defining 
/,  liq.(l),  which  is  valid  uniformly  in  x.  To  achieve  this,  it  is  convenient  to  define 

4  3  xS^  (4) 


so  that  Eq.(l)  can  lie  written 

/(^/5^,A,5)  =  --^  j  d«  exp' where  </>  =  '^(u-iAf -i^A(u)  (5) 


For  small  S,fam  now  be  approximated  by  the  saddle-point  method,  that  is  by  deforming 
the  path  of  integration  tlirough  saddles  Us  of  the  exponent  and  replacing  by  its  quadratic 
approximation  near  «S’/is  dominatetl  by  the  saddle  with  smallest  Rcd>.  Saddles,  whose 
location  depends  on  ^  (and  also  A)  arc  defined  by 

^  =  0.  i.c.«,=i[$*'(«,)  +  A]  (6) 


Application  of  the  saddle-point  method  now  rives  the  main  result; 


/ 


exD 


■yll~ixf>^k"(u,) 


(7) 


To  interpret  this  fonnula,  it  is  necessary  to  understand  the  behaviour  of  the  dominan*. 
saddle  as  ^  varies, 
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When  ^«1,  that  is  x«S  Eq.(6)  gives  and  0)  reduces  to  Eq.(3);  this 
is  the  regime  of  supcroscillations.  When  4»1.  that  is  x»S-^,  the  saddles  are  the  zeros 
of  it'(u);  assuming  for  simplicity  that  k  has  a  single  maximum  at  u=0  (as  in  the  first  three 
functions  in  Eq.(2)),  this  is  the  only  real  saddle,  and  (7)  reduces  to 

/“ — ,  '/■  -  exp{i.t-4?r|  expj-^  (8) 

Tliis  is  the  behaviour  to  be  expected  conventionally,  that  is  on  tlie  basis  of  the  frequency 
content  of  /;  in  the  infinite  range  of  validity  of  Eq,(8). /is  0(cxp(A^/252l  and  so 
exponentially  amplified  relative  to  the  superoscillation  regime. 

As  Jt  increases,  the  saddle  moves  from  iA  to  0  along  a  curved  track,  illustrated  in 
figure  1.  This  is  the  dominant  saddle  Ms",  its  track  resembles  figure  1  for  all  A(u)  of  this 
type  that  I  have  studied.  There  are  other  solutions  of  Eq.(6),  whose  arrangement  and 
motion  arc  complicated  and  depend  on  the  details  of  k(u),  but  they  are  not  dominant  and 
so  do  not  compromise  the  validity  of  Eq.(7)  as  the  leading-order  approximation  to  the 
integral  defining/,  Eq.(l). 


Figun;  1 .  Track  of  leading  'aikllc  u.  as  ^  incicases  from  0  to  for  Uic  wavenumber  function  ksiv)  >» 
Ei).(  10),  for  A=2  (tlic  track  is  similar  for  any  k{u)  with  a  single  maximum) 

In  understanding  the  oscillation;,,  it  is  helpful  to  study  the  local  wavcnumlter, 
defined  as 


(9) 


As  illustrated  in  figure  2,  ^(5)  decreases  smoothly  from  A:(iA)  (which  is  real)  to  1  as  ^ 
increases.  Note  that  the  decrease  is  rapid  (this  is  true  for  all  k(u)  that  I  have  studied).  This 
has  the  important  implication  that  to  observe  superoscillations  it  is  necessary  to  keep  ^ 
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much  smaller  than  unity,  and  if  wc  want  to  allow  x  to  be  large,  in  order  to  observe  many 
supcroscillations,  5  must  be  correspondingly  smaller,  Eq.(4),  and  the  exponential 
amplification  in  the  regime  of  conventional  oscillation,  Bq.(8),  will  be  correspondingly 
larger. 


0  1  2  3  4  5 


c 

Figure  2.  Local  wavenumber  (/{{),  Eq.(9),  for  the  k^iu)  in  E(i.(10),  foe  A=2 

None  of  the  wavenumber  functions  in  Eq.(2)  gives  an  /  whose  integral 
representation  can  Ite  evaluated  exactly  in  terms  of  special  functions.  However,  if  we 
choose  the  wavenumber  function 


(10) 


we  can  ensure  that  it  is  band-limited  ( IA:I<1)  by  restricting  the  range  of  integration  in 
Eq.(l)  to  IhI:12.  The  resulting  truncated  integral  is 


i 

}  {x,A,5)  =  J d,u cxp{u(l  -  -^M^llcxpl- -  iA)^  |  (11) 


which  be  expressed  in  terms  of  error  function.s: 

1 


,  ,  r  ijt(2+A^+2u5^)] 

fix,A,S)  =  — jr— — —expj-i--^ — — jT — 

2Vi  +  rio''  [  2(l  +  Lt52)  I 

1.5V2  +  2iJc«M  [5i2  +  2\xS^  , 


(12) 


It  is  instructive  to  examine  this  in  detail.  The  superoscillation  wavenumber, 
Eq.(3).  is 
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Ar  =  *5(iA)  =  l  +  ^A^ 
There  is  a  single  saddle,  at  (figure  1) 


and  the  local  wavenumber  is  (figure  2) 


<?(4) 


2(l  +  «')' 

For  this  case,  the  saddle-point  approximation,  Eq.(7)  gives 

1  f.  I", 

- - r«Pirr  1+-? - 

7l+^  [  2(l  +  J^ 


f{x,A,S)‘ 


exp 


aW 

ii(r+ 


(13) 


(14) 


(15) 


(16) 


However,  the  asymptotics  of  (11)  includes  contributions  from  the  end-points 
«=rt2  as  well  as  the  saddle  u^.  This  can  be  seen  by  realising  that  the  steepest  path  between 
-2  and  +2  runs  from  -2  to  infinity  in  the  negative  half-plane,  through  Us  to  infinity  in  the 
positive  half-plane,  and  back  to  +2.  The  end-point  contributions  oscillate  conventionally, 
with  the  wavenumber  - 1,  so  we  must  be  sure  tliat  they  do  not  mask  the  supcroscillations 
that  exist  tor  small  The  condition  for  this  is  that  the  absolute  value  of  the  Gaussian  in 
(1 1)  must  not  exceed  unity  at  the  end-points.  Thus 


A^2 


(17) 


(we  include  the  equality  because  the  end-point  contribution  is  smaller  than  that  from  the 
saddle  by  a  factor  6).  Eq.(l3)  now  implies  that  the  maximum  rate  of  supcroscillation 
obtainable  with  this  model  is  K=3.  (It  is  worth  remarking  that  a^=0,  A=2  lies  on  the  anti- 
Stokes  line  for  the  error  functions  in  Eq.(12),  that  is,  where  the  exponential  contribution 
from  the  saddle  exchanges  dominance  with  tliose  from  the  end-points.) 

The  representation  Eq.(l)  docs  not  have  the  form  of  a  Fourier  transform,  namely 
(for  a  band-limited  function) 


f(x,A,S)=  {dfl( 
-1 


(18) 
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It  is  however  easy  to  cast  it  into  this  form.  The  transform  f{q)  depends  on  the  inverse 
function  of  this  is  multivalued,  and  the  path  of  integration  can  be  deformed  into  a 
loop  around  a  cut  extending  along  the  real  axis  negatively  from  the  branch  point  at  <?=! 
(the  ends  of  the  loop  are  pinned  to  the  cut,  at  r/=-l  for  As  and  at  the  essential  singularity 
(/=0  for  Ai,  k2,  and  A3).  Again  there  is  a  dominant  saddle,  which  for  small  $  lies  at  q=K, 
and  the  loop  can  be  expanded  to  pass  throu^  this.  All  previous  results  can  be  leproduced 
in  this  way, 


3.  Numerics 

The  aim  here  is  twofold;  to  compare  the  saddle-point  approximation  Eq.(7)  with 
the  exact  integral  (1),  and  to  exhibit  the  superoscillations.  1  carried  out  computations  off 
for  the  wavenumber  functions  Ai,  A2,  and  A3  (Eq.(2)),  but  will  display  results  only  for 
Re / (Im/is  similar)  for  As  (Eq.(lO)),  with  the  truncated  integral  of  F,q.(l  1),  for  which 
the  results  arc  very  similar.  The  computations  will  be  exhibit'  d  for  the  fastest 
supcroscillations,  namely  K-3,  that  is  A=2  (Eq.(  17)),  choosing  5=0.2. 

Figure  3  shows  the  results.  The  superoscillations  for  small  x,  with  pcriixl  27c/3  , 
arc  shown  on  figure  3a,  and  figure  3b  shows  a  range  of  x  where  there  are  conventional 
oscillations,  with  period  more  than  3  times  greater  (actually  about  8.4  -  cf.  figure  2, 
where  ^-1.6  corresponds  to  jt  ~  40).  In  both  cases,  the  approximation  (in  this  case 
Eq.(16))  agrees  well  with  tlie  exact  expression,  Eq.(12).  For  example,  the  fractional  error 
is  0.18  for  x=2,  and  2.8xl0'**  {otx=42.  Note  the  enonnous  ratio  of  the  sizes  of  / for 
large  and  small  x-,  from  Fi|.(16),  this  can  be  estimated  as  exp(36)~10*^  (the  asymptotic 
ratio  of  Eq.(8)  is  not  attained  in  figure  3b).  The  transition  between  the  superoscillation 
and  conventional  regimes  is  clearly  shown  in  figure  3c. 

In  these  computations,  the  value  A=2  is  the  largest  for  which  the  saddle  dominates 
the  end  points.  The  competition  between  contributions  shows  up  mo.st  clearly  at  a-O,  for 
which  (12)  gives 


/(0,A,5)  =  Rccrf' 


(19) 


For  A<2,/  is  well  approximated  by  the  saddle  contribution  of  unity,  for  A>2,  the  end¬ 
points  dominate  and/ increases  exponentially,  Eq.(1 7),  masking  the  supcroscillations  for 
small  x.  This  is  illustrated  in  figure  4,  Even  at  the  <  ritical  value  A=2,  that  is,  on  the  anti- 
Stokes  line  for  the  function  (19),  the  exact  value  /=0.945  is  close  to  the  saddle-point 
value/- 1. 
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Figure  3,  Cumpulations  of/(jt.2,0.2)  for  lli«  Uuncatcd  integral,  Eq.(l  1),  showing  (a),  supcruscillations, 
and  (b)  conventional  oscillations.  Circles:  exact  expression,  E().(12);  full  lines:  saddle-point 
approximation,  E<|.(16).  In  (c)  the  logarithms  are  base  10 
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1.9  2  2.1  2.2  2.3 

A 


Figure  4.  Conipiilation.s  of  log  [ffO,  A,  0.2)1,  Eq.(19),  for  the  Inincalctl  iiitegriil  Eq.(  1 1 );  logarithni.s  arc 
biisc  10.  Note  the  cxpoiieiitiul  growth  after  cro.'aiing  the  aiiti-Stokcs  line  at  A=2 

4.  Beethoven  at  IH/. 

Professor  I.  Daubcchics  has  informed  me  that  superoscillations  arc  known  in 
signal  processing,  in  the  context  of  oversampling.  Tliis  is  sampling  a  function  faster  than 
the  Nyquist  rate,  i.e.  at  points  where  the  function  is  band-limited  by  l/flSl.  If  a 
function  is  oversan  'ed  in  a  finite  range,  extrapolation  outside  this  range  is  exponentially 
unstable^.  She  quotes  B.  Logan  as  saying  that  it  is  possible  in  principle  to  design  a 
bandlimited  signal  with  a  bandwidth  of  IHz  that  would  reproduce  Beethoven's  ninth 
symphony  exactly.  With  the  .supcroscillatory  functions  described  in  this  paper  it  is 
possible  to  give  an  explicit  recipe  for  constructing  this  .signal,  as  I  now  explain. 

We  require  .superoscillations  for  the  duration  T  (~4()()0s)  of  the  symphony. 
Therefore  the  desired  signal  B(t)  can  be  rcprc.scntcd  as  periodic  outside  this  interval, 
namely 


(20) 

~N  (  '  J 

Here  N  is  the  onier  of  the  I'ouricr  component  corresponding  to  the  liighest  frequency 
Vmax  -  Wf  (~2()kHz)  it  is  desireri  to  reprotluce. 

To  approximate  this  with  a  signal  band-limited  by  frequency  vq  r  IHz:)  we  make 
the  replacement 


(21) 


where  (cf.Eq.(l))  4>n  is  the  superoscillatory  func'ion 

g  1  I  (22) 

Here  the  frequency  function  v(m)  never  exceeds  (for  real  u)  its  band-limited  value 
v(0)=Vo,  and  and  g„  will  now  be  determined  by  the  requirement  that 
superoscillates  with  frequency  nfT  for  time  T. 

'.’he  superoscillation  frequency  of  <I>/i(/)is  v(iAn)  (cf.  Eq.(3)),  Thus  from 
Eq.(21)  An  must  satisfy 

vK)  =  y  f23) 

We  fix  5n  by  requiring  that  the  superoscillations  are  maintained  for  time  T,  in  the  scu>c 
that  the  replacement  of  Eq.(21)  remains  a  good  approximation.  For  this  we  require  the 
next  correction  to  the  superoscillatory  exponential  that  <t>n{1)  represents.  Expanding  the 
saudie-point  approximation  to  Eq.(22)  (analogous  to  Eq.(7))  for  small  r,  we  find 

«’n(0  “  exp|2rt^g2[-v'2{L4„)]f2|  (24) 

The  second  factor  is  an  increasing  exponential,  because  V'(iA„)  is  imaginiiry,  anu  must 
remain  close  to  unity  for  0<t<T.  Thus 

g„«[2;t|v'(iAjr]''  (25) 

Choosing  An  and  g,  as  in  Eqs.(23^  and  (25)  guarantees  that  the  signal  5n(f)>  with 
its  frequencies  up  to  Vmax.  will  be  imitated  for  time  T.  When  '>7'  the  imitation  will  grow 
rapidly  in  strength,  and  eventually,  that  is  when  it  is  oscillating  at  the  frequency  vo 
corresponding  to  its  Fourier  content,  it  will  acquire  an  amplification  factor  corresponding 
to  iis  largest  Fourier  component  n=N.  An  argument  analogous  to  that  leading  to  Eq.(8) 
gives  this  factoi  as 

with  .  V  determined  by  Eq.(23)  with  the  right-hand  side  set  equal  to  v^ax- 
’^t  us  calculate  this  amplification  for  the  model  frequency  function 

v(u)  =  Voexp|V| 


(27) 
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(cf.  ki(u)  in  Eq.(2)),  We  find 

4  =  .os{^} 

and  hence,  from  Eq.(26), 


F  »  exp'l  log^ 


iinax  L2  jl 

K  Vo  J 


For  Beethoven's  ninth  symphony  this  gives 
F»  cxp|lO^^} 


(28) 


(29) 


(30) 


Tliis  amplification  will  not  be  achieved  until  a  time  tp,  which  can  be  estimated  by  the 
argument  preceding  Eq.(8)  as 


f/r  ~[vo^n] 


- lO^years 

Vo 


(31) 


Other  choices  for  via)  give  similar  expressions  and  numerical  estimates. 


The  estimate  of  Eq.(30)  indicates  that  to  reproduce  music  as  superoscillations 
requires  a  signal  with  so  much  energy  as  to  be  hopelessly  iinpractable,  but  more  modest 
bandwidth  compression  might  be  feasible. 


5.  Concluding  remarks 

Aharonov's  discovery,  elaborated  here,  could  have  applications  in  several 
branches  of  physics.  One  possibility  is  the  use  of  superoscillations  for  bandwidth 
compression  as  discussed  in  §4,  Anotner  example,  also  in  signal  processing,  concerns 
the  observation  pf  oscillations  faster  than  those  expected  on  the  basis  of  applied  or 
inferred  filters.  These  would  conventionally  be  interpreted  as  high  frequencies  leaking 
through  imperfect  filters,  but  the  arguments  presented  here  show  that  the  phenomenon 
could  have  a  quite  different  origin,  namely  superoscillations  compatible  with  perfect 
filtering. 

Perhaps  more  interesting  are  the  possible  applications  of  superoscillatory 
functions  of  two  variables,  representing  images.  One  envisages  new  forms  of 
microscopy,  in  which  structures  much  smaller  than  the  wavelength  A  would  be  resolved 
by  representing  them  as  .superoscillations.  (This  is  different  from  conventional 
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superresolution,  which  is  based  on  the  fact  that  Fourier  components  larger  than  2tcM,  can 
be  present  in  the  field  near  the  surface  of  an  object,  but  decay  exponentially  away  from 
the  object  because  the  wavenumber  in  the  perpendicular  direction  is  imaginary.  With 
superosciilations,  the  larger  Fourier  components  are  not  present.) 

Superoscillauons  can  probably  exist  in  random  functions /(x);  arbitrarily  I  mg 
intervals,  in  which/is  exponentially  small  relative  to  elsewhere,  could  superoscillite. 
Consider  how  this  might  be  achieved.  If  f  is  Gauss-distributed,  its  statistics  arc 
completely  described  by  its  autocorrelation  function,  which  by  the  Wiener-Khinchin 
theorem  is  the  Fourier  transform  of  the  power  spectrum  S{q)  of/.  Even  if/ is  band- 
limited,  it  ought  to  be  possible  to  choose  S{q)  with  analytic  structure  (saddles  with 
Re  <7  >1 ,  etc.)  such  that  the  autocorrelation  supero.scillates  as  it  falls  from  its  initial  value. 
This  idea  is  worth  pursuing. 

On  the  purely  mathematical  side,  it  is  clear  that  superosciilations  carry  a  price:  the 
function  is  exponentially  smaller  than  in  the  regime  of  conventional  oscillations,  with  the 
exponent  increasing  with  the  size  of  the  interval  of  superosciilations.  We  have  seen 
examples  of  this,  but  there  ought  to  be  a  general  theorem  (perhaps  based  on  a  version  of 
the  uncertainty  principle). 
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BERRY'S  PHASE,  MESOSCOPIC  CONDUCTIVITY  AND  LOCAL  FORCES 
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ABSTRACT 

A  ring  in  a  magnetic  field  whoee  direction  varies  in  space  is  considered.  It  is  shown 
that  the  Berry  phase  accumulated  by  the  spins  of  electrons  encircling  the  ring  affects 
the  conductance  of  the  ring  in  a  way  similar  to  the  Aharonov-Bohm  effect.  A  time- 
dependent  Berry  phase  is  shown  to  induce  a  classical  motive  force  in  the  ring.  The 
condition  for  adiabaticity  is  studied,  as  well  as  deviations  from  that  condition.  The 
relation  to  spin  -orbit  coupling  is  discussed. 


1.  Introduction 

This  paper  studies,  an  effect  of  the  geometric  (Berry’s)  phase^'^^^^on  electronic 
transport  in  mesoscopic  and  macroscopic  systenas/^iThc  reader  might  be  somewhat 
surprized  by  the  order  in  which  the  subject  is  presented  below.  To  some  extent,  that 
order  resembles  a  prestuitation  of  the  theory  of  clcctromaguetism,  hut  in  reversed 
order.  A  study  of  electromagnetism  usually  starts  with  a  description  of  Coulomb’s 
and  Lorenz’  forces.  Then,  the  concept  of  potentials  is  presented,  as  a  tool  for  calcu¬ 
lating  forces  and  fields.  And  finally,  the  special  role  given  by  Quantum  Mechanics 
to  vector  potentials,  as  geometric  ’’phase  shifters”,  is  introduced,  and  the  non-local 
nature  of  Quantum  Mechanics  is  revealed.  This  paper,  however,  like  many  other 
studies  of  Berry’s  phase,  starts  with  an  investigation  of  a  quantum  mechanical  geo¬ 
metric  phase.  In  the  case  discussed  below,  the  phase  is  accumulated  by  an  electron’s 
spin  moving  in  a  space-dependent  magnetic  field.  Then,  this  effect  is  put  in  terms 
of  a  vector  potential.  And  finally,  the  effect  of  this  vector  potential  on  the  classical 
dynamics  is  revealed. 

2.  A  conducting  ring  in  a  space— dependent  magnetic  Held 

The  simplest  example  that  illustrates  the  concept  of  Berry’s  phase  is  that  of 
a  spin-j  that  follows  adiabatically  a  magnetic  field  whose  direction  varies  in  time. 
When  the  magnetic  field  returns  to  its  initial  direction,  the  spin  wave  function 
is  found  to  have  acquired  a  geometric  phase  factor,  given  by  half  the  solid  angle 
subtended  by  the  magnetic  field  during  its  variation.  This  phase  can  be  regarded 
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M  induced  by  a  geometric  flux,  similar  to  the  phase  shift  induced  by  an  electro¬ 
magnetic  flux  in  the  Aharonov-Bohm  effect/'^t’^ 

Motivated  by  this  similarity  between  the  fluxes,  we  turn  to  investigate  Berry’s 
pliase  analogies  to  two  physical  effects  involving  an  electromagnetic  flux:  the  in¬ 
duction  of  current  in  a  conducting  ring  by  a  time  dependent  electro-magnetic  flux 
(through  Faraday’s  law),  and  the  effect  of  time-independent  flux  on  the  conductiv¬ 
ity  of  a  mesoscopic  ring  (through  the  Aharonov-Bolun  effect).<^H5)In  these  analogies, 
the  electron’s  spin  plays  the  role  played  by  the  electric  charge  in  the  electromag¬ 
netic  effects.  Another  analogy,  introducing  persistent  currents  induced  by  Berry’s 
phase  in  ballistic  rings,  was  recently  discovered  in  an  instructive  work  of  Loss,  Gold- 
bart  and  Balatsky^'l.  In  the  foUovring  paragraph  we  define  a  thought  experiment 
in  which  electrons  in  a  mesoscopic  conducting  ring  follow  adiabatically  a  magnetic 
field  whose  direction  varies  spatially,  and  thus  accumulate  Berry’s  phase.  By  map¬ 
ping  that  phase  onto  an  effective  vector  potential,  we  show  that  when  the  phase  is 
time-independent,  it  affects  the  ring’s  conductance.  When  the  phase  varies  in  time, 
it  induces  a  current  in  the  ring.  By  discussing  the  analogies  to  the  electromagentic 
phenomena,  we  point  out  that  the  effect  of  a  time-independent  geometric  flux  is 
observable  only  in  mesoscopic  rings,  while  the  effect  of  a  time-dependent  geomet¬ 
ric  flux  should  be  observed  also  in  macroscopic  rings,  i.e.,  it  does  not  depend  on 
phase  coherence.  Since  the  adiabatic  approximation  is  crucial  for  this  discussion, 
we  '  xamine  the  conditions  for  its  validity,  and  its  dependence  on  the  disorder  in 
the  '  ing.  We  also  couuirent  on  the  remnants  of  the  geometric  phase  in  the  non- 
adial  atic  limit,  and  on  the  relations  of  these  effects  to  spin-orbit  coupling.  While 
for  p  actical  reasons  our  discussion  is  concentrated  on  the  electric  properties  of  the 
ting,  we  nevertheless  stress  that  the  electric  charge  of  the  electron  plays  no  role  in 
our  analysis.  Our  results  stem  from  the  Zeeman  interaction,  and  are  therefore  valid 
for  all  spin-J-  particles,  irrespective  of  their  charge. 

We  consider  a  quasi-one  dimensional  ring,  whose  radius  is  a.  The  ring  lies 
in  the  * oy  plane,  and  its  center  is  in  the  origin.  A  non-uniform  magni  tic  field  is 
applied  on  the  ring  in  the  following  way;  first,  a  magnetic  field  tangent  to  the 
ring  is  induced  by  a  current  carrying  wire  lying  along  the  r-axis.  Second,  a  uniform 
field,  B,,  is  applied  on  t)ic  system,  parallel  to  the  z-axiz.  Adopting  a  cylindrical 
coordinate  system,  the  total  magnetic  field  has  a  component  B^  created  by  the  wire 
at  the  ^  direction,  and  a  component  B,  at  the  i  direction.  Along  the  ring,  the 
magnitude  of  the  field  is  constant,  but  the  direction  varies.  In  fact,  it  follows  n 
cone  Hiiaped  path,  where  the  avgle  betwf^en  the  cone  and  the  z-axis,  denoted  by  o, 
satisfies  tana  =  ^  (See  Fig.  1).  The  spin  of  an  electron  that  slowly  encircles  the  ring 
is  then  exi>ected  to  follow  th<!  direction  of  the  magnetic  field  and  thus  accumulate 
a  Geometrical  pliase  of 

=  x(l  ±coea)  (1) 

i.e.,  half  the  solid  angle  subtended  by  the  the  magnetic  field  it  goes  tlu’ough  (The  t,  -t 
and  1,  -  refer  to  the  spin  being  parallel  and  anti-parallel  to  the  field,  respectively). 
The  angle  a  is  determined  by  the  current  through  the  wire  and  by  the  uniform  field 
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along  the  2  direction,  both  of  which  we  regard  as  the  controlled  variables  in  the 
experiment. 


Figure  1;  The  physical  problem  co’isideted.  A  ring  is  put  in  a  uniform  external  magnetic  held  fi,, 
and  a  tangential  magnetic  held  created  by  the  current  carrying  wire.  The  ratio  between  the  two 
flelds  dehne  the  angle  a. 


3.  The  adiabatic  approximation 

Our  discussion  of  the  above  described  thought  experiment  involves  several 
parts.  In  this  section  we  use  the  Bom-Oppenheimcr  approach  in  order  to  separate 
the  Hamiltonian  of  the  system  into  two  parts,  one  (the  adiabatic  part)  in  which 
the  spin  follows  adiabatically  the  direction  of  the  magnetic  field,  and  one  (the  non 
adiabatic  part)  which  is  purely  non-diagonal  with  respect  to  the  eigenstates  of  the 
adiabatic  part.  We  show  that  the  adiabatic  part  includes  a  geometric  vector  poten¬ 
tial  that  couples  to  the  electron’s  spin.  Assiuning  that  the  ring  is  one  dimensional, 
its  Hamiltonism  is 

=  ^  +  (2) 

where  11  =  —  is  the  generalized  raomentmn  (a  system  of  units  where  =  1  is 

utilized),  P(<^)  is  the  impurity  potential  along  tl'c  ring,  p  is  the  magnetic  moment,  M 
is  the  mass  of  an  electron,  and  ff  is  the  Pauli  m.itrices  vector.  Attempting  to  discuss 
the  adiabatic  limit,  we  diagonafize  the  spin  dependent  part  of  the  Hamiltonian, 
treating  the  angle  d  as  a  parameter.  Denoting  the  two  eigenstates  by  |T(^))  (IU^))), 
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correspondiiig  to  the  spin  being  parallel  (anti-parallel)  to  the  magnetic  field,  we 
get 

The  corresponding  eigenvalues  are  :fnB  where  B  =  +  BJ.  Defining  now  [0)  as 

the  eigenstate  of  the  operator  e‘*,  the  two  acts  of  states  i&  \<t>)  jO  <  ^  <  2tr| 

and  |lU^))  ®  1^)  10  <  ^  <  2x  I  constitute  together  a  basis  of  the  Hilbert  space  of 
the  Hamiltonian  (2)  .  Each  one  of  these  sets  span  a  subspace  in  which  the  spin  is 
either  parallel  or  anti-parallel  to  the  magnetic  field.  The  impurity  potential  is  spin 
independent,  and  hence,  it  is  diagonal  in  that  basis.  However,  the  kinetic  part  of  the 
Hamiltonian  has  matrix  elements  that  connect  states  within  the  subspaces  defined 
above,  as  well  as  matrix  elements  that  connect  states  of  different  sulxjpaces,  i.e., 
induce  spin-flips.  A  simple  calculation  shows  that  the  matrix  elements  connecting 
states  within  the  first  sub-space  are. 


(t  Wl » ®  lt(«'))  =  w— 


2M 


W) 


(4) 


The  corresponding  matrix  element  in  the  second  subspace  has  nj  rather  than  Jlj. 

These  nuitrix  elements  demonstrate  that  witliin  the  adiabatic  approxima¬ 
tion,  the  spatial  variation  of  the  magnetic  field  induces  a  vector  potential(’')whi')6e 
magnitude  is  independent  of  the  electron’s  charge,  but  is  rather  determined  by 
the  direction  of  tlie  spin  being  parallel  or  anti-parallel  to  the  field.  Following  the 
method  outlimH  recently  by  Aharonov  ef.oi.,<**we  construct  an  operator  A,  in  such 
a  way  that  the  operator  j^[U  -  .4,]’  has  diagonal  matrix  elements  given  by  Eq,  (4), 
and  does  not  have  any  elements  connecting  states  with  opposite  spin  direction.  A 
simpl'?  calculation  shows  that 


/I,  =  -- flinalcounri?  •  0  —  sinacT,] 


(5) 


Note  that  Aj  =  -^sin’o  is  a  c-number,  and  A,  has  non  zero  matrix  elements  only 
between  states  of  opposite  spin  directions.  Consequently,  the  u;paTation  of  the 
Hamiltonian  to  an  adiabatic  part,  Ho,  and  a  purely  non-adiabatic  part,  Hi,  is  given 
by 

1  .  , 


//„  =  111 — dii 

2M 


+  V [4i)  -  0  + 


ma‘ 


and 
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.4,).4,-+ A,(n-A,)] 


(6) 


(7) 


By  construction.  Ho  has  a  sef  of  eigenstates  |n,T)  =  lt(^))  ®  'lAW  >>1  which  the 
spin  is  parallel  to  the  field,  and  a  t  <if  eigenstates  jw,  1)  =  ®  iu  which 

the  spin  is  auti-pamllel  to  the  fiel>.  'I'he  wave  functions  and  V'n(^)  satisfy 

the  Schroedinger  equations  where  the  Hainiltonian.s  are 

given  by, 
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Eucli  of  these  Hanultoniuny  is  a  projection  of  the  full  Hamiltonian  onto  one  of  the 
subspaces  defined  above.  The  meaning  of  the  induced  vector  potential  becomes 
clearer  when  one  considers  Bpnc<i  translation  transformations.  The  momentum  op¬ 
erator,  is,  of  course,  the  generator  of  such  a  traiisfonnation,  i.e.,  for  any  state 
4,  In  such  a  transfonriution,  the  electron  is  translated 

spatially,  but  the  direction  of  the  spin  is  kept  constant.  On  the  contrary,  the  gen¬ 
eralized  momentum  appearing  in  the  adiabatic  Hamiltonian,  11  -  ,4  is  the  generator 
of  a  difterent  translation  transformation,  a  transformation  in  which  the  electron  is 
translated  spatially,  wd  iht  direction  of  the  spin  follows  the  direction  of  the  field. 

We  conclude  this  section  by  emphasizing  its  main  conclusion:  Under  condi¬ 
tions  in  which  the  adiabatic  approximation  is  valid,  namely,  H\  can  be  disregarded, 
the  ring  cun  be  viewed  as  composed  of  two  uncoupled  electron  gases.  Those  gases  are 
subject  to  the  effect  of  different  geometric  vector  potentials  and  opposite  constant 
potential  energy,  originating  from  the  Zeeman  interaction.  They  are  also  subject  to 
the  effect  of  identical  electromagnetic  flux  U.ira?  and  identical  impurity  potential. 
Each  of  the  two  gab(>s  obviously  does  not  have  a  spin  degeneracy. 

4.  Non-local  and  local  effects  of  the  geometric  flux  on  electronic  trans¬ 
port 


In  the  next  part  of  the  discussion  we  assume  that  the  magnetic  field  is  strong 
enough  for  the  adiabatic  limit  to  be  applicable.  The  discussion  of  the  precise  mean¬ 
ing  of  "strong  enough"  is  postponed  to  the  next  section.  Assuming  that  the  Zeeman 
energy  pfl  is  smaller  than  the  Fermi  energy,  cy,  our  ring  consists  of  the  two  uncouple<l 
electron  gases  diascribcd  above.  The  electric  conductance  of  the  ring  is  then  the  siim 
of  Irhc  conductances  of  the  two  gases.  As  discuaswl  extensively  in  recent  years, 
th<  conductance  of  a  m<»o.scopic  ring  depends  on  a  magnetic  flux  thrc;ading  the 
ring,  through  the  Aharouov  Dohm  effect.  For  rings  in  the  diffujiive  regime,  the 
flux  dep«;ndence  of  the  conductmice  is  maiiifest<xl  in  two  different  eoiitexta,  namely, 
the  average  conductance  of  an  ensemble  of  macroscopically  identical  rings  and  the 
sample  specific  fluctuations.  The  flux-dependent  part  of  tiie  average  conductance 
was  calculated  by  Al’tshuler,  Aronov  and  Spivakt"*,  and  shown  to  be, 


«■'<>  siiilifr) 

r  coBh(r)  -coii(^) 


(M) 


where  S  is  the  flux  threading  the  ring,  T  =  and  ^  the  phase  breaking  length. 
Adjusted  for  our  purposes,  this  expression  is  written  for  one  spin  direction.  In  the 
configuration  we  discuss,  the  flux  threading  the  sample  is  a  sum  of  an  electromag¬ 
netic  flux  i.m  =  BtTfo?,  and  the  geometric  flux  0,  ^  ^(liconor),  where  the  ±  refers  to 
electrons  wliosc  spin  is  parallel  (anti  parallel)  to  the  field.  It  should  be  noted  here 
that  the  sum  of  the  two  geometric  fluxes  corresponding  to  the  two  gases  equals  a 
flux  (piiuituin.  This  stems  from  the  fact  that  the  sum  of  the  geometric  phases  accu¬ 
mulated  by  the  two  spin  directions  is  2ir.  Since  all  properties  of  the  ring  are  periodic 
with  respect  to  one  flux  quantum,  one  can  view  the  two  electron  gases  as  sijbject  to 
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the  influence  of  geometric  fluxes  of  equal  magnitude  and  opijcwite  directions.  The 
total  quantum  correction  to  the  conductivity  is  given  by 


_ “‘"hir)  _ »inh(r) _ 1 

>'  lcoah(r)  -  caih(r)  -  f.o«(  ' 

This  quantum  correction  to  the  classical  Drude  conductance  results  from  intutrfer- 
cnce  of  pairs  of  time-reversed  patha.(“’)The  flux  dependence  stems  from  the  plliases 
accumulated  by  those  patlis  that  en-  ‘  -cle  the  ring.  When  T  >  1,  the  interference  of 
long  patliB  that  encircle  the  ring  mo.  than  once  is  exponentially  suppressed,  and 
the  flux  dependent  correction  to  the  conductivity  can  be  approximated  by 
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Then,  the  ^  periodicity  of  the  Aharonov-Bohm  oscillations  of  the  conductance  is 
multiplied  here  by  a  geometrical  factor,  Note  that  the  difference  between 

the  Fermi  wavelengths  of  the  two  spin  directions  is  not  reflected  in  the  expressions 
above,  since  the  quantum  correction  to  the  conductivity  is  independent  of  tjp/.i. 

The  effect  of  the  geometric  flux  on  the  Hainplc-specific  fluctuations  of  the 
conductance  is  best  understood  when  the  periodicity  of  those  oscillations  with  re¬ 
spect  to  a,  is  considered.  In  the  absence  of  geometric  flux  (fJ*  =  0),  the  flux 
periodicity  yields  a  field  periodicity  of  Afl,  =  irrespective  of  the  spin  direction. 
In  the  presenc*'  f  geometric,  flux,  a  variation  of  H,  varies  both  the  electromagnetic 
and  the  geom  uxes.  Thus  the  periodicity  with  respect  to  B,  is  changed,  and  is 
no  more  indepcn  .  .t  of  the  spin  direction.  Specifically,  when  B,  <  B^  (i.e,,  »  -►  y), 
the  geometrical  flux  is  approximately  and  the  B,  period  becomes, 
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where  the  +(-)  sign  refers  to  the  spin  being  parallel  (anti  parallel)  to  the  field.  The 
magnitude  of  tlie  sample  specific  fluctuations  is  not  affected  by  the  geometric  flux, 
i.e.,  it  is  of  the  order  of 

Eqs.  (10)  -  (12)  summarize  our  predictions  for  the  effect  of  Berry’s  phase  on 
tile  conductivity  of  a  mesoscopic  ring.  We  now  turn  to  discuss  the  case  of  a  time 
dependent  geometric  flux,  and,  in  jaarticular,  the  currents  it  induces  in  the  ring.  We 
consider  the  case  in  which  the  tangential  magnetic  field  is  H^  =  Hjeoewt.  In  order 
to  avoid,  at  this  stage;,  the  complications  involved  in  the  analysis  of  the  adiabatic 
condition  for  that  case,  we  limit  ourselves  to  the  cose  in  which  the  electron  gas  is 
completerly  apin-XJolarized.  This  is  realized  when  tr-l-u  <  fiB,,  i.e.,  the  electron 
gas  is  spin -polarized,  and  an  absorbtion  of  an  energy  quantum  hu  still  does  not 
allow  electrons  to  flip  their  spins.  For  semi  conducting  rings,  this  condition  may  be 
fulfilled  at  fields  of  the  order  of  1  Tesla.  By  passing,  we  note  that  another  way  to 
realize  a  completely  spin  polarized  electron  gas  is  by  an  injection  of  spin  polarized 
electrons  llirough  a  ferromagnetic  -met. lUic  interfoce.riOUnder  the  assumijtion  of 
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complete  spin  polaiizaiion,  the  electron  gas  in  the  ring  is  subject  to  the  effect  of  a 
time  dependent  geometrical  flux 


<i>,  =  y(l  +  eo«  <»(')) 


Consequently,  this  gas  is  subject  to  a  motive  force  c,  given  by  <  =  and  this 

motive  force  induces  a  current  in  the  ring,  according  to  Ohm’s  law.  Assuming  that 
flj  <  flj )  the  motive  force  induced  by  the  time  dependence  of  is 
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The  frequency  of  the  induced  current  is  twice  as  large  as  that  of  W*,  so  that  it 
can  experimentally  be  distinguished  horn  currents  induced  due  to  the  wire  being 
not  exactly  perpendicular  to  the  ring.  For  U,  =■  1  Tesla,  =  0.2  Tesla  and  u  1 
GHz,  this  motive  force  has  an  amplitude  of  10“’  Volts.  Similarly  to  the  electro¬ 
motive  force,  the  geometric  motive  force  can  be  amplified  if  the  ring  is  replaced  by 
a  solenoid. 

There  arc  a  few  points  that  should  be  stressed  regarding  the  case  of  a  time 
dependent  geo-^etrical  flux.  Firstly,  contrary  to  the  effect  of  a  time  independent 
flux,  the  time  dependent  geometric  flux  exerts  a  force  on  the  electron,  (’’^similar  to 
the  electric  force  exerted  by  a  time-dependent  electromagnetic  flux.  Thus,  similar 
to  the  obseravtion  of  currents  induced  due  to  Faraday’s  law,  the  observation  of 
currents  induced  by  the  geometric  flux  does  not  depend  on  the  electron  phase  being 
coherent  along  the  ring.  Those  currents  should  be  observed  in  macroscopic  rings, 
as  well  as  in  mesoscopic  ones.  In  fact,  tlie  forc<!  accelerating  the  elw.trons  in  the 
ca-se  of  a  time  dep«..'ident  geometric  flux  is  clasBical.ri’)Secondly,  the  motive  force 
induced  in  the  ring  is  not  electric,  since  if  the  electrons  were  replaced  by  iieutroiis, 
the  picture  would  not  liuve  changed.  The  field,  given  by  the  derivative  of  the  vector 
potential  with  respect  to  the  time,  does  not  couple  to  the  electric  charge,  but  rather 
to  the  direction  of  the  spin.  Thirdly,  the  origin  of  the  motive  force  exertixl  on  the 
election  can  be  understood  by  noting  that  iii  our  symmetrical  structure  the  sum 
of  the  orbital  and  spinor  angular  momenta  in  the  z  direction  is  time-independent 
even  when  the  angle  a  is  time  dependent.  Thus,  a  change  in  «  transfers  angular 
momentum  from  the  spin  to  the  orbital  motion  of  the  electron.  A  more  general 
auedysis  of  this  force,  from  the  point  cf  viev.'  of  classical  equations  of  motion  is 
given  in  Ref  (13). 

So  far  we  have  discussed  the  currents  induced  by  the  geometri'  otive  force 
only  in  the  case  of  complete  spin-polarization  of  the  electrons.  Howev.  r,  the  flux, 
motive  force  and  current  all  depend  on  the  direction  of  the  spin.  Therefore,  if  the 
ring  includes  two  electron  gases  with  opposite  spin  directions,  the  currents  induced 
in  the  two  gases  are  opposite  in  direction,  and  the  net  current  is  propiortional  to  the 
difference  between  the  conductances  of  the  two  electron  gases  in  the  ring.  Such  a 
difference  arises  from  the  2pH  difference  between  the  kinetic  energy  of  electrons  in 


73 


the  Fermi  levels  of  the  two  electron  gases. 


5.  Conditions  for  the  validity  of  the  adiabatic  approximation 


In  this  section  we  analyze  the  conditions  under  which  the  non-adiabatic 
part  of  the  Hamiltonian,  H\,  can  be  disregarded.  Our  discussion  concentrates  on 
the  time-independent  magnetic  held  and  on  the  non-local  effects  it  induces  in  the 
electronic  transport  of  the  ring.  We  start  the  discussion  by  considering  the  ballistic 
case,  where  V(^)  =  Q,  a  case  for  which  the  full  Hamiltonian  can  be  exactly  diagoned- 
ized.  For  a  ballistic  ring  the  eigenstates  of  both  are  given  by 
The  matrix  elements  of  Hi  connect  only  states  of  opposite  spin  direction  and  »de»- 
iical  spatial  wave  function.  They  are  given  by  (m,i  |jWi|n,  1}  =  where 

n'  =  ti  -  Conseqtiently,  the  exact  eigenstates  of  the  full  Hamiltonian  (2)  are 

given  by 
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where  7  is  implicitly  given  by 


aud  l».lW>-"^(*'"“if*) 


cot  7  =  cot  a  + 


-  1) 

tAfa^/iWain  a 


The  coiT<»ponding  eigenvalues  for  (n,  t)  aud  !»«,  1)  arc 


E{n)  = 


2Ma^ 


ft’(2n'-  1) 
4Afa’ 


(1  dtcoe7)  T  pBcQs(7  —  a) 


(14) 


(15) 


(16) 


The  adiabatic  approximation  taken  in  the  previous  sections  amounts  to  ap¬ 
proximating  7  =  o  for  eigenstates  for  which  the  spin  direction  is  parallel  to  the 
magnetic  field  and  7  =  a  -t-  x  for  eigenstates  for  which  the  spin  direction  is  anti- 
parallel  to  the  field.  As  seen  from  Elq.  (15)  ,  the  adiabatic  approximation  is  vsJid, 
for  a  ballistic  ring,  when  p/i  >  The  ph^^ical  meaning  of  this  result  is  better 
umlcrstiKKl  when  noting  that  is  the  time  it  takes  an  electron  whose  momentum 
is  in  to  encircle  the  ring.  The  adiabatic  approximation  is  then  valid  when  this  time 
is  much  longer  than  the  precession  time  of  the  spin.  Since  our  main  interest  is  in 
the  validity  of  the  adiabatic  approximation  for  electrons  at  the  Fermi  level,  where 
—  Dp  is  the  Fermi  velocity,  the  condition  for  the  adiabatic  approximation  to  hold 


IS, 


fiBa 

Vf 


>1 


(17) 


The  exact  solubility  of  the  ballistic  case  allows  for  a  detailed  analysis  of  deviations 
from  the  twliabatic  limit.  This  analysis  is  given  in  the  next  section. 

In  the  presence  of  impurity  potential,  the  eigenstates  of  are  not  eigen¬ 
states  of  the  momentum  operator  n,  and  therefore  //]  couples  each  eigenstate  |n, )) 
to  a  continuum  of  statoi  |m,  J)  (and  vice  versa).  Due  to  that  coupling,  each  adiabatic 
eigenstate  acquires  a  finite  lifetime,  r,  Wc  now  calculate  this  lifetime  perturbatively 
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using  the  diagrammatic  impurity  technique/*)  According  to  Fermi’s  golden  rule,  the 
scattering  time  from  a  state  jn,  t)  due  to  the  perturbation  Hi  is 

7(1«.T))=  X  ^  (18) 

|m,i) 

(Note  that  Hi  is  purely  non-diagonal  in  spin  states).  While  this  lifetime  is  •>,  mean¬ 
ingful  quantity  for  a  given  ring  with  a  given  impurity  configuration,  it  is  no  uitable 
for  impurity  averaging  -  one  cannot  identify  a  state  ln,t)  in  two  rings  of  different 
impurity  configurations.  Therefore,  we  define  the  average  lifetime  for  a  state  with 
energy  E,  ^(E),  as  the  average  of  f  (ln,t))  over  all  states  |n,t)  with  energy  E-. 

=  X  £  E  1(".  tiffilm,  l)\-‘S(E  -  Ei)  (19) 

|n.T)  '  '  |m,l) 

where  i/)  is  the  density  of  states  with  the  spin  parallel  parallel  to  the  field.  The 
corresponding  expression  for  the  lifetime  of  a  state  lrn,i>  has  rather  than  v). 
Next,  we  examine  the  perturbation  Hi.  This  perturbation  ir  a  product  of  two 
operators.  The  first,  /!,,  Hips  the  spin  state  from  being  parallel  to  the  field  to  being 
antipauallel,  but  does  not  affect  the  spatial  wavefunction  ifil-  The  second,  ]^(II  -  A,), 
is  the  projection  of  the  velocity  operator  onto  the  spin-diagonal  subspace.  Thus, 
the  average  lifetime  for  a  state  with  energy  E  is 

=  K7?TETi^E|„,,)  Ekp  i; 

=  1^^Y:^,^.^{^nME-Hl)^f(E-H^)\y|,„)  (20) 

where  0  =  Note  that  the  second  line  of  Eq,  (20)  is  all  expressed 

in  terms  of  single  particle  spinfejs  operators  and  wave  functions.  There  are  two 
differences  between  the  two  spinless  HamiltoninriM  H^ ,  Hl .  First,  they  differ  in  the 
sigir  of  the  Zeeman  energy.  Second,  they  differ  in  the  value  of  the  geometric  flux. 
If  the  second  difference  is  disregarded  for  the  moment,  then  the  Zeeman  energy 
difference  can  be  absorbed  in  the  energy  arguments  of  the  A-functions.  When  this 
is  done  the  two  Hamiltonians  become  identical,  but  the  energy  arguments  in  the 
two  A-fimctions  differ  in  2/ifl,  Then,  Eq.  (20)  strongly  resembles  Kubo’s  formula 
for  th«!  ac  conductivity, 

Vo»(w)  =  +  /•(*'-  IIa)iii{fy  -  //c)i|0„)  (21) 

Tlurs,  one  might  expect  that  under  conditions  in  wliicli  the  llux  sensitivity  of  //J , 
can  be  neglect<d,  the  average  life-time  !•(£)  is  proportional  to  the  ac  Kubo  conduc¬ 
tivity,  at  frequency  2/ifl,  This  neglect  can  be  expected  to  be  valid  up  to  a  leading 
order  in  an  order  iu  which  the  conductivity  is  given  by  the  flux-independent 
Drude  formula.  The  diagrairunatic  calculation  presented  below  shows  that  this 
expectation  is  indeed  correct. 
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The  diagrammatic  calculation  of  Eq.  (20)  starts  by  writing 


with  t  being  an  infinitesimal  real  number,  and  G'^{B),G*{E)  being  the  advanced  and 
letartded  Green’s  functions.  Note  that  Ha  is  the  adiabatic  Hamiltonian,  including 
the  impurity  scattering.  Employing  the  conventional  impurity  technique,  we  first 
calculate  the  contribution  of  the  "classical”,  Drude-typ)e  diagrams  (see  Fig.  2). 
Those  diagrams  are  calculated  by  approximating  the  Green’s  function  as  diagonal 
in  momentum  space,  with  an  ima^nary  part  added  to  the  energy  (r,;  being 
the  elastic  mean  free  time),  namely,  Gg^{p,!/)  =  correspondingly  for 

energy  is  given  here  by  Bj>  =  ±  i  pti- 

Substituting  these  Green’s  functions  in  Ekjs.  (20)  and  (22),  and  taking  only  terms 
of  order  tpr.i,  we  indeed  find  that  the  inverse  lifetime  is  proportional  to  the  Drude 
expression  for  the  ac  conductivity. 


1  D  iin’  oi  D  x’  .  3 

T  ~  +  1  '  (2xa)^  T®'"  “  at. 


(23) 


where  D  is  the  diffusion  constant,  and  are  the  Drude  expressions  for  the  ac 

and  dc  real  conductivities.  Eq.  (23)  is  our  first  approximation  for  the  impurity 
averaged  lifetime.  Before  proceeding  to  improve  it,  we  first  use  it  to  get  a  first 
approximation  for  the  condition  for  adiabaticity. 


Figure  2;  The  Drude-type  disgrama  luinined  in  the  expression  for  the  average  lifetime,  Eq.  (23). 

For  an  electron  to  be  non-locally  affected  by  the  geometric  flux,  its  spin 
has  to  follow  the  direction  of  the  magnetic  field  a  time  long  enough  such  that  the 
geometric  phase  it  accumulates  is  significant.  Hence,  when  the  angle  a  is  of  order 
unity,  the  lifetime  of  the  adiabatic  states,  given  in  Elq.  (21),  has  to  be  longer  than  the 
typical  time  it  takes  a  diffusing  electron  to  encircle  the  ring,  This  condition 

is  fulfilled  when 

2p/>r.(  >  1  (24) 

Therefore,  in  the  diffusive  regime,  the  adiabatic  approximation  is  valid  when  the 
spin  precession  time  is  much  shorter  than  the  time  between  clastic  scattering  events. 
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In  terms  of  the  ac  conductivity,  the  luliabatic  assumption  is  valid  when  the  Zeeman 
energy  is  large  enough  so  that  the  oc  conductivity  at  the  corresponding  frequency 
is  much  smaller  than  the  dc  conductivity.  Eq.  (24)  is  the  condition  for  adiabaticity 
also  when  a  <  1 .  In  that  case,  the  lifetime  of  an  elc-ctron  lias  to  be  long  imough 
for  the  electron  to  encircle  the  ring  times  -  until  it  accumulates  a  significant 
geometric  phase.  Thus,  the  condition  for  adiabaticity  becomes  f  which 

reduces  to  Eq.  (24). 

The  inverse  life-time  ^  was  calculated  above  only  to  the  leading  order  cf-r.i. 
The  next  order  contribution,  independent  of  tyr,/,  should  be  calculated  by  sununing 
the  maximally  crossed  diagrams,  the  Diffuson  and  the  Cooix^ron.  Again,  thfwe 
diagrams  arc  pi  rtional  to  those  appearing  in  the  calculation  of  the  (piantmn 
correction  to  the  conductivity  at  frequency  ‘i/iJH,  with  a  difference  in  the  flux  affecting 
each  of  two  Green’s  functions.  However,  as  long  as  the  Diffuson  and  the  Cooperon 
are  expected  to  be  a  small  correction  to  the  classical  Drude  result  (that  is,  as  long 
as  iyl  >  l),  Eq.  (24)  can  be  accepted  as  a  first  approximation  to  the  adiabaticity 
condition.  Then,  the  Zeeman  frequency  ‘2/iJi  should  be  of  the  O'  ler  of  the  inverse 
elastic  mean  free  time.  For  such  a  high  frequency,  the  quantum  correction  to  the 
conductivity  is  vanishiugly  Bmall.<''H*'  Therefore,  for  rings  in  the  metallic  regime, 
where  kyl  :>  I,  Eq.  (24)  is  the  condition  for  adiabaticity. 

Wo  conclude  tills  swiion  by  making  a  few  comments  regarding  the  adi¬ 
abatic  condition  (24)  .  First,  we  interpret  its  physical  origin.  As  argued  by 
ThoulesSjO^lcontrary  to  the  plane  waves  eigenstates  of  free  electrons,  the  single 
electron  eigenstatia  hi  a  disordered  system  are  superiiositioii  of  plane  waves,  with 
typical  spread  of  where  I  is  the  clastic  iiieiui  free  path.  In  kinetic  energy  teniLS, 
this  width  is  translated  into  Therefore,  the  matrix  elements  of  the  generalized 
munientuni  operator,  II,  lietween  states  whose  kinetic  energy  differ  by  more  than 
are  negligible.  On  the  other  hand.  Hips  of  the  spin  due  to  H,  occur  only  at  the 
Fenni  level,  i.c.,  between  states  whose  kinetic  energy  differ  by  Z/iH.  Hence,  when 
the  condition  (24)  is  valid,  the  non  adiabatic  matrix  elements  betwemi  states  at  the 
Fermi  level  are  negligible,  and  the  life  -time  b*-conies  long.  In  fact,  the  condition 
(24)  can  be  understood  also  when  one  considem  an  «ilectron  moving  along  a  typical 
one  dimensional  diffusive  path  ^(t)  (i>  is  again  tiie  azimuthal  angle  describing  the 
electron’s  position).  In  the  limit  of  a  strong  magnetic  field,  the  amjilitude  of  a 
non  -adiabatic  spin  flip  of  the  electron  is  given  byi'”'*'®' 

CiB) 

The  states  |t),li)  depend  on  time  only  througli  the  time  dependence  of  the  path 
Thus,  the  time  derivative  makes  the  scjilar  product  (tlOifrlK*))  proportionn! 
to  the  electron's  velocity.  The  amplitude  o(t)  becomes  exponentially  small  when 
the  phase  of  e'’*'"'  oscillates  many  tinxis  during  the  characteristic  period  in  which 
the  scalar  prduct  {KtUfjlKl))  significantlly  varies.  This  time  is  the  characteristic 
time  during  which  tin:  velocity  vari<«  significantlly,  namely,  the  elastic  mean  free 
time.  Therefore,  when  the  Zeeman  fref|uency  is  much  larger  than  the  inverse 
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elastic  mean  free  time  Elq.  (25)  yields  on  e;"poaentia”y  small  amplitude.  Second, 
we  comment  that  \mder  the  strong  magnetic  fields  n-* ,  dred  to  satisfy  the  condition 
(24)  ,  one  should  distinguish  between  the  diffusive  limit  WcTti  <  1  (where  We  is  the 
cyclotron  frequency)  and  the  Landau  levels  limit  uijT,!  >  1.  The  relevant  limit  is 
determined  by  the  value  of  the  electron’s  j-factcr.  Here  we  assume  that  the  diffusive 
limit  applies.  Third,  we  ■  omment  on  the  relevance  of  i  to  interference  effects.  As 
discussed  above,  the  geometric  phase  accumulated  by  the  electron  depends  on  the 
direction  of  its  spin.  If  that  direction  is  flipped  at  various  points  along  the  path, 
tliis  phase  is  rajcidoi  ized.  Hence,  non-adiabatic  spin-flips  dephase  the  interfer  ence. 
In  the  present  work  we  neglect  all,  other  mechanisms  of  dephasing,  and  thcrfore  r 
is  to  be  identified  with  the  phase  breaking  time  r*.  It  is  then  useful  to  calculate 
the  ratio  of  the  circumference  of  the  ring  to  the  phase  breaking  length 
denoted  T 

tSs".  \/25r8mot 


^•Ve  emphasize  that  (iS  long  os  no 
ratio  depends  neither  on  tip'  radiv 


I  =  r.  •  (26) 

v/i  +  (2^Br.,)i 

her  dephasing  mechanisms  are  present,  this 
a,  nor  on  the  temperature  T.  And  finally, 
we  note  that  for  an  elastic  ,\ean  (ree  time  of  10"*'  sec  and  a  y-factor  of  10,  the 
adiabafcity  condition  (24)  is  satisfied  for  fields  larger  thau  0.1  Tesla.  The  ring  can 
be  approximated  as  one  dimensional  as  long  as  its  cross  sectional  area  »  satisfies 
Bfs  <  ^0  (where  <t>o  is  the  flux  quantum),  i.e.,  as  long  as  it  is  almost  not  threaded 
by  magnetic  flux  created  by  For  =  O.l  Tesla,  the  cross  sectional  area  has  to 
be  smaller  than  (2000 A)’. 


6.  Remnants  of  the  geometric  flux  in  the  non-adiabatic  case 

Our  analysis  of  the  effect  of  the  geometric  flux  on  transport  properties  of 
the  ring  has  so  far  concentrated  on  the  adiabatic  limit.  We  now  turn  to  discuss  the 
non-adiabatic  limit.  Again,  we  distinguish  between  balli  tic  and  diffusive  rings. 

The  exact  solution  of  the  ba'.istic  case  was  given  above,  in  Eqs.  (14)-{16)  of 
sect' on  (5).  For  the  convenience  of  the  reader  we  rewrite  the  solutions  here, 

In,  T(^)>  =  r-*  )  and  jn.  1(0))  =  ( ‘  )  (2T) 

The  angle  y  is  implicitly  given  by 

ft*(2n'-  1) 


cot  7  —  cot  a  + 


(28) 


AMa^tiB  sin  cr 

so  that  for  any  finite  value  of  B  it  is  smaller  than  or.  The  corresponding  eigenvalues 
are 

~  - ±C0B7)P  /rBco6(7-  a)  (29) 

The  significance  of  the  angle  7  is  understood  via  the  calculation  of  the  expectation 
values  of  the  projection  of  the  spin  onto  several  axes.  We  calculate  these  expec¬ 
tation  values  for  the  [n,  f)  state.  The  generalization  for  thi-  In,  1)  states  is  obvious. 
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First,  we  note  that  the  expectation  value  of  <r,  is  coe^,  i.e.,  7  is  the  angle  to  which 
the  spin  bends  relative  to  the  r-axis.  It  ia  then  not  surprising  to  find  that  the 
expectation  value  of  the  spin  projection  onto  the  direction  of  the  magnetic  field  is 
co«(7-a).  Two  other  spin  projections  of  interest  are  the  projection  onto  two  di¬ 
rections  perpendicular  to  the  magnetic  field,  the  direction  of  which  is  here  the 
radial  direction,  and  that  of  dx  0.  It  is  a  matter  of  simple  algebra  to  find  that  the 
former  is  zero,  while  the  latter  is  sin  (7—  a).  The  significance  of  the  last  two  results 
suid  their  rel-  vance  for  the  understanding  of  the  forces  acting  on  the  electron  are 
discussed  in  Ref. 

As  seen  from  the  exact  solutions  Eqs.  (27)-(29),  when  the  magnetic  field  is 
not  strong  enough  to  force  the  spin  to  bend  in  an  angle  or,  the  spin  bends  to  a  smaller 
angle  7  <  a.  The  Zeeman  energy  is  then  proportional  to  the  projection  of  the  spin 
onto  the  magnetic  field,  amd  the  induced  vector  potential  is  still  of  the  form  found 
in  the  adiabatic  case,  but  with  the  angle  a  replaced  by  7.  However,  in  the  adiabatic 
limit  the  vector  potential  was  determined  only  by  a  and  the  direction  of  the  spin. 
Thus,  it  deserved  the  name  "geometric”.  In  the  non-adiabatic  case  the  vector 
potential  depends,  through  the  amgle  7,  on  the  magnitude  of  the  magnetic  field  aiid 
the  velocity  of  the  electron.  Eigenstates  of  djfferent  velocities  are  then  subject  t  > 
different  vector  potentials.  The  vector  potential  Is  no  more  purely  geometric. 

The  observations  discussed  above  in  the  context  of  the  bsdiistic  case  allow 
for  a  qualitative  understanding  of  the  non-adiabatic  limit  of  the  diffusive  case. 
Diffusive  eigenstates  are  built  out  of  supterpoeition  of  many  momentum  (or  velocity) 
components.  If  the  magnetic  field  is  too  weak  to  force  adiabaticity,  each  of  these 
components  is  subject  to  a  different  vector  potential,  and  thus  also  to  a  different 
flux.  If  the  range  of  fluxes  induced  in  the  different  moment mn  components  is  of  the 
order  of  a  flux  quantum,  the  energy  of  the  diffusive  eigenstate  loses  its  sensitivity 
to  the  direction  of  the  magnetic  field,  and  the  geometric  effects  are  lost. 

7.  How  is  the  geometric  flux  related  to  spin-orbit  coupling? 

Some  of  (he  phenomena  discussed  in  this  paper,  and  in  particular  the  mul¬ 
tiplicative  factor  in  Eq.  (11)  are  similar  to  the  phenomena  that  has  been  shown 
by  Meir,  Gefen  and  Entin-WohlmM<”Ho  result  from  a  one-dimensional  ring  of 
spin-orbit  scatterers.  It  is  instructive,  then,  to  devote  this  section  to  the  relation 
between  the  geometric  phase  and  the  spin-orbit  coupling.  Tltis  relation  becomes 
clear  when  the  spin-orbit  coupling  is  expressed  as  a  vector  potential.  The  origin  of 
the  spin-orbit  coupling  lies  in  the  coupling  of  a  moving  magnetic  moment  jl  = 
to  an  electric  field  E.  In  the  frame  of  reference  which  the  magnetic  moment  is  at 
resv  the  electric  field  is  Lorenz -transformed  to  a  magnetic  field.  If  the  velocity  of 
the  magnetic  moment  is  slow  compared  to  the  speed  of  light,  the  magnetic  field  in 
the  res'  frame  is  given  by  |  x  The  magnetic  moment  couples  to  that  magnetic 
field  ■  ii  the  Zv^man  interaction,  thus  yielding  an  interaction  term  = 

Havi:  ?;  in  mind  the  interaction  term  of  an  electron  with  an  electromagnetic  vector 


potential  v-A,  we  find  that  x  ^  ^  can  be  identified  as  the  spin-orbit  vector 

potential.  When  the  magnetic  moment  arises  from  the  internal  spin  of  a  charged 
particle,  as  in  the  case  of  an  electron,  the  acceleration  of  the  particle  due  to  the 
interaction  of  the  charge  with  the  electric  field  has  to  be  taken  into  account,  and 
this  leads  to  a  correction  factor  of  j  to  the  above  expressions.  This  factor  of  ^  is 
known  as  the  Thomas  precession  factor.<^*)Similar  to  the  geometric  vector  potential 
discussed  in  this  paper,  the  spin-orbit  vector  potential  is,  in  principle,  space  and 
spin-dependent,  and  its  values  at  different  points  in  space  do  not  necessarily  com¬ 
mute.  It  is  important,  however,  to  note  the  differences  between  the  vector  potential 
rc.sulting  irom  the  spin-orbit  coupling  and  the  one  resulting  from  the  Zeeman  in¬ 
teraction  with  a  apace  dependent  magnetic  field.  The  first  difference  has  to  do  with 
the  symmetry  with  respect  to  time  reversal.  While  the  spin-orbit  interaction  gives 
rise  to  a  vector  potential,  it  does  not  break  time-re  sal  symmetry  --  it  does  not 
induce  a  term.  Thus,  for  each  eigenstate  for  which  the  effective  spin-orbit 
flux  is  ♦,  there  is  another  state,  degenerate  in  energy,  for  which  the  effective  flux  is 
This  is  Kramers’  degeneracy.  On  the  contrary,  the  effective  flux  induced  by  the 
space-dependent  magnetic  field  is  accompanied  by  the  Zeeman  energy,  that  removes 
the  degeneracy.  The  second  difference  is  a  difference  in  magnitudes.  Being  inversly 
proportional  to  me’,  the  spin-orbit  interaction  term  is  very  small,  unless  it  invloves 
very  strong  electric  fields.  In  the  context  of  condensed  matter  phy.'iics  such  fields  are 
not  "man-made”,  but  rather  result  from  microscopic  molecular  charge  distributions. 
The  microscopic  molecular  fields  are  strong  enough  to  make  the  spin-orbit  coupling 
significant.  ’lowever,  they  also  vary  strongly  over  microscopic  length  scales.  Thus, 
when  the  spin-orbit  vector  potential  results  from  such  microscopic  fields,  it  is  a 
random  quantity  with  a  microscopic  correlation  length.  As  such,  it  is  uncontrol¬ 
lable,  and  usually  its  effect  has  to  be  averaged.  This  averaging  gives  rise  to  the 
weak  anti-localization  effect. f*’)The  geometric  flux  resulting  from  Berry's  phase,  on 
the  other  hand,  is  determined  by  the  externally  controlable  magnetic  field.  It  is 
also  worth  noting  that  while  both  effects  are  geometric,  i.e.,  can  be  expressed  as 
resulting  from  a  vector  potential,  the  origin  of  their  geom  -tric  nature  is  completely 
different. 

Finally,  we  note  that  the  understand  ig  of  the  spin-orbit  coupling  as  emerg¬ 
ing  from  a  vector  potential  is  useful  for  a  simple  analysis  of  the  subject  of  "hidden 
momentum”  that  has  attracted  some  attention  in  the  context  of  the  theory  of  elec¬ 
tromagnetism. 
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ABSTRACT 

Adiabatir  theory  predicU  the  conaervation  of  quantum  numbers  in  processes  with  a 
slow  time-dependence,  or  in  systems  with  stow  and  fast  degrees  of  freedom.  When 
lime  scales  are  not  infinitely  separated,  that  is,  when  there  is  a  breakdown  of  adi- 
abaticity,  then  there  is  some  transfer  of  probability  from  one  slow  quantum  state 
to  another.  This  transition  probability  is  given  by  the  famous  formula  of  Lan¬ 
dau,  Zener,  and  Stiiclcelberg  in  the  case  of  coupled,  one-dimensional  Schrodinger 
equations.  This  paper  presents  a  generalization  of  this  formula  to  general  coupled 
Hermitian  systems  in  one  dimension.  It  is  shown  that  the  generalization  is  al¬ 
most  uniquely  determined  by  the  necessary  invariance  of  the  transition  probability 
under  three  groups  of  tranaformations,  namely,  scaling  trtu.  formations,  canonical 
transformations,  and  Lorentz  transformations.  The  final  formula  for  the  transition 
probability  is  a  simple  function  of  the  simplest  quantity  one  can  construct  which  is 
invariant  under  all  three  of  these  groups. 


The  topic  of  this  paper  grows  out  of  the  theory  of  adiabatic  processes  and 
geometric  phases  in  qutintuin  mechanics,  so  1  will  begin  by  recalling  some  principal 
results  in  this  ana. 

Consider  a  Hamiltonian  which  is  parameterized  by  certivin  parameters  B. 
which  arc  slow  functions  of  time: 

f/  =  f/(q,p,R(l)).  (1) 

Trie  usual  adiabatic  1 1  orem  of  quantum  mechanics  asserts  that  the  state, 

W(0)  =  c‘-W|u(f))  (y) 

is  an  approximate  solution  of  the  time-dependent  Schrodinj  .er  equation, 

=  ^  (») 
where  ln(f))  is  an  instantaneous  eigenstate  of  the  Hamiltonian, 

//(R(f))lr.(t))--=£,.(R(f))|n(f)),  (4) 

and  where  the  phase  7(4)  is  given  by 

7(0  (R(t'))  dl'  +  J  A(R)  ■  dR.  (h) 
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Here  the  first  term  is  the  so  called  dynamical  phase  and  the  second  term  is  Berry’s 
phase.'  The  differential  form  in  the  second  term  is  a  1-form  in  parameter  space, 
given  by 

A  =  A  •  dR  —  t(n|dn).  (6) 


Thus  Berry's  phase  is  the  line  integral  of  the  l-form  A  along  the  path  or  history 
of  the  system  R(i)  through  parameter  space,  and  the  accumulated  Berry’s  phase 
around  a  closed  loop  is  given  by  Stokes’  theorem  in  terms  of  the  closed  2-form 
B  =  dA. 

The  2-foim  B  Has  singularities  in  parameter  space,  similar  to  the  singularity 
in  the  magnetic  field  of  a  monopole  at  r  =  0.  If  the  Hamiltonian  in  Eq.  (1)  has 
no  particular  symmetry  (aa  we  will  assume),  then  these  .‘iingularities  occur  on  a 
manifold  of  codimension  3  in  parameter  space.  This  is  because  the  singular  manifold 
is  surface  on  which  the  energy  level  £„(R)  is  degenerate  with  another  level,  E„(R)  = 
£„(R).  These  singularities  serve  as  sources  for  Berry’s  curvature  form  B. 

However,  the  condition  which  must  be  satisfied  for  the  adiabatic  theorem 
to  be  valid  is  that  energy  levels  must  be  well  separated.  More  quantitatively,  the 
condition  is 


II 


(7) 


which  is  a  way  of  saying  that  th<  i  transition  frequency  between  the  lev .  1  of  interest 
and  the  closest  other  level  E,„  must  be  large  in  comparison  to  the  typical  frequency 
component  of  the  Hamiltonian  H.  Therefore  if  the  history  of  the  system  R(t)  should 
pass  close  to  the  sources  of  Berry’s  2-form  on  the  singularity  manifold,  then  the 
adiabatic  theorem  and  the  results  quoted  in  Eqs.  {2)-(6)  will  break  down.  Let  us 
therefore  introduce  a  perturbation  parameter, 


hH 


(8) 


so  that  adiabatic  theory  can  be  systematically  developed  as  an  expansion  in  pow<!rs 
of  £.  (More  precisely,  e  is  a  typical  value  of  the  right  hand  side  of  Eq.  (8),  or  a 
scaling  parameter  for  a  family  of  systems.)  Then  we  find  that  the  results  quoted 
in  Eqs.  (2)-(6)  above  rue  the  leading  terms  in  an  expansion  in  t,  and  that  there 
are  higher  order  terms  which  can  be  worked  out.  F’or  example,  Berry’s  pha-sc  is  a 
correction  which  is  of  order  t  in  comparison  to  the  dynaniicul  phase. 

Now  let  us  generalize  the  situation,  and  allow  the  parameters  to  become 
dynamical  variables  themselves.  That  is,  let  us  replace  R  by  (Q,P),  which  are  slow 
degrees  of  freedom,  so  that  the  (now  time-independent)  Hauniltoniam  rcad.s. 


H  =  Ilin.Pvi.P),  ^9) 

where  (q,p)  aue  the  fast  degrees  of  freedom  as  befon  The  best  known  example  of  a 
Hamiltonian  of  this  type  is  the  Born-Oppenlieiincr  l.luiniltonian  wliich  is  so  uwHul  in 
molecular  physics.  We  may  allow  the  slow  degrees  of  freedom  to  be  either  classical 
or  quantum  mechanictvl,  but,  even  in  the  case  in  which  they  i\re  quantum  mechanical 
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variables,  it  is  often  useful  to  treat  them  by  semiclassical  methods.  This  is  because 
the  separation  of  time  scales  often  implies  that  the  slow  quantum  numbers  are  large 
(as  when  slow  and  fast  energies  are  comparable). 

Therefore  in  either  case  it  is  appropriate  to  think  of  a  classical  phase  space 
for  the  slow  degrees  of  freedom,  which  becomes  identified  with  the  parameter  space 
discussed  above.  This  classical  (Q,P)  phase  space  naturally  supports  the  symplectic 
1-form  $5  =  P  •  dQ  as  do  all  classical  phase  spaces,  but  it  also  supports  the  1-form 
for  Berry’s  phase,  6b  =  i{nldn).  It  is  geometrically  reasonable  that  these  two  l-foims 
should  be  linked  somehow,  and,  indeed,  as  shown  first  by  Kuratsuji  and  lida,’  there 
is  an  effective  symplectic  l-form  which  is  the  sum  of  the  two, 

0^  =  P  •  dQ  +  iti{n\dn),  (10) 

which  governs  the  semiclassical  quantization  of  the  slow  degrees  of  freedom.  That 
is,  when  the  slow  degrees  of  freedom  are  viewed  on  a  semiclassical  level,  the  average 
effect  of  the  fast  degrees  of  freedom  appear  as  a  modification  of  the  classical  sym¬ 
plectic  form.  Greg  Flynn  and  I  have  developed  these  issues  in  the  context  of  WKB 
theory,  and  explored  some  examples.^ 

We  now  introduce  some  fixed  basis  ja)  for  the  fast  degrees  of  freedom.  By 
“fixed”  we  mean  that  these  basis  vectors  do  not  depend  on  the  slow  variables  (Q,  P); 
for  example,  in  the  Hamiltonian  for  a  molecule,  we  could  introduce  a  harmonic 
oscillator  basis  for  the  electronic  wave  functions.  Then  the  Hamiltonian  of  Eq.  (9) 
becomes  a  matrix  in  the  fast  indice.s, 

^f(q,p;q,P)-ffafl(Q,P).  (11) 

and  the  Schrodiiiger  equation  becomes  a  system  of  coupled  wave  equations  in  the 
slow  vaxiaLles: 

[//„;,(Q,P)-i;«„p]V’^(Q)  =  0.  (12) 

For  example,  '.he  luoiecular  Hinniltimian  has  the  Born  Oppenheinier  form, 

liSf  ■“ 

where  Vofi  is  a  ma'rix  of  potential  energies.  There  are  no  gauge  t(!rms  in  Eq.  (13) 
1  ■■'.cause;  we  have  lued  a  fixed  hn.s)f;.  More  generally,  we  have  a  system  of  coupled 
wave  equations  which  we  write  in  the  form, 

(I'l) 

where  D  is  a  matrix  of  operators  in  the  slow  variables.  It  is  Fxp  (lu'  which  we  wish 
to  treat  by  semiclassicc  1  methods,  making  as  few  assumptions  -tis  possible  about  the 
operators  which  appea-  as  the  components  of  D. 

As  i.s  well  known,  seniicla.,.^ical  wave  function.s  arc  represented  in  the  classical 
pha-iC  spae<;  by  means  of  so  called  Lagrangian  inauiftlds,'*  which  arc  ./V-dimensional 
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surfaces  in  the  2/if-dimensional  phase  space  upon  which  the  symplcctic  2-fonn  van¬ 
ishes.  Here  N  is  identified  with  the  number  of  slow  degrees  of  freedom.  As  long  as 
adiabatic  conditions  are  satisfied,  the  WKB  solutions  of  Eq.  (14)  can  be  developed 
in  manner  which  is  much  like  standard  semiclassical  theory,  except  for  interesting 
issues  regarding  the  gauge  form  On  and  its  role  in  quantization.  I  will  not  go  into 
this  here,  but  rather  I  will  devote  the  rest  of  this  paper  to  another  question,  namely, 
what  happens  if  the  Lagrangian  manifold  of  dimensionality  N  should  pass  close  to 
the  singularity  manifold  of  codimension  3?  This  latter  manifold  can  be  seen  as  the 
manifold  upon  which  the  matrix  D,  regarded  as  a  function  of  classical  variables 
(Q,P),  has  a  double  vanishing  eigenvalue,  i.e.,  it  has  a  corank  of  2  or  more. 

The  answer,  roughly  si>caking,  is  that  there  will  be  nonadlabatic  transitions 
between  the  fast  eigenstates  (n)  (uid  jm).  These  are  the  so-called  Landau-Zener- 
Stuckclbcrg  transitions,  and  the  process  is  sometimes  called  “mode  conversion.” 
The  original  treatment  of  Landau,'  Zener,*  and  Stiickclberg’^  wets  applied  to  the 
case  of  coupled  Schrddinger  equations  of  the  form  of  Eq.  (13)  in  one  slow  degree  of 
freedom.  They  derived  the  transition  probability,* 


7' 


f  2irA’  \ 


(1,5) 


where  A,  Vn,  and  Vm  are  parameters  of  the  potential  energy  matrix  at  the  mode 
conversion  point,  where  the  prime  indicates  mn  X  ~Q  derivative,  and  where  uq  is  the 
velocity  at  which  the  particle  moves  through  the  mode  conversion  region.  This  case 
has  been  subject  to  sixty  years  of  investigation,  and  is  now  quite  well  miderstood. 
For  our  i)urposes,  the  important  thing  to  notice  about  this  result  is  that  it  .scales 
as  c‘  ‘A  in  the  adiabatic  perturbation  parameter  introduced  in  Eq.  (8).  Thu  ;,  we 
see  that  these  nonndiabatic  transition  probabilities  are  beyond  all  orders  in  (  and 
Ciuuiot  be  obtained  by  .straightforward  perturbation  methods. 

Coupled  Schrodinger  equations  in  higher  numbers  of  slow  dc.gree.s  of  .freedom 
are  imi'ortant  in  molecular  scattering  theory,  and  arc  still  an  active  area  of  research. 
For  more  general  wave  equations  of  the  lyj>e  shown  in  Eq.  (14),  special  Ciises  have 
been  studied  in  one  slow  degree  of  freedom,  but  almost  nothing  is  known  about  the 
case  of  higher  degrees  of  freedom.  For  the  rest  of  this  paper  I  will  conceiitra.I.e  on 
the  ca-so  of  mode  conversion  in  one  slow  degree  of  freedom,  treating  the  general  case 
indicated  in  Eq,  (14).  I  will  henceforth  write  {Q,P)  for  the  slow  variables  (in  italic 
type),  .since  there  is  only  one  degree  of  freedom. 

Thus  we  consider  c.onpl<!d  wave  equations  of  the  form, 


Oa.ff{Q,l’')rl'i,  =  Q.  (IG) 

The  matrix  D  of  slow  operators  can  be  of  any  size,  but  without  essential  loss  of 
generality  it  ca,n  be  re.stricted  to  a  2  x  2  matrix.  This  is  because  the  brciikdown  of 
adialjaticity,  wlicn  it  occurs,  geiicrically  only  involve.s  two  different  levels  and 
E,„.  Of  course  it  is  possible  that  more  could  be  involved,  and  there  is  the  very 
interesting  possibility  of  glohivl  degeneracies,  but  here  for  simplicity  we  will  tak(^ 
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the  most  generic  case  which  is  that  of  two  interacting  levels.  Then  one  can  show 
that  adiabatic  transformations  can  be  used  to  reduce  the  orir;tnal  system  to  a  2  x  2 
system,  essentially  by  block  diagonalizing  the  original  I)  matiix  and  leaving  a  2  x  2 
block  on  the  diagonal. 

Accepting  this,  we  can  write  the  coupled  wave  equations  in  the  form. 


^  DuiQ.P)  Vo 


(17) 


Since  we  sometimes  think  of  the  slow  variables  (Q,P)  in  a  semiclassical  sense,  we  will 
sometimes  treat  the  matrix  D  as  a  matrix  of  classical  functions  of  (Q,  /’)  (not  opera¬ 
tors).  Thu.s,  D  lieconies  a  Ilcrmitiaii  matrix  field  over  the  .slow  phase  s]:>ace.  There 
will  bo  a  breakdown  of  adiabaticity  and  subsequent  Landau-Zencr-Stuekelberg  tran¬ 
sitions  between  fast  energ  'evels  when  both  eigenvalues  of  this  matrix  n.rc  small  in 
some  region  of  phase  space.  Onr  goal  will  be  to  compute  the  transition  probability  T 
in  sucli  a  case,  and  thereby  gtmeralizc  the  Landau-Zenei-fitnckelberg  formula  given 
in  Eq.  (IS). 

We  will  base  this  computation  on  symmetry  argimients.  We  argue  that  the 
transition  probability  T  must  lx;  a  function  of  Dn/i  and  its  derivatives  with  r(\spect 
to  Q  and  P  winch  is  invariant  under  three  classes  of  symnudry  ojxn'ations.  Th(;se 
triuisformatious  arc  scaling  tran.sforniations,  symplectio  or  canonical  transforura- 
tions,  and  Ijorentz  transfoniiatioiis.  Wc  will  now  explain  the.se  transformations  in 
greater  detail. 

The  scaling  tran.sformations  involve  simply  multiplying  Fsp  (17)  through  by 
some  constant  a,  so  that  0  -»  h/I.  Such  a  traiisfonnation  of  course  changes  nothing 
csseuti.J  about  the  wave  equation  itself,  and  the  transinis.sion  probability  7’  must 
then.’fore  he  invariant,  T  -*  T.  This  implies  that  T  must  be  a  homogeneous  function 
of  degree  0  of  l)„ii  and  its  dorivative.s. 

Next  we  invoke  canonical  or  symplectic.  invm'iance.  It  is  now  will  nndm-stood 
that  when  quantum  mcchiuiical  quantities  which  are  iiideixmilent  of  reinesenta 
tioii,  .such  as  energy  levels  or  tran.silion  prol labilities,  are  conqiuted  by  semiehi.ssical 
means,  then  the.  seniiclassical  expression  must  be  a  canonical  inva.riiuit.  A  nice,  ex- 
iimple  of  tills  is  the  Ikilir- Sunnncifehl  or  EHK  formula  for  energy  levels;  the  energy 
levels  are  given  in  terms  of  I’lassiral  iiet.ions,  wliieh  are  iiivariaut  nudi-i  eanonii’irl 
transformations.  In  tire  present  case,  we  expect  7'  to  be  invariant  under  canonical 
traiisfonuatlons,  which  means  that  all  Q  imO  /’  derivatives  of  /7,p  whieli  oeeni  in 
the  expression  for  7’  iirust  be  expressible  in  terms  of  Poisson  brackets. 

Tile  third  chess  of  transf  irmations  involves  Lor<-iit/,  invariance.  If  we  lejil  u  e 
the  2-c.oiiiponent  t/’-fiehl  shown  in  Eq.  (17)  liy  a  constant  linear  trM.ie;foiiiialion  of 
It.sc.lf, 

V'-Vil'''.  (IK) 


where  c,)  is  airy  invertible  2x2  matrix  (pos.sibly  complex),  tlieu  the  Henniticil.y  of 
the  equations  is  preserved  if  we  wiite 


(HI) 


ly  =  g*  i)Q. 
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Obviously  the  transition  probability  cannot  cliange  under  such  a  transformation, 
so  wc  expect  the  formula  for  T  in  terms  of  Dof  to  be  invariant  v.'hen  D  is  repluced 
by  D'  as  in  Eq,  (19).  All  we  require  of  the  matrix  <3  is  that  it  be  invertible,  but, 
without  loss  of  generality,  Q  can  be  restricted  to  have  unit  determinant,  since  if  the 
determinant  is  not  unity,  it  can  be  made  so  by  a  scaling  transfo.ination  such  as 
those  we  have  already  considered.  Thus,  Q  can  be  restricted  to  the  group  SL(1,C), 
the  spinor  representation  of  the  Lorentz  group. 

One  might  have  thought  that  unitary  transformations  would  be  sufficient 
to  solve  the  problem  at  hand,  but  this  turns  out  not  to  be  the  caiic;  in  order  to 
obtain  the  necessary  normal  forms  which  underlie  tins  generalized  Landau-Zener- 
Stilckelbcrg  theory,  it  is  necessary  to  invoke  nonunitary  triursformations. 

To  bring  out  the  Lorentz  invariance  more  clearly,  we  write 

D(Q,P)  =  B<‘{Q,P)a^,  (20) 

where  cr,,  =  (/,ir,,o-,,a,)  is  the  usual  4-vector  of  Pauli  matrices,  so  that  B*‘  is  a  4- 
vector  field  defined  over  the  slow  phase  space.  Then  under  the  transformation  of 
Eq.  (19),  the  4-vector  iJ**  transforms  according  to 

O"  —  (21) 

where  is  a  4  x  4  Lorentz  transformation.  Therefore  the  transition  probability  T 
must  be  a  Lorentz  scalar  when  expressed  in  terms  of  the  4- vector  U>‘. 

Altogether,  we  require  a  quantity  which  is  a  simultaneous  Lorentz  scalar  and 
a  symplectic  scalar,  aivd  a  homogeneous  function  of  B'‘  of  degree  0.  We  begin  by 
listing  the  simplest  simultaneous  Lorentz  imd  symplectic  scalars  we,  ciin  write  down. 
Wc  use  Poisson  brackets  (denoted  by  curly  brackets)  to  guariuitce  that  we  have  a 
symplectic  scalar.  The  simplest  four  such  scalars  arc  the  following: 


=  dctD, 

(22a) 

(226) 

=0, 

(Yic) 

#0.  (2M) 

Of  these,  the  middle  two  vanish  identically  because  of  the  antisymmetry  of  the 
Poisson  bracket  and  the  symmetry  of  the  Lorentz  contraction.  The  first  and  th,“ 
fourth  are  thi;  simplest  nonviuiishiug  scalars  with  the  required  Invariance  properties, 
of  these,  the  first  is  a  homogeneous  function  of  B"  of  degree  2,  and  the  fourth  is  a 
homogeneous  function  of  degree  4.  Therefore  the  simplest  homogeneons  function 
of  degree  0  we  carr  create  with  the  required  invwiance  properties  is  obtained  l>y 
dividing  the  first  scalar  by  the  square  root  of  the  fourth  scalar.  Wc  expect  that  the 
Landau- Zener  transition  probability  T  must  be  a  function  of  this  quantity. 

Indeed,  a  more  detailed  calculation  gives  the  result  in  the  form, 


T  =  exp 


(23) 


1^9 


This  is  the  required  generalizat.on  of  the  Landau-Ziner  formula,  and  is  our  principal 
result  for  this  paper. 

One  might  find  this  “der.  viation"  somewhat  unsatisfying,  in  that  the  invari¬ 
ance  principles  alone  do  not  allow  us  to  determine  the  final  functional  form  of  the 
transition  probability,  as  displayed  in  Eq.  (23).  But  the  more  detailed  calculation 
just  alluded  to  involves  using  the  three  transformation  groups  we  have  discussed  to 
transform  the  original  coupled  wave  equation  in  Eq.  (17)  into  a  standard  or  normal 
form,  which  is  then  solved  by  star  dard  analytic  methods.  The  invariance  properties 
of  these  transformation  groups  arc  an  important  aspect  of  the  normal  form  trans¬ 
formations.  Thus  it  is  not  mislesding  to  emphasize  the  importance  of  symmetry 
principles  in  discussing  the  derivation  of  Eq.  (23). 

The  transformation  groups  've  have  discussed  here  are  also  important  in  the 
treatment  of  Londau-Zener  transitions  in  many  dimensions,  including  the  case  of 
multidimensional  Born-Oppe.alieime,\-  problems.  We  will  report  on  such  calcul  dions 
in  the  future. 
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QUANTUM  MECHANICS  OF  THE  ELECTRIC  CHARGE 


A.  STARUS'/KIEWICZ 

[niiiiluit  of  Phyaica,  JagtUonian  (/niveraUy,  Heymonia  4 
SO  059  Krakow,  Poland 


AUSTRACr 

A  simple  argument  against  the  existence  of  inngnclic  iiiunopoleu  is  given.  The  ar¬ 
gument  is  an  important  part  of  the  quantum  theory  of  the  electric  charge  developed 
by  the  author. 

"The  same  modification  of  the  (Maxwell  Lorent'/)  tln'ory  which  contains 
r  as  a  ronne<ineni  e,  will  also  have  the  qinuitiuii  Klrnctnrc  of  radiation  an  a  conse 
quell'  I-." 

AIhrri  Hiuatrin 

[I'hys.  /eit.  to  (lium)  1<W) 

1  .Introdiut  ioii 

I  i  IS  is  (Icdicnted  to  Professor  Yiikir  Alunoiiov  on  tlio  occasion  of  kis 

fi0‘''  hiili  y.  Tlio  subject  ■  (  the  paper,  quaiituin  mcrhanics  of  the  electric  charge, 

1. s  based  i  the  notion  of  pitasi,  iliis  elusive  concept  wbicb  hits  always  fascinat'd 
PiofcRSor  Ahnroiiov. 

The  eleetrie  charge  1.11(1  the  phas<  •h'(.r)  of  a  (second  (puintizt'd)  charged 
syatc'  '■(•  eanoniciilly  conjuj'.nled  v.iriables; 

'  {i>  --- 1  -i  (1) 

•  being  the  (deiio'utuiy  iarg(  .  Proof  of  tliis  the'  rein  is  given  in  ' ,  Here  I  will  iiinke 
nly  two  lather  obvious  (diuiueiit:-;. 

F/H.(l)  doer  I'Xpl  in  'puinti/.nlioii  of  the  eh  etrii  '  barge  (J  lu  units  ('(jual  to 
the  coiif'tniit  f : 

(f  »(  ,  M  II,  I  1  1  '.i . 

H  does  not,  liowev't,  expliiiii  Hie  lUiivei  aiilil  v  ol  tie-  eleetrie  rl.uuge  i.e.  the  fart 
that  e  g.  the  eleetne  charge  ol  the  electron  Mi  ne.  I.i  he  inatheruatically  e(|uid  to 
the  electric  charge  of  the  proton,  liido-d,  since  the  ■  on  daut  r  in  K((.(l)  is  arhitrny, 
w<' c.-iniiot  exclude  theoretieally  a  situ;:  ■.O  ' !!  wh.  ii  ci  for  oni' charged  system 
and  t  1  ^  Cl  for  nuothei  -ystein. 

2.  The  ph.-  :e  'S'(.r)  (  ■!»  be  iinl(|iiely  d*  •l■nllne.|  at  the  spatial  infinity 

I  in  Eq  (  I  )  is  nil  aibili  nry  :  patio  teiiqioi .  i.oiiif  I,e(  ns  ineigilie  thnt  i 
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tends  to  the  spatial  infinity; 

XX  =  (x°)^  —  (x')*  —  (x^)^  —  (x®)^  —*  — oo. 

Mathematically-minded  readers  will  object  that  we  arc  not  allowed  to  fix,  even  in 
the  form  of  a  limit,  the  argument  of  an  operator-valued  distribution.  True.  The 
argument  which  follows  is  physical  rather  than  mathematical,  it  constitutes  a  piece 
of  theoretical  rather  than  mathematical  physics. 

At  the  spatial  infinity  there  is  only  one  function  which  can  possibly  play  the 
role  of  phase.  This  function  must  be  equal  to 

5(x)  =  -cxM^(s;),  (2) 

where  e  is  a  constant  proportionality  factor  and  A„(a;)  is  the  electromagnetic  po¬ 
tential.  To  see  this  one  has  to  note  that  at  the  spatial  infinity  the  electromagnetic 
field  is  free, 

=  4)rj„  =  0 

and  homogeneous  of  degree  —2,  dj,i,(A;c)  =  for  each  A  >  0  The  field 

is  free  because  the  electric  current  j^,  being  carried  by  massive  particles,  must  be 
confined  to  the  future  and  past  light  cone.  It  must  be  homogeneous  of  degree 
—2  because,  as  seen  e.g.  in  the  static  case,  the  charge  generated  monopoln  term 
dominates  dipole  and  higher  terras. 

Consider  a  classical  electromagnetic  field  which  is  free  and  homogeneous  of 
degree  —2;  assume  that  its  potential  is  homogeneous  of  degree  -1,  which  is  natural. 
Let  us  form  two  vectors. 


and 

where  x  is  the  radius  vector  in  the  Lorentzian  reference  frame  in  which  the  homo¬ 
geneity  condition  holds. 

The  two  vectors  given  above  determine  the  tensor  F^^  in  a  purely  algebraic 
way.  Roth  these  vectors  are  gradients  of  homogeneous  of  degree  zero  functions; 

F,„.(i)  x"  ~  d„e.(x),  ^t'“''’'’i„Fpc(x)  =  d^rnix). 

e{x)  and  denote  “electric”  and  “magnetic”  parts  respectively.  c(r)  can  be 

easily  calculated: 

F„^[x]  x"  =  [d^A^{x)  -  d„A^{x)]  x”  = 

d,  [A,(x)  X”]  -  b^AAx)  -  x'-d^A^ix)  =  d,.  [x‘'A.(x)) 

because 

■T‘'d^A,.{x)  = 

from  the  Euler  theorem  on  homogeneous  lunctioiis. 
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I  maintain  that  m{x)  must  be  a  constant.  This  is  an  argument  against  the 
existence  of  magnetic  monopoles  which,  to  the  best  of  my  knowledge,  has  never 
been  put  forward  before.  (The  argument  given  by  Dr.  Herdegen  ^  is  different.) 

To  see  this  let  us  calculate  the  Lagranglan  density 

dx'‘dx^dx^dx^F^^F>“'  (3) 

for  a  homogeneous  of  degree  —2  field  F^u,  using  the  spherical  coordinates 

z®  =  f“sinh{', 

I*  =  cosh  sin  cos 

x^  =  cosh  sin  sin 

z®  =  cosh  cos 

0  <  {‘’  <  oo,  — oo  <  <  +00,  0  <  <  T,  0  <  <  23r. 

These  coordinates  cover  in  an  obvious  way  the  spatial  infinity  we  are  interested  in. 
Note  that  is  a  space-like  coordinate  while  is  a  time-like  coordinate.  A  simple 
csJculatior.  gives 

dx'^dx^dx^dx^FiiuF'"^  =  2^~  ■,yg  d^' d(^d(^  (^—g‘'‘d,edke  -f  g''’dimdkrnj  . 

dx^dx^ 

9ik  =  (er9,n-^~k^  i.fc  =  1.2.3. 
is  the  metric  on  the  spatial  infinity. 

The  Lagrangiaii  density  (3)  is  seen  to  be  a  difference  of  two  identier'  La- 
grangian  densities.  Thus  only  one  of  them  can  have  the  correct  sign  i.e.  the  sign 
which,  upon  quantization,  would  give  a  positive  definite  inner  product.  The  part 
with  the  right  sign  is  called  electrii ,  the  part  with  the  wrong  sign  is  called  magnetic 
and  must  be  put  equal  to  zero. 

Now,  the  Gauss  theorem  says  that  the  total  charge  Q  is  determined  by  the 
electromagnetic  field  at  the  spatial  infinity.  In  the  quantum  theory  the  charge 
operator  Q  must  have  its  canonically  conjugated  variable  S{x).  Thus  S{x)  must 
have  a  “tail”  which  does  not  vanish  even  at  the  .spatial  infinity.  We  have  seen, 
however,  that  there  is  exactly  one  function,  namely  z'‘y4„(z),  which  can  play  the 
role  of  the  “tail”.  Hence,  there  must  exist  a  constant  e  such  that  at  the  spatial 
infinity 

Six)  =  -cx^A^ix).  (2) 

The  constant  e  in  this  equation  is  identical  with  the  constant  e  in  Eq.fJ  ).  This  is  a 
hypothesis  substantiated  in  the  next  section. 

3.  The  proportionality  factor  in  the  phase 

The  two  equations 


[Q,5(x)]  =  ie, 
S[x]  —  —ex^A^{x), 


constitute  together  a  closed  theory,  the  quantum  mechanics  of  the  electric  charge. 
It  is  important  to  understand  correctly  the  epistemological  status  of  both  equations. 
The  first  equation  is  simply  a  theorem  in  the  Q.E.D.  which,  by  continuity,  is  assumed 
to  hold  also  at  the  spatial  infinity.  The  second  equation  is  a  hypothesis;  one  can 
give  several  arguments  supporting  Eq.(2)  but  all  those  arguments  do  not  amount 
to  a  proof.  Here  are  two  simple  arguments,  to  be  added  to  those  which  I  have  given 
elsewhere  ' . 

Take  the  Coulomb  field  of  the  charge  Q  at  rest; 

Ao  —  A\  ~  A2  —  A^  =  0. 

T 

Its  phase,  according  to  Eq.(2),  is 

Q  t 

S{x)  =  —f.—t  =  -eQ~. 

r  r 

During  the  eternity  of  time  available  at  the  spatial  infinity, 

-r  <  t  <  r, 

the  phase  S(x)  changes  from  cQ  to  —cQ.  Take  now  the  hydrogen  atom  with  the 
nuclear  charge  Q  and  the  electron  charge  e  and  assuntc  that  the  radius  of  its  circular 
cu  bit  tends  to  infinity.  During  the  eternity  of  time  available, 

-r  <  I  <  i\ 

the  electromagnetic  phase  of  the  electron  war’c  function, 

-r.  j A„(x)du  ' 

will  change  by  the  same  amount: 

-e  r  -dt=  2e.Q. 

J-r  r 

Thus  the  phase  giv.cn  by  Eq.(2)  changes  as  the  true  pha.se  of  the  electron  wave 
function  in  an  infinitely  large  hydrogen  atom. 

The  phase  of  the  Coulomb  field  , 
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may  be  compared  with  the  pliaaf-  of  the  wave  function  of  a  stationary  state,  — A’i, 
E  being  the  energy  of  the  stationary  state.  Tims  S(x)  looks  like  the  phase  of  a 
stationary  state  driven  by  the  Coulomb  energy  cQfr.  Again,  this  is  not  a  proof  hut 
a  heuristic  argument  supporting  Eq,(2). 

Equations  (1)  and  (2)  together  do  allow  to  explain  the  universality  of  the 
electric  charge.  To  be  more  precise,  they  allow  to  prov<-  the  fol' owing  theorem:  the 
total  charge  of  the  universe  is  always  a  multiple  of  a  single  constant.  To  apply  this 
to  the  electron  or  to  the  proton  one  must  be  able  to  estimate  the  accuracy  with 
which,  under  specific  observational  circumstances,  thi!y  can  be  considered  as  isolated 
universes.  The  experiuiental  equality  of  electron’s  and  proton’s  charge  shows  that 
this  accuracy  is  indeed  extromclj'  high. 
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Magnetic  charges  and  local  duality  symmetry 
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Abstract 

The  notion  of  magnetic  charge  is  intimately  linked  with  the  globid  duality  symmetry 
exhibited  by  the  extended  Maxwell  equations.  It  is  ea.sy  to  show  that  duality  symmetry 
is  memringful  only  in  3+1  dimensiomJ  spare-times,  implying  thereby  that  magni-tic 
monopoles  lus  fundamental  particles  can  he  irostulated  only  in  3+1  dimensrons.  It  is 
interesting  to  study  the  con.sequcnccs  of  elevating  the  status  of  duality  symmetry  to  a 
local  symmetry.  This  is  achieved  by  iirtioducing  a  complex  scalar  field  in  a  theory  that 
treats  electric  and  magnetic  charge  on  equal  footing.  The  new  theory  is  a  generali/.ation 
of  the  extended  Maxwell  theory,  whicli  reduces  to  tire  usu.al  Maxwr-ll  <'leclro<lymimics  in 
the  low  energy.  Tire  electric  cliarge  arises  due  to  a  spontaneous  symmetry  breaking  in  the 
scalar  field  sector.  A  suitable  choice  of  gauge  makes  the-  magiretic  charge  vairish. 
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1.  Introduction 

Magnetic  charge  a?  a  concept  is  very  interesting  because  of  several  reasons.  Firstly,  they 
make  the  structure  cf  classical  electrodynamics  more  symmetric.  The  second  reason  is  that 
existence  of  a  single  magnetic  monopole  in  the  universe  can  explain  charge  quantization  (1). 
Furthermore,  ’t  Hooft  [2]  and  Polyakov  [3]  showed  that  magnetic  monopoles  are  generic  in 
grand  unified  theories.  la  section  2,  we  show  that  the  duality  symmetry  is  meaningful 
only  in  3+1  dimensional  space-times,  implying  that  the  notion  of  magnetic  charge  is 
linked  with  the  dimensionality  of  space-time.  Then,  we  gauge  the  duality  symmetry  by 
invoking  a  complex  scalar  field.  Finally,  in  section  3,  we  show  that  the  -esulting  theory  is  a 
generalization  of  standard  electrodynamics,  which  reduces  to  the  u.sual  Maxwell  equations 
when  there  is  a  spontaneous  symmetry  breaking  in  the  scalar  field  sector.  In  our  model, 
although  we  start  off  with  a  theory  in  which  electric  and  magnetic  charge  have  the  same 
rank,  we  g<-t  the  interesting  result  that  magnetic  charge  can  be  gauged  away. 

2.  Local  duality  symmetry 


In  3  -h  1  dimensional  flat  space-time,  when  magnetic  monopoles  are  present, 
electromagnetic  theory  is  described  in  terms  of  extended  Maxwell- Lorentz  equations  [4], 


g  -  il,-*- 


(1) 

(2) 


and. 


dp*' 

aV 


-  Lf"*'  -f-  g™F'"' 
c  I 


dx, 

~d^' 


(3) 


where  F*'*'  =  is  the  dual  of  the  electromagnetic  field  tensor  F**",  while  j**  and 


jH,  are  the  4-current  densities  corresponding  to  electric  and  magnetic  charges,  respectively. 


It  can  be  easily  verified  that  under  the  following  transformation, 


— t  =  costfF^j,  —  sinSF^p,  (4) 

and, 

9«  -*  fli  =  cosfl?,  -  sinflqm,  (5) 

9m  -*  q'm  =  8in%  +  cosSflm,  (6) 

extended  Maxwell  equations  (1)  -  (3)  are  invariant. 

Is  the  duality  rotation  (4)  -  (6)  meaningful  for  electrodynamics  in  space-  times  of  arbitrary 
dimensions  ?  To  anawe'  this,  we  consider  electrodynamics  without  magnetic  charge.s  in 
D-f- 1  dimensional  flat  space-time.  The  action  corresponding  to  a  particle  of  charge  g 
interacting  with  electromagnetic  fields  is  given  by, 

A  =  -rr»c  j  A^dx^  F^„F'“'d'’+'x,  (7) 

where  i/  =  0, 1,2, . ,D. 

The  equations  of  motion  that  follow  from  (7)  are. 


where  E'  =  -F®'  and  F**'"’ . with  i,i  =  1,2 . D 

and  pi,v  =  0, 1, 2, ...,  fJ.  In  order  to  extend  eqs  (8)  -  (10)  by  adding  magnetic  mouopoles, 
one  needs  to  modify  eq  (10)  so  the  immediately 
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brings  an  asymmetry  between  electric  and  magnetic  charges,  because  the  electric  charge 
current  density  is  only  a  (7)  +  l)-vector.  There  is  symmetry  only  when  < 

and  are  of  s^lme  rank,  implying  D  ~  3.  Therefore,  we  conclude  that  duality 

transformation  is  a  meaningful  symmetry  only  when  the  dimensionality  of  space-time  is 
3  -|-  1,  implying  that  only  in  such  space-times  electric  and  magnetic  charges  have  similar 
status. 

Duality  symmetry  (4)  -  (6)  is  a  U(l)  symmetry.  To  see  this,  we  define  complex 
electromagnetic  field  tensor,  complex  charge  and  current  density,  respectively,  as 


G itii  ■ —  "b 

(11) 

Q  -q,+  iq,n, 

(12) 

and, 

(13) 

we  can  re-writc  the  extended  Maxwell  equations  (1)  and  (2)  as. 

8.0'“'  =  —r, 

c 

(14) 

aiid  the  generalized  Lorentz  force  equation  (3)  a.s, 

(It)^  1  At 

4~  -  ;r  +  QG*n  -f-- 

dT  2c  At 

(15) 

Because  of  (4)  -  (6),  the  duality  rotutum  now  reads  as, 

G;,,  =  c'*G^„ 

(10) 

g  ^  g'  =  c'^g, 

(17) 
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and, 

J'* -t  J'"  (18) 

It  is  obvious  that  the  equations  (14)  and  (15)  are  invariant  under  the  transformation 
(16)  -  (18).  So  far  we  iiad  been  assuming  that  the  transformation  parameter  6  is  constant 
in  space-time,  implying  that  the  duality  transformation  is  global.  We  wish,  now,  to  extend 
the  hitherto  global  symmetry  to  a  local  one,  by  making  6  depend  on  space- time  coordinates. 
This  clearly  requires  modification  of  the  field  equations.  More  significantly,  local  duality 
transformation  makes  the  electromagnetic  charge  Q  space- time  dependent!  This  is  an 
unusual  feature  suggesting  a  different  way  of  looking  at  the  concept  of  electromagnetic 
charge.  In  the  next  paragraph  we  elaborate  on  this. 

To  begin  with,  we  introduce  a  complex  scalar  field  ^(i)  which  under  local  duality 
transformation  changes  as  follows, 

<j>(x)  — *  ‘fi'ix)  =  <^(i)  .  (19) 

In  this  new  picture,  the  electromagnetic  charge  arises  due  to  the  interaction  between 
the  charged  particle  and  the  scalar  field  <l>  so  that, 

Q(i(r))  =  of(^(i(r))  ,  (20) 

where  xI‘(t)  is  the  world  line  of  the  particle  imd  a  is  a  coupling  constant  that  solely  depends 
on  the  particle.  Thin  way  of  viewing  at  the  elcs-tromagnetic  charge  is  reiniiiiscent  of  the 
origin  of  mass  in  electroweak  theories  through  Higgs  Held.  In  fact,  in  the  next  section  we 
will  incorporate  most  of  the  featnri^s  associated  with  the  Higgs  sector  in  tiie  dynamics  of 
<!>■ 
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In  (21)  ipfi  acta  apparently  like  a  gauge  field,  but  (22)  makes  it  obvious  that  this  is  a 
pure  gauge.  And,  hence,  the  definition  (21)  does  not  introduce  any  new  gauge  interaction. 

Modifying  (14)  to  , 

(24) 

we  find  that  the  equations  of  motion  given  by  (16)  and  (24)  are  invariant  under  the  local 
duality  transformation,  and  these  form  the  generalized  version  of  the  extended  Maxwell 
equations.  In  the  following  section,  we  will  derive  these  equation.^  as  well  as  the  equations 
of  motion  for  the  scalar  field  from  an  action. 

3.  Lagrangian  formulation 

In  this  section,  we  derive  t!  equations  of  motion  for  fields  and  particles  from  an  action. 
We  begin  with  few  definitions.  Let  aj,(i)  be  a  complex  4-vector  field  that  under  duality 
transformation  behaves  in  the  following  way  : 

«,(x)  ^  a',(x)  =  e''(*)a,(z). 


(25) 
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The  complex  electromagnetic  field  tensor  is  related  to  in  the  following  way, 

G^,  =  (d^  +  r^)a,-(a,  +  tp:w  .  (26) 

where  is  related  to  (fi  according  to  (22).  However,  not  all  the  components  of  are 
independent.  This  is  because  of  the  definition  (11)  for  G^„  that  requires  the  following 
constraint  to  be  satisfied, 

(27) 

The  action  for  the  electromagnetic  field  is  given  by, 

Aa  =  -:~  jG%G'“'d*x  .  (28) 

For  particles,  we  label  the  world-lines  y^'ir)  with  latin  indices  ij,..  =  1,2,...,  and 
denote  the  world-line  and  the  4-velocity  of  the  particle  as  y**(rj)  s  and  ^  a 
yj*.  The  portion  of  the  total  action  relevant  for  the  equations  of  motion  corresponding  to 
particles  is  given  by, 

Ax  ^ -Y^m,c  j  J['j,\yj)a'‘{yj)+  c.c.lv^,dT)  ,  (29) 

where  c.c.  denotes  the  complex  conjugate,  and  O'y  is  the  coupling  constant  (sec  (20)) 
irresponding  to  the  j-th  particle. 

We  now  come  to  the  scalar  field  Because  of  (19),  the  scalar  field  sector  has  to  be 
invariant  under  local  U(l)  group  suggesting  the  existence  of  a  abelian  gauge  field  Xii  that 
interacts  with  (ji.  The  corresponding  gauge  covnriant  derivative  then  can  be  written  as, 

^ fi  ~  dfi  ~  iyXh  »  (20) 


r 
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wlirn*  g  is  thr  coupliiin  roiistaiil. 

Uiidrr  local  duality  transformaf ion,  the  ahelian  f^auge  field  tTMiisfornis  iis, 

\^— +\^  =  V^  +  .  (dl ) 

Thr  action  for  the  scalar  field  srrtor  is  taken  to  he, 

A.  -  02) 

whcii', 

=-  v‘f.  O.'i) 

iiikI, 

,  (34) 

It  IN  well  known  that  the  ground  state  of  this  wetor  is  rieserihed  1>y  the  folluwiiin  solutions. 

<t>var{j')  -  T/r''''’'’  ,  Clo) 

iuid, 

(VM).-r-0  (3(1) 

It  i.H  evident  from  (28),  (29)  and  (32)  that  Au,  A>  and  A-i  are  invariant  under  local 
duality  transformation  n’speetively.  Variation  of  the  total  ai  lion  with  resjas  I  to  the 
particle  trajectory  and  the  complex  4-vertor  field  n''  leads  to  the  following  eiiuatious  of 
motion  : 

=  '27  )G-'“'(y;  )1  ; .  (37) 


i 
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and, 

V,G>“'{x)  =  ^  -  yi(t)l  (38) 

J 

respectively. 

In  the  low  energy  limit,  (37)  and  (38)  sire  equivalent  to  the  usual  Lorentz  force  equation 
and  ordinary  Maxwell  equations,  respectively.  This  is  because,  in  the  vacuum  configuration 
(35),  the  gauge  covariant  derivative  Vft  takes  the  form, 

75^  =  5^  -  id^xl>  .  (39) 

By  virtue  of  (19),  under  a  local  duality  transformation  the  phase  j/’  transforms  as, 

i’[x)  -*  <l<\x)  =  -^'(x)  +  e(x)  .  (40) 


Since  the  entire  theory  is  invariant  under  local  duality  transformation,  we  arc  free  to  choose 
a  gauge  6{x)  =  -  t/i(x)  so  that  V''(x)  =  0  becau'  ■  of  (40).  This  immediately  makes  the 
gauge  covariant  derivative  (in  the  new  gauge)  reduce  to  ordinary  partial  derivative  (see 
(39)), 

23'^  =  .  (40) 

Furthermore,  in  this  gauge  the  electromagnetic  charge  of  the  j-th  particle  is  given  by, 


Q)  =ajti 


(41) 


implying  that  the  charges  for  all  particles  are  constant  and  are  real  (corresponding  to 
electric  charge  alone).  It  is  easy  to  see  making  use  of  (40)  and  (41)  that  (37)  and  (38) 
reduce  to, 


c 


(42) 
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=  -p:,  (43) 

and, 

=  0,  (44) 

where, 

(9.  )>=<?;■,  (45) 

and, 

-WW)-  (46) 

i 

Elquations  (42)  -  (44)  are  the  usual  Majcwell-Lorentz  equations  in  the  absence  of  magnetic 
monopoles.  Thus,  in  the  low  energy  region  the  electromagnetic  sector  of  this  theory  is 
identical  to  the  conventional  classical  electrodynamics. 

Before  ending  this  section,  we  wish  to  draw  attention  to  an  additional  local  symmetry 
of  the  theory.  Consider  the  following  transformation, 

“m  -♦  (47) 

where  is  any  ct^mplex  differentiable  function  of  ^*.  It  can  be  easily  shown  that  (47)  le  ves 
invariant,  and  causes  the  action  (29)  pick  up  just  boundary  terms.  Thu.s,  equations 
of  motion  are  left  invariant  under  the  transformation  (47). 

4.  Samnary  and  ditousioii 

Most  symmetries  in  nature  are  local  symmetries  e.g.  gauge  symm  ries  in 
eiectrodynamica  and  eiectio-weal  theories,  general  covariance  in  Einstein’s  theory  of 
gravitation,  etc.  It  is  therefore  interesting  to  study  the  consequences  of  a  local  dusdity 
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symmetry.  Gauging  this  symmetry  requires  invoking  a  complex  scalar  field  that 

exhibits  spontaneous  breaking  of  duality  symmetry.  In  the  low  energy  limit,  there  is  a 
gauge  in  which  this  theory  automatically  leads  to  conventional  electrodynamics  without 
magnetic  ch.  ges.  However,  in  the  high  energy  domain,  one  expects  new  predictions  that 
may  be  used  to  distinguish  between  the  Maxwell  electrodynamics  and  our  model. 
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We  are  gathered  here  to  pay  homage  to  the  quantum  phase.  Out  of  classical 
nothingness  something  quantum  emerges. 

One  of  the  deepest  mysteries  in  physics  is  the  existence  of  two  kinds  of  particles, 
bosons  and  fermions.  We  now  know  that  in  2  +  1  dimensional  spacetime  there  are 
also  anyons,  such  that  when  two  anyona  are  exchanged,  the  wave  function  acquires  a 
phase.  In  particular,  when  two  semions  are  exchanged,  the  wave  function  changes  by 
a  factor  of  i.  2  +  1  dimensional  spacetime  is  not  just  less  of  a  good  thing  compared  to 
3-1-1  dimensional  spacetime.  It  is  homotopically  different:  a  new  physical  concept, 
that  of  “going  around”,  appears.  It  makes  sense  to  say  that  a  particle  has  gone 
around  another.  This  basic  fact  is  what  makes  the  notion  of  anyons  and  fractional 
statistics  possible. 

Shortly  after  Wilczek,  and  e  ''-'r,  Leinaas  and  Myrheim,  proposed  the  existence 
of  anyons,  the  question  natural  rose  as  to  whether  these  hypothetical  particles 
can  be  incorporated  into  quantun  lield  theory.  The  answer  is  yes,  and  the  concept 
of  gauge  potential  enters  naturally.  One  simply  couples  a  gauge  potential  to  a 
conserved  current  of  interest,  and  have  the  dynamics  of  the  gauge  potential  governed 
by  the  Chern-Simons  term.^  In  Maxwell  dynamics,  the  spactime  derivatives  of  the 
gauge  field  are  related  to  the  current.  In  Chern-Simons  dynamics,  the  gauge  field  is 
directly  related  to  the  current.  Life  is  simpler  because  one  doesn’t  have  to  solve  any 
partial  differential  equations.  This  is  possible  in  2  +  1  spactime.  In  any  dimensions, 
the  current  is  of  course  a  vector,  the  gauge  field  an  antisymmetric  tensor,  but  in 
2  +  1  dimensions,  an  antisymmetric  tensor  is  also  a  vector,  thanks  to  the  Levi-Civita 
antisymmetric  symbol. 

This  means  that  a  charged  particle  would  have  a  magnetic  flux  attached  to  it. 
Here  the  terms  electric  charge  and  magnetic  flux  refer  of  course  to  the  quantities 
associated  with  the  gauge  potential  we  have  introduced  and  not  to  the  quantities 
studied  by  Coulomb,  Faraday,  Oersted  and  their  friends.  Long  ago,  Aharonov  and 
Bohm  told  us  that  when  a  charged  particle  goes  around  a  flux  tube,  the  wave 
function  acquires  a  phase.  Thus  if  we  have  particles  carrying  both  charge  and  flux, 
then  when  one  such  particle  goes  around  another,  the  wave  function  acquires  a 
phase.  Fractional  statistics  is  just  a  slice  of  the  Aharonov- Bohm  effect.  Thus,  two 
of  the  greatest  names  in  physics  meet  two  of  the  greatest  names  in  mathematics. 

In  hindsight,  this  connection  between  Aharonov-Bohm  and  Chern-Simons  ap¬ 
pears  so  natural  and  so  obvious  that  some  workers  in  this  field  now  think  that  it 
was  known  since  the  beginning  of  time.  In  fact,  this  connection  only  became  clear 
in  the  fall  and  winter  of  1983, 

Over  the  last  ten  years,  there  have  been  many  interesting  applications  using 
this  formalism.  Here  I  would  like  to  talk  about  a  recent  discussion  of  tunnelling 
effect  in  double  layered  Hall  systems.^ 

In  this  formalism,  in  the  quantum  Hall  effect  electrons  are  coupled  to  gauge 
potei  'als  obeying  Chern-Simons  dynamics.  As  explained  above,  the  electrons  then 
Ci  ■■  nagnetic  flux.  In  a  special  state  in  the  double-layered  quantum  Hall  system 
(technically  this  corresponds  to  a  certain  matrix  having  a  zero  eigenvalue  so  that  one 
of  the  gauge  potential  is  liberated  from  being  governed  by  Chern-Simons  dynamics), 
the  electrons  in  layer  2  act  like  flux  tubes  carrying  flux  27r  to  the  electrons  in  layer 
1.  Thus,  an  electron  in  layer  1  does  not  see  the  magnetic  field  imposed  by  the 
experimentalist,  but  an  effective  magnetic  field  equal  to  the  magnetic  field  imposed 
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by  the  experimf'*'talBit  minus  27r  times  the  local  density  of  electrons  in  layer  2.  Now 
consider  a  long  wavelength  density  wave  such  that  as  the  density  of  electrons  in  layer 
1  goes  up  the  density  of  electrons  in  layer  2  goes  down  correspondingly.  But  then  the 
effective  magnetic  field  seen  by  thii  electrons  in  layer  1  also  goes  up.  Thus,  things  can 
be  arranged  to  work  out  very  ne  tly.  Even  as  the  density  of  electrons  in  layer  1  goes 
up  and  down,  those  electrons  can  be  made  to  believe  that  they  are  still  just  filling 
the  first  Landau  level,  not  one  too  many,  not  one  too  few.  Similarly,  the  electrons 
in  layer  2  are  also  living  under  the  illusion  that  they  are  filling  just  the  first  Landau 
level.  Thus,  as  the  wavelength  of  the  density  fluctuation  goes  to  infinity,  the  energy 
cost  of  the  fluctuation  goes  to  zero.  This  is  the  physics  behind  the  appearance 
of  a  gapless  mode:  the  gaplessness  is  a  consequence  of  an  exquisitely  balanced 
cooperation  between  the  electrons  in  layer  1  and  layer  2.  The  same  physics  is  in 
fact  responsible  for  anyon  superfluidity.  Technically,  the  gauge  field  liberated  from 
being  governed  by  Chern-Simons  dynamics  is  now  happily  massless  and  governed 
by  Maxwell  dynamics. 

The  appearance  of  a  gapless  mode  is  consistent  with  symmetry  considerations. 
In  the  absence  of  tunnelling,  there  are  two  separate  U(i)  symmetries,  corresponding 
to  the  conservation  of  the  sum  and  difference  '  the  electron  number.s  in  the  layers. 
In  the  special  state  described  above,  the  1/(1)  corresponding  to  the  conservation  of 
the  difference  of  the  electron  numbers  in  the  two  layers  is  spontaneously  broken  and 
thus  we  expect  a  Nambu-Goldstone  gapless  mode. 

Tunnelling,  that  is,  interlayer  hopping,  corresponds  to  the  explicit  breaking 
of  this  [/(I)  symmetry  and  thus  according  to  general  considerations,  the  Nambu- 
Goldstone  boson  becomes  pseudo  and  acquires  mass. 

In  the  present  formalism,  the  current  describing  the  difference  of  the  currents 
in  the  two  layers  is  written  as  a  curl  of  a  gauge  potential.  When  an  electron 
tunnels  from  one  layer  to  the  other,  this  current  is  no  longer  conserved.  When  the 
divergence  of  the  curl  of  a  gauge  potential  does  not  vanish,  we  know  that  there  is  a 
magnetic  monopole  lurking  in  the  vicinity.  The  spacetime  integral  of  the  magnetic 
flux  coming  out  of  the  monopole  is  the  spacetime  integral  of  the  divergence  of  the 
current,  and  hence  the  change  in  the  difference  of  numbers  of  electrons  in  the  two 
layers,  equal  to  ±2  in  the  tunnelling  event.  Thus,  the  monopolc  in  our  formalism 
is  quantized  a  la  Dirac  because  electrons  are  discrete. 

Dirac  quantization  of  magnetic  monopoles  represents  of  course  another  mani¬ 
festation  of  the  Aharonov-Dohm  effect.  Dirac  obtained  magnetic  quantization  by 
requiring  that  the  Aharono-Bohm  phase  acquired  by  a  particle  going  around  his 
string  vanishes.  Indeed,  Coleman  explains  Dirac  quantization  by  arguing  in  re¬ 
verse.  He  describes  a  prankster  trying  to  trick  an  experimentalist  into  believing 
that  he  or  she  has  found  the  fabled  magnetic  monopolc.  The  prankster  introduces 
an  arbitarily  thin  flux  tube  into  the  lab.  The  experimentalist  can  detect  the  flux 
tube  by  letting  a  charged  particle  move  around  and  measure  the  resulting  Aharonov- 
Dohm  phase.  It  is  precisely  when  the  flux  go'ug  through  the  tube  is  such  that  the 
monopolc  has  the  Dirac  magnetic  charge  that  the  flux  tube  becomes  undetectable. 
The  experimentalist  can  then  bec  ame  very  excited  and  proclaim  the  discovery  of 
the  magnetic  monopole. 

Thus,  we  have  a  Euclidean  3-spacc  filled  with  a  plasma  of  inaj  ictic  monopolcs 
and  anti- monopoles.  Wherever  there  is  a  monopole,  an  electron  tunnels  from  layer 
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1  to  layer  2  at  the  corresponding  point  in  spacetime.  Whereever  there  is  an  anti¬ 
monopole,  ari  electron  tunnels  back  from  layer  2  to  layer  1.  Now  we  get  to  re-live 
the  golden  days  of  quantum  field  theories.  One  of  the  most  celebrated  results  of 
the  IQYO’s  was  the  realization  by  Polyakov  that  in  the  presence  of  a  dilute  plasma 
of  magnetic  monopoles  the  photon  acquires  a  mass. 

This  is  completely  consistent  with  our  expectation  from  sysinmetry  considera¬ 
tions.  To  summarize,  we  have  the  following  “life  story”  of  a  gauge  quantum.  When 
it  was  governed  by  Chern-Simons  dynamics,  it  was  massive.  After  being  liberated 
into  a  life  of  Maxwell  dynamics,  it  becomes  massless.  But  then  non-perturbative 
tunnelling  effects  made  it  massive  again.  Technically,  the  plasma  of  monopoles  is 
a  Coulomb  gas,  and  a  Coulomb  gas  can  be  represented  by  a  sine-Gordon  theory. 
Expanding  the  cosine  in  the  Lagrangian  to  quadratic  order,  one  sees  immediately 
that  the  siiie-Gordon  field  is  massive. 

For  his  purposes  Polyakov  did  not  have  to  exploit  the  fact  that  the  sine-Gordon 
field  is  in  fact  an  angular  order  parameter.  But  we  know  that  there  is  very  interesting 
physics  associated  with  angular  order  parameters!  Incidentally,  the  order  parameter 
is  angular  precisely  because  the  magnetic  monopole  is  quantized  by  Dirac.  Wen 
and  I  are  thus  led  to  make  the  perhaps  a  priori  rather  surprising  prediction  that 
when  a  DC  voltage  V  is  applied  across  a  double-layered  Hall  system,  for  certain 
special  filling  factors,  there  is  an  oscillating  tunnelling  current.  In  a  word,  there  is 
a  superfluid  lurking  in  the  system  and  hence  there  is  Josephson-like  current.  Note 
however  that  the  frequency  is  only  half  of  the  Josephson  frequency  because  we  don’t 
have  pairing  here.  We  may  entertain  the  hope  that  this  effect  will  be  experimentally 
detectable  in  the  near  future. 

I  hopi  to  have  conveyed  the  impression  that  the  circle  of  theoretical  ideas  ap¬ 
pearing  in  this  subject  are  among  the  deepest  in  theoretical  physics. 

We  encounter  here  quantum  statistics,  homotopic  property  of  space,  gauge  po¬ 
tential,  Chern-Simons  amd  Maxwell  dynamics,  Aharonov-Bohm  phase,  Dirac  quan¬ 
tization  of  magnetic  monopole,  quantum  tunnelling,  Nambu-Goldstone  bosons,  co¬ 
operative  density  and  flux  fluctuation  and  anyon  superconductivity,  discreteness  of 
the  electron.  Coulomb  gas,  angular  order  parameter,  and  Josephson  ocsillation.  In 
the  end,  we  can  attribute  all  these  strikingly  beautiful  notions  to  the  fact  that  when 
we  move  from  classical  physics  to  quantum  physics  the  complex  number  mysteri¬ 
ously  appears  on  the  scene. 

With  your  indulgence,  I  will  end  by  entertaining  a  speculation,  in  fact  the  same 
speculation^  I  made  here  in  South  Carolina  a  few  years  ago  at  another  conference 
celebrating  the  Aharonov-Bohm  effect.  The  appearance  of  statistics  in  quantum 
physics  is  one  of  the  deepest  mysteries  in  physics  and  in  some  ways  is  responsible  for 
the  current  difficulties  in  particle  theory.  As  Weisskopf  discovered  ages  ago,  fermions 
are  nice  and  bosons  are  nasty.  The  self  energy  of  a  boson  diverges  quadratically. 
It  is  partly  to  cure  this  problem  that  supersymmetry  was  invented,  to  solve  the  so- 
called  naturalness  problem.  We  all  know  down  what  glorious  paths  supersymmetry 
has  taken  particle  physics:  from  supersymmetry  to  supergravity  to  superstrings 
to  supermathematics  to  superphysiciats.  Might  it  not  be  possible  that  quantum 
statistics  is  a  composite  noiion:  In  the  eiiu,  there  are  only  fcriiiion5  (or  perhajia, 
only  bosons.)  After  all,  we  know  that  a  bound  state  of  a  boson  and  a  magnetic 
monopole  is  a  fermic.i  (and  vice  versa.)  There  is  an  additional  phase  when  two  such 
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bound  states  are  interchanged.  Indeed,  it  is  possible  to  obtain  reasonable  quantum 
numbers  for  the  observed  quarks  and  leptons.^  Some  of  the  theoretical  ideas  I  listed 
above  are  so  deep  that  they  ought  to  have  further  consequences  for  particle  physics 
as  well  as  for  condensed  matter  physics. 
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ABSTRACT 


The  introduction  of  confined,  “slave”  fields  is  frequently  useful  as  a  formal  device  in 
models  of  condensed  matter  physica;  it  hecomes  a  conceptual  neceaaity  for  describing 
possible  phases  of  matter  where  the  slaves  ace  liberated.  Here  I  discuss  some  aspects 
of  the  fractional  quantum  Hall  effect  from  this  point  of  view,  emphasiviug  analogies 
with  phenomena  in  other  areas  of  piiysics,  particularly  to  the  Meissner  and  Higgs 
mechanisms,  and  to  coiirmcment-deconfmement  transitions.  In  this  application,  and 
in  some  recent  attempts  to  model  the  normal  state  of  copper  oxide  superconductors, 
it  is  important  to  employ  slave  anyon  felds. 

I  have  long  admired  Yakir  Aharoiiov’s  style  in  physics:  to  continue  to  puzzle 
over  that  whieh  is  intrinsically  strange,  even  in  domains  when^  more  jaded  spirits 
have  lost,  from  mere  familiarity,  their  sense  of  wonder.  This  child-like  ipiality  hms  led 
him  to  make  fundamental  discoveries  where  few  would  anticipate  th.at  fundamental 
discoveries  could  still  he  made,  and  -as  we  all  must  acknowledge  on  this  occasion-  it 
obviously  has  kept  him  young! 

In  that  spirit,  I  hope,  I  would  like  to  discuss  with  you  today  a  personal  per¬ 
spective  on  tho  fascinating  comidcx  of  new  states  of  matter  forming  the  “quantum 
Hall  comple.x,"  which  I  have  developed  in  response  to  some  sim])lc  pu/v.les  that  have 
bothered  me  for  a  long  time.  One  of  the  puzzles,  iis  I  shall  describe  monu'ntarily, 
has  to  do  with  gauge  invariance.  Tho  other  is  broader;  is  the  fractional  quantized 
Hall  effect  as  special  and  isolated  as  it  .seems  at  first  sight,  or  can  its  occurrence  be 
related  to  other  deep  ideas  in  theoretical  physics?  1  have  found  my  perspective  cpiite 
comforting  and  informative,  and  I  think  it  is  different  at  least  in  emphasis  and  sonu- 
significant  details  from  what  has  appeared  in  the  literature  (including  my  own  work.) 
However,  I  must  quickly  add  that  it  in  no  way  alters  with  l.aughlin’s  basic  i)hysical 
picture  of  an  incompressible  quantum  liquid,  nor  will  it  be  used  here  to  derive  ni'w 
results  that  could  not  be  found  otherwise.' 

1.  Critique  of  Laughliii’s  Qiinntizatioii  Argument 

1.1.  The  Argument 

Shortly  after  the  experimental  discovery  of  the  integer  quantized  Hall  effect, 
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Laughlin'*  proposed  an  argument,  based  on  gauge  invariance,  that  explains  why  the 
conductance  is  qu  antized.  The  argument  proceeds  from  the  physical  hypothesis  that 
in  the  conditions  wbere  the  quantized  Hall  effect  is  observed  the  electrons  form  an 
incompressible  fluid  in  the  bulk,  to  show  that  the  conductivity  of  the  fluid  (to  be 
defined,  in  a  precise  geometry,  momentarily)  must  be  an  integer  multiple  of  a  certain 
combination  of  fundamental  constants,  viz.  e^Jh.  With  some  importamt  refinements 
due  to  Halperin,’’  this  argument  remains  the  foundation  of  the  theory  of  the  effect. 
I  would  like  briefly  to  recall  its  essence. 

Imagine  an  annulus  ■  '  f  dning  electrons  held  at  low  temperature  and  subject 
to  a  large  perpendicular  m:  fields,  and  sucli  that  the  inner  and  outer  edges  arc 

connected  by  an  ordinary  wn  md  held  at  a  voltage  difference  V^.  Suppose  tliat  we 
have  the  conditions  of  the  quantized  Hall  effect,  that  is,  by  hypothesis,  that  within 
the  bulk  of  the  annulus  there  is  a  incompressible  electron  fluid.  This  means  that 
there  is,  for  each  value  of  the  current  circulating  around  the  annulus,  a  unique  bulk 
state  of  minimum  energy.  It  c:  be  constructed,  locally,  from  the  unique,  isolated 
ground  state  by  a  Galilean  trar.-jormation. 

Now  let  us  suppose  that  there  is  a  current  7  circulating  around  the  annulus, 
and  consider  the  effect  of  switching  on  one  quantum  h/e  of  flux  in  the  void  within 
the  annulus.  At  the  end  of  this  operation  we  have  produced  a  gauge  field,  that 
(for  electrons  within  the  annulus)  is  gauge  equivalent  to  zero.  Thus  the  bulk  state, 
iissumed  unique,  must  return  to  its  original  form.  The  only  change  that  can  have 
occurred,  is  that  some  electrons  from  one  edge  might  have  been  transferred  to  the 
other  edge,  through  the  wire. 

Wc  can  calculate  the  work  done  during  this  operation  in  two  different  ways. 
On  the  one  hand,  we  have  transferred  some  chsirge  nc  through  a  voltage  V”;  thus 
the  work  is  ne.V.  On  the  other  hand  while  the  flux  is  being  increased  there  is  an 
azimuthal  electric  field,  which  does  work  on  the  circulating  current.  One  easily 
computes  in  this  way  that  tlie  work  done  is  {h/c)I.  Upon  equating  these,  one  finds 
for  the  conductance: 

V/l  =  nc-V/i  .  (1) 

Thus,  this  transverse  eouductauce  is  (juimtized  in  terms  of  fundamental  physical 
constants. 

A  slight  variant  of  this  argiuneut  corresponds  less  well  to  a  practical  exper¬ 
imental  set-up,  but  is  perhaps  simpler  conceptually  and  will  be  useful  for  my  later 
purposes.  Consider  the  same  geometry  and  the  same  process  of  cranking  on  flux, 
but  now  with  no  transverse  current  and  no  voltage.  As  the  flux  is  turned  on,  again 
some  integer  k  number  of  electrons  is  transported.  There  was  an  azimuthal  electric 
field  as  the  flux  was  turned  on,  and  thus,  for  a  determinate  transverse  conductiv¬ 
ity,  a  radial  current.  The  electric  field  is  proportional  to  the  time  rate  of  chiuige  of 
the  flux,  so  over  the  course  of  turning  on  one  qnantuin  of  flux  there  is  a  definite 
integrated  radial  current,  or  in  other  words  a  definite  charge  transfer.  Equating  this 
charge  transfer  to  kc,  one  finds  the  same  quantization  C'  >ndition  on  the  transverse 
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conductivity  as  before. 
l,t.  Too  Good  to  be  Drue? 

The  Laugfalio  quantization  argument  is  so  simple  sind  beautiful,  and  so  di¬ 
rectly  addresses  the  central  phenomenon,  that  one  cannot  seriously  doubt  its  es¬ 
sential  correctness.  Unfortunately,  it  is  too  good.  Shortly  after  it  was  proposed  and 
digested,  experimentalists  discovered  states  where  the  conductance  is  quantized, 
but  now  as  a  definite  fraction  of  e^/h  rather  thsn  as  an  integer  multiple.  These 
states  occur  when  the  density  is  close  to  (the  same)  definite  fraction  of  the  density 
corresponding  to  a  full  Landau  level.  The  jargon  here  is  that  there  is  a  plateau  in 
the  resistivity  around  filling  fraction  u  =  pKeBIhc)-,  meaning  that  when  the  ratio 
of  density  to  magnetic  field  is  close  to  this  value  the  conductivity  remains  at  the 
quantized  vsdue  ue^fh.  The  first  discovered  and  most  robust  such  state  (as  refiected 
in  the  width  of  the  associated  plateau  and  the  allowed  range  of  impurities  and  tem¬ 
peratures)  occurs  at  1/  =  1/3.  For  simplicity  and  concreteness  1  shall  mainly  focus 
the  discussion  on  that  state,  although  by  now  quantized  Hall  states  at  many  other 
fractions  have  been  observed  and  there  is  a  beautiful,  extensive  theory  of  them — in 
fact  several  such  theories.* 

Now  we  seem  to  be  in  the  embarrassing  position,  with  the  preceding  gauge 
invariance  arguments,  of  having  proved  too  much.  The  conductance  is  not  quantized 
in  integers  times  e^/h  for  incompressible  bulk  states,  after  all.  What  has  happened? 

l.S.  The  UicToacopic  Perapective 

There  is  a  successful  microscopic  theory  of  the  fractional  quantized  Hall 
effect.  So  before  I  get  carried  away  with  grandiose  rhetoric  about  breaking  and 
amending  gauge  invariance,  it  behooves  me  to  demonstrate  how  one  understands 
at  a  “mechanical”  level  how  the  general  gauge  invariance  argument,  which  seems 
so  clear-cut  in  leading  to  integer  quantized  conductance,  develops  the  necessary 
subtleties  in  the  microscopic  th<'ory. 

1.^.  Lightning  Review  of  Incompressible  Hall  States 

As  we  have  already  seen  in  our  discussion  of  the  integer  effect,  the  quantized 
conductance  is  a  fairly  direct  manifestation  of  the  existence  of  an  incompressible 
quantum  fluid.  That  is,  the  electron  fluid  has  a  preferred  density  pinned  to  the  value 
of  the  external  magnetic  field.  There  must  be  an  energy  gap  to  deviations  from  this 
preferred  density:  such  deviations  must  be  accommodated  by  localized  inhomo- 
geiieities,  rather  than  in  arbitrarily  long  wavelength  “sound  waves”  which — if  they 
existed -  could  have  arbitrarily  small  energy.  In  the  <  nse  of  the  integer  quantized 
Hall  effect  the  preferred  density  simply  corresponds  to  filling  an  integer  number 
of  Landau  levels,  and  the  gap  is  quite  easy  to  understand.  Indeed,  to  raise  the 
density  here  and  lower  it  there  we  must  excite  a  particle  to  the  next  Landau  level 
here,  which  costs  a  finite  minimum  ar.-iount  of  energy  equal  to  the  splitting  between 
Landau  levels,  that  is  not  compensated  by  allowing  a  hole  there^. 

^Thc  lowest  energy  density  tluctuations  actually  occur  at  a  finite  wavevector.  These  excitations. 


m 


117 


Laughlin  himself®  was  quick  not  only  to  recognize  the  physical  meaning  of 
the  new  observations,  but  also  to  propose  a  rationale  for  why  specific  special  (non¬ 
integer)  filling  fractions  should  be  preferred.  Let  me  very  briefly  recall  the  main 
points,  since  I  shall  want  to  build  on  them. 

First  I  need  to  remind  you  of  some  basic  results  about  electrons  in  a  strong 
magnetic  field  (here,  as  throughout,  I  am  assuming  that  the  motion  of  the  electrons 
is  confined  to  a  plane.)  The  energy  levels  axe  highly  degenerate  Landau  levels, 
with  a  density  of  states  2t(  jP  per  unit  area  per  Landau  level,  where  the  magnetic 
length  I  is  defined  through  P  =  eBfhc.  The  splitting  between  levels  is  h  times  the 
cyclotron  frequency,  viz.  AE  —  h(eBlmc).  At  low  temperatures  and  for  densities 
small  compared  21:  P  it  ought  to  be  a  good  approximation  to  restrict  attention 
to  states  formed  from  single-particle  states  confined  taken  from  the  lowest  Landau 
level,  unless  there  is  some  very  special  energetic  advantage  to  admixing  higher  levels 
(so  as  to  minimize  the  interaction  energy.)  Within  the  lowest  Landau  level,  the  single 
particle  wave  functions  take  a  particularly  attractive  form  if  one  employs  the  so- 
called  symmetric  gauge,  defined  by  the  vector  potentials  Ai  =  By  12,  =  —  f?r/2. 

With  this  gauge  choice,  the  wave  functions  in  the  lowest  Landau  level  take  the  form 

=  /(:.)c-Jl'P  (2) 

where  /(z)  is  an  iirbitrary  analytic  function  of  z  =  i  -f  ty,  subject  to  a  reasonable 
growth  condition  so  that  the  wave  function  is  normalizable,  and  distances  are  mea¬ 
sured  in  units  of  the  magnetic  length.  A  basis  of  orthogonal  vectors  in  this  Hilbert 
space  is  provided  by  the  functions  with  /i(z)  =  zK  I  is  the  canonical  angular  mo¬ 
mentum  around  the  origin,  which  here  is  intrinsically  non-negative.  For  reasonably 
lai^e  /,  the  corre^mding  wave  function  is  concentrated  in  a  circular  ring  of  radius 
1/21  and  width  Vzjr  around  the  origin.  It  follows,  by  comparing  the  size  of  the  region 
where  the  wavcfunction  is  large  to  the  inverse  density,  or  by  direct  calculation,  that 
the  supports  of  these  wave  functions  are  highly  overlapping. 

Now  let  us  consider  an  assembly  of  (non-interacting)  electrons.  Let  us  sup¬ 
pose  that  they  subject  to  a  very  small  potential  that  draws  them  toward  the  origin, 
but  does  not  appreciably  change  the  form  of  the  wave  functions  (that  is  a  second 
order  effect).  Then  the  ground  state  will  be  composed  out  of  the  wave  functions 
with  the  smallest  values  of  I,  consistent  with  Fermi  statistics.  It  will  he  the  Slater 
determinant 

=  del{z^“'}e“‘2I)l**l’  ,  (3) 

where  the  row  variable  r,  the  column  variable  c,  and  k  all  run  from  1  to  JV,  the 
number  of  electrons.  Given  the  spatial  char  acter  of  the  wavefunctions  as  discussed 

the  8o-valled  msgnetorotoni^  can  be  regarded,  intuitively,  aa  bound  states  of  quasiparticics  and 
qiiasiholes.  They  therefore  bear  a  family  resemiilance  excitona  in  semiconductors;  however  unlike 
most  excitons  they  do  not  easily  cascade  down  and  annihilate,  because  semiclassicaJIy  the  Coulomb 
attraction  between  them — in  the  presence  of  the  strong  ambient  magnetic  field  -causes  a  drift  in 
the  perpendicular  direction,  and  thus  induces  orbital  motion.  Of  coum;  iue  magrietorotons,  unlike 
the  quasiholes  and  quasiparticles  discussed  below,  carry  no  net  charge. 
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above,  one  ca-sily  realizes  that  0i,  for  large  values  of  /V,  represents  a  clrojjlet  of 
uniform  density  27r  and  radius  \/2N ,  with  some  fuzziness  in  an  annulus  of  width 
unity  near  the  edge.  For  later  reh'renee  let  me  also  record  the  Vandertiionde  identity 

=  n  (1) 

k<l:k,l=\ 


Now  Laughlin’s  inspiration  w:is  to  notice  that  the  cube  of  this  wave  functliui 
has  remarkable  qualities,  that  make  it  a  piirticularly  attractive  trial  wave  function 
for  an  assembly  of  interacting  <'lectrons.  The  Gaussian  factor  is  then  not  ai)proj)riate 
for  the  lowest  Landau  level,  but  this  can  be  compensated  by  a  trivial  redefinition 
of  the  length  unit,  which  we  suppose  done.  Then  clearly  one  has  a  wavefunction 
agiiiii  describing  a  uniform  droplet  centered  at  the  origin,  now  with  radius 
density  2z'/3  (that  is,  filling  factor  1/2)  and  fuzziness  in  an  annulus  of  width  l/i/il 
after  th<'  rescaling.  The  Laughlin  wave  function  is  particularly  ads'antiigeous  if  the 
electrons  have  reimlsivo  short-range  interactions,  because  it  enforces  a  tiii)le  zero  lus 
one  electron  approaches  another.  A  large  inunber  of  numerical  studies  have  shown 
that  it  is  a  very  good  n-presentation  of  the  ground  state  wavi-  function,  for  a  varii’ty 
of  nqnilsive  interactions. 

From  a  physical  point  of  view,  the  ost  remarkable  thing  alxmt  the  Laughlin 
wave  function  (and  its  viu-ions  gcneralizatn  ais  see  below)  is  its  rigidity.  It  picks  out 
a  particular  filling  factor  in  the  bulk.  Deviations  from  this  average  density  will  have 
to  be  accommodated  by  localized  disturbances.  As  we  shall  make  ninch  more  ])rei  i,se 
bidow,  the  .situation  is  analogous  to  what  one  has  for  type  II  snpercmidnclors,  where 
magnetic  fields  art>  not  allowed  in  tlu'  bulk,  but  can  penetrate  only  in  lociilized 
vortices.  Laughlin  i)ropo.sed  a  form  fur  these  disturbaiiei-s,  that  com])ares  very  well 
with  numerical  and  experimental  data,  It  is  that  a  minimal  quiusihole  localized 
around  jo  is  represented  by  multiplying  the  wave  function  with  a  factor  that  piislies 
(dectrons  away  from  ;:o  by  adding  one  unit  of  angular  momentum  around  that  ])oint . 

N 

qnasiliole  factor  =  Pi(c*  —  Ju)  .  (h) 

1 

This  gives  a  density  deficit;  tlu-re  is  an  analogous  hut  slightly  more  comiilicated 
construction  for  an  enhancement,  the  (inasiinuticli-.  There  is  an  important  fiiihinkrn 
production  ]jiocess  for  the  cpiasihole;  it  is  what  yon  get  by  adiabatically  switching 
on  one  unit  of  mtignetic  flux  iit  r,)-  The  qnasihoh's  are  rtither  exotic;  they  c.in  v 
fractional  charge  juid  friu-tioiml  statistics.  The.se  properties  ctin  be  shown  directly 
from  the  niicroscopic  theory.''  I  will  forego  that  pleiusure  here,  however  the  result 
will  be  central  to  our  biter  considerations, 

1.5,  The  Gauffc  Argnmrnt,  Recon.tideTcd 

With  this  background,  let  us  return  to  the  gauge  invtiriance  aigtmient.  The 
second  form  oi  the  iiigunu  ilt  is  a  little  rn'h"r  to  dir.ru.ss,  so  let’.s  consider  it. 
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There  appears  to  be  a  technical  awkwardness  at  the  outset,  in  that  we  would 
like  to  work  in  an  annular  geometry  for  the  fluid  and  to  include  some  mechanism  for 
taking  electrons  in  one  side  and  out  the  other,  whereas  the  simple  wave  functions  are 
for  a  droplet  geometry.  Fortunately  there  is  a  way  around  this  that  is  quite  simple 
aiid  instructive  for  our  purposes.  We  have  already  mentioned  that  wave  functions 
with  a  high  power  z‘  times  the  usual  exponential  are  concentrated  in  a  small 

ring  of  radius  \/2/  and  width  \/2^  around  the  origin  Thus  to  put  a  hole  in  the  droplet 
of  radi  us  R,  and  produce  an  annulus  of  quantized  Hall  fluid,  we  should  multiply  the 
wave  function  by  a  factor 

Annulizing  factor  =  •  (6) 

A 

Now  you  will  not  fail  to  notice  that  the  annulizing  factor  is  nothing  but  H^/2 
quasiholes  at  the  origin.  A  large  number  of  quasiholes  do  literally  make  a  (classical, 
spatial)  hole  in  the  fluid!  Also,  since  the  quasiholes  are  the  end  result  of  adiabatic 
insertion  of  a  unit  of  magnetic  flux — that’s  how  we  (following,  of  course,  Laughlin) 
constructed  them — we  conclude  that  adiabatic  insertion  of  flux  drills  a  hole  in  the 
droplet. 

Although  it  is  somewhat  off  the  point  for  this  talk,  it  is  quite  interesting  and 
appropriate  to  the  occasion  to  note  that  by  redistributing  jinx  that  lies  entirely  in  the 
empty  void  within  the  fluid  annulus,  one  changes  the  shape  of  the  annulus.  Thus  some 
of  the  factors  of  H  s  in  the  anmflizing  factor  coukl  be  changed  to  n(2’  -  £>)•  This 
is  a  truly  remarkable  example  of  an  Aharonov-Bohm  type  effect,  in  my  opinion. 
That  is,  although  one  has  “pure  gauge”  outside  the  flux  tube,  by  moving  the  tube 
around  one  produces  definite  physical  effects.  (There  is  a  pedestrian  explanation 
for  this  -the  moving  flux  tube  produces  an  electric  field  at  distant  points.)  The 
dynamics  of  motion  within  thi.s  manifold  of  quasi-dcgcncrate  states,  produced  by 
moving  flux  in  the  void,  is  governed  by  the  theory  of  edge  excitations.  Pi'rhaps  it 
is  even  a  practical  proposition  to  produce  these  excitations  by  manipulating  flux  in 
this  way.  (End  of  dlgro.ssion.) 

So  now  wu  should  bo  able  to  so(;,  in  i.hc  microscopic  theory,  how  it  can  bo 
that  the  gauge  invariance  argument  becomes  subtle,  in  such  a  way  that  inserting 
a  single  unit  k/e  of  flux  does  not  transport  an  integral  inimbcr  of  electrons-  v'hilc 
in.serting  three  units  does. 

It  i.s  really  quite  simple  and  beautiful.  The  point  is  that  when  the  ])owcr  in 
the  annulizing  factor  i.s  a  multiple  three,  v/e  can  again  write  the  wavefunction  in 
Vandermonde-Laughlin  form.  That  is  (stripo’->g  away  the  Gaussian  factors): 

/V  N 

n  '4''  n  ~  = 

A=1  (A<I):A,1=I 

nrf(del{.r'})’  = 

(det{<+^->})*, 


(7) 
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where  one  has  N  x  N  determinants  with  row  index  r  and  column  index  c.  Thus 
to  change  L  by  one  unit,  to  L  +  1,  we  need  only  to  change  the  wavefunction  of 
one  electron,  changing  a  to  a  In  physical  terms,  this  means  removing  an 

electron  from  the  inner  edge  and  transporting  it  to  the  outer  edge.  (Note  that  the 
minimum  occupied  level  has  been  emptied,  and  the  minimum  available  unoccupied 
level  has  been  filled.)  That  is  the  sort  of  operation  an  ordinary  wire  is  happy  to  do. 
The  remaining  electroiis  in  the  annular  drop  can  be  entirely  passive,  and  need  not 
re-arrange  their  correlated  wavefunctions. 

It  is  quite  a  different  story  if  you  change  the  flux  by  one  unit.  That  does 
not  correspond  to  transport  of  an  electron  from  the  inner  edge  to  the  outer  edge, 
leaving  the  bulk  intact.  Indeed,  as  we  have  just  seen,  the  latter  operation  in  its 
minimal  form  unambiguously  corresponds  to  changing  the  flux  by  three  units.  The 
physical  operation  that  corresponds  to  one  flux  unit,  is  creation  of  a  qua.sihole- 
quasiparticle  pair  at  the  inner  edge,  followed  by  transport  of  the  quasiparticlc  to 
the  outer  edge.  This  is  not  an  operation  an  ordinary  wiiv,  will  do  for  you.  There  is 
an  amplitude  for  it  to  occur  by  the  quasiparticle  tunneling  across  the  sample,  but 
since  it  requires  a  simultaneous  rearrangement  of  all  tlic  electrons  this  amplitude 
will  be  exponentially  small.  In  the  thermodynamic  limit  of  an  infinite  number  of 
electrons,  at  zero  temperature,  it  will  not  occur  at  all.  Then  we  are  justified  in  saying 
that  gauge  invariance  has  been  spontaneously  violated,  in  the  only  sense  it  ever  is: 
while  the  gauge  transformation  with  three  flux  units  connects  one  accensible  state 
to  another,  and  represents  a  legitimate  symmetry;  but  the  transformation  with  a 
single  flux  unit,  although  formally  valid,  is  useless  because  it  relates  amplitudes  for 
processes  in  our  world  only  to  amplitudes  for  processes  in  another,  inaccessible  one. 

2.  Introducing,  and  Liberating,  Confined  Slaves 

S.l.  Analogies  of  iQH^  and  SuperconductivHy 

One  cannot  long  reflect  on  the  properties  of  the  incompressible  Hall  states 
without  noticing  many  analogies  between  their  properties  and  those  of  ordinary 
superconductors.  Let  me  mention  a  few  of  the  most  striking  ones: 

#  In  the  quantum  Hall  system,  there  is  a  vanishing  longitudinal  resistivity. 
Thus  the  current  flow  is  non-dissipativc,  as  in  a  superconductor.  Strictly  speaking, 
this  is  true  only  at  zero  temperature.  However,  this  fact  docs  not  spoil  the  analogy: 
we  are  dealing  with  a  two-dimen.sional  system,  and  in  two  dimensions  the  .super¬ 
conducting  transition  is  also  at  zero  temperature.  Indeed,  the  reason  is  the  same  in 
both  cases:  there  is  a  finite  energy  gap  to  vortex  production,  which  leads  to  finite 
though  exponentially  small  dissipation  at  any  non-zero  temperature. 

t  In  both  cases,  one  has  an  energy  gap  to  charged  excitations. 

•  In  both  examples,  one  has  rigidity  against  an  applied  magnetic  field.  In  the 
case  of  superconductors  this  i.s  of  course  the  famous  Meissner  effect,  hut  it  may  seem 

Si  sliall  use  this  notation  for  the  incompressible  quantum  Hall  efTect,  which  is  a  mouthful.  The  lower 
case  i  is  used  here,  because  IQHE  is  already  used  to  indicate  the  integer  quantized  Hall  effect. 
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to  be  a  rather  peculiar  thing  to  say  about  iQHE  states,  since  they  occur  immersed 
in  a  magnetic  field  from  the  start.  Nevertheless  they  exhibit  a  form  of  rigidity,  in 
that  changes  of  the  field  away  from  a  preferred  value,  pinned  to  the  effective  density, 
are  disfavored.  Here  by  effective  density  I  mean  the  nominal  density  as  given  by  the 
Hall  coefficient,  which  is  constant  over  a  given  plateau  -  in  the  analogy,  we  could 
call  this  the  superfluid  density. 

•  In  both  cases,  one  has  vortex-like  objects.  We  have  of  course  just  seen  this 
in  our  discussion  of  the  iQHE,  where  the  quasipeirticles  are  in  some  sense  vortices, 
and  it  is  a  famous  fact  for  type  II  superconductors. 

•  In  this  vein,  there  is  also  the  analogy  that  the  non-dissipative  state  requires 
that  the  vortices  be  pinned.  The  pinning  is  much  easier  in  the  iQHE  case,  because 
the  vortices  are  electrically  charged  and  subject  to  a  large  magnetic  field,  so  they 
will  be  happy  to  make  closed  orbits  on  electric  field  equipotentials,  (Nevertheless 
some  impurities  must  be  present  to  make  these  equipotentials  form  closed  lines,  or 
else  there  will  be  no  plateau.  Indeed  for  a  translationally  invariant  system  the  Hall 
constant  must  be  equal  to  the  carrier  density,  by  Galilean  invariance,  and  it  cannot 
“stick”  at  a  preferred  value  as  the  density  varies.)  At  finite  density  the  quasiparticles 
would  presumably,  given  their  large  effective  band  mass  and  repulsive  interactions, 
form  a  Wigner  crystal,  analogous  to  the  Abrikosov  flux  lattice. 

On  the  other  hand  one  has  the  apparent  contrast,  that  the  iQHE  states  but 
not  ordinary  superconductors  support  exotic  charge  and  statistics  for  the  quasiparti¬ 
cles.  Also,  as  I  discussed  in  the  first  part  of  this  talk,  the  breaking  of  gauge  invariance 
is  rather  different  in  the  two  cases.  For  an  ordinary  superconductor,  the  periodicity 
in  the  Aharonov-Bobm  type  gedanken  experiments  we  considered  there  would  be 
hj'lt  instead  of  the  ^/(c/3)  we  encountered  for  the  =  1/3  state.  The  difference  is 
profound:  whereas  in  tJu,  first  case  one  has  a  higher  degree  of  flux-periodicity  (that 
is,  a  smaller  flux  quantum)  than  might  of  been  anticipated,  reflecting  a  pairing  order 
parameter,  in  the  later  case  one  has  a  subharmonic  periodicity. 

&.&.  Introducing  Exotic  Slaves 

The  subharmonic  periodicity  in  flux  coexists,  in  the  iQHE,  with  the  exis¬ 
tence  of  fractional  charge,  and  one  would  like  to  think  that  there  is  an  organic 
connection  between  them.  Such  a  connection  will  arise,  similarly  to  what  one  has 
in  superconductivity,  if  one  requires  that  the  integral 

charge  transport  phase  = 

-  ,  (8) 

describing  the  phsise  acquired  by  a  particle  of  charge  g  transported  around  a  closed 
loop  enclosing  flux  $  to  be  unity,  for  a  fractional  charge  q  =  c/3.  This  single¬ 
valuedness,  in  turn,  will  have  to  be  imposed  if  there  is  condensation  of  a  field  with 
charge  e/3.  The  case  for  an  organic  connection  thus  becom<s  compelling.  For  the 
existence  of  fractionally  charged  quasipai'ticles  supplies,  on  tin;  face  of  it,  a  natural 
candidate  for  the  desired  condensate  field:  namely,  of  course,  the  field  ip  that  creates 
the  fractionally  charged  quasiparticles. 
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There  is  a  difficulty,  however.  If  xj)  is  to  condense  one  would  like  it  to  be 
bosonic.  But  that  desire  appears  to  conflict  with  another:  one  would  also  like  to  be 
able  to  have  possibility  for  an  electron  decay  into  three  identical  quasiparticles.  For 
the  quasiparticles  are  supposed  to  be  the  important  charged  low-energy  excitations, 
and  this  is  the  minimal  decay  channel  that  allows  an  electron  to  communicate  with 
them,  while  conserving  charge.  Clearly,  if  the  quasiparticles  are  bosons  this  decay  is 
not  going  to  be  possible.  One  needs  particles  wiih  exotic  anyon  quantum  statistics, 
in  order  that  a  state  of  three  identical  particles  can  have  the  quantum  numbers  of 
a  fermion.  Furthermore  the  microscopic  theory  teaches  us  that  the  quasiparticles 
are  in  fact  anyons,  and  an  electron  can  in  fact  decay  into  three  of  them.  (Another 
possibility  would  have  been  to  have  more  than  one  kind  of  quasiparticle:  for  example, 
one  could  reproduce  the  electron  quantum  numbers  if  there  were  in  addition  a 
light  neutral  ft.  mion  exc'.tation,  so  that  an  electron  could  decay  into  three  identical 
bosons  and  the  neutral  fermion.  There  may  be  iQHE  states  with  this  kind  of  non- 
minimal  structure — a  candidate  u  =  1/2  state  of  this  kind  has  been  described.'® 
However  for  the  more  conventional  iQHE  states,  a  minimalist  procedure  works  out 
quite  elegantly,  as  we  shall  see.) 

So  we  seem  to  have  arrived  at  u  dilemma:  on  the  one  hand  we  want  to  have 
a  bosonic  field  to  create  the  quasiparticles,  so  that  the  field  can  condense;  but  on 
the  other  hand  we  want  the  quasiparticles  to  be  anyons,  so  that  they  can  reproduce 
the  electron's  fermion  statistics.  Fortunately,  these  requirements  only  appear  to 
be  contradictory.  Theoretical  work  on  quantum  statistics  in  2-1-1  dimensions  has 
shown  that  a  bosonic  field,  properly  coupled  to  a  gauge  field,  can  create  anyons 
of  any  type.^  The  way  of  this  is  done  is  called  the  Chern-Simons  construction.  It 
works  as  follows.  One  couples  the  field  xf>  using  the  minimal  coupling  procedure  to 
a  uge  field  «  thrt  docs  not  have  an  ordinary  Maxwell  kinetic  energy  term,  but 
mstc  ..i  only  a  “Cherri-Siimons”  term 

A£cs  =  ~J  .  (9) 

Now  one  can  demonstrate,  without  much  difficulty,  that  the  quanta  produced 
'■  ’d!'  have  their  quantum  statistics  altered,  by  the  presence  of  the  so-called 

<  lern-Simons  gauge  field  a  of  which  they  are  a  source.  And — at  least  in  the  point 
particle  limit,  for  which  the  concepts  arc  clearly  defined — this  change  in  the  statistics 
of  the  quanta  is  the  only  effect  of  coupling  in  as.  This  construction  is  therefore  u 
valid,  and  the  minimid,  way  of  implementing  statistical  transmutation — that  is,  the 
creation  of  quanta  of  one  statistics  by  fields  with  anotlier. 

I  originally  called  fields  such  as  a  “fictitious”  gauge  fields.  The  newer  termi¬ 
nology  is  in  mfuiy  ways  preferable,  but  the  old  terminology  did  have  the  advimtage 
of  einphasi  ng  that  the  a  do  not  introduce  new  local  degrees  of  freedom.  One  can 
in  principle  fix  a  gauge  and  solve  for  the  as  in  terms  of  x/’.  (The  price  for  this  is  that 
the  resulting  action  ip  complicated  and  no  longer  manifestly  local.) 

Although  I  do  not  intend  to  pause  for  a  full  demonstration  here,  it  is  es¬ 
pecially  appropriate  on  this  occasion  to  note  that  the  Aharoiiov-Bohm  Feet  lies 
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close  to  the  heart  of  statistical  transmutation.  For  the  essence  of  the  matter  is  that 
one  finds,  on  solvinj!;  the  equations  of  motion  for  the  gauge  fields  a,  that  the  effect 
of  the  Chern- Simons  coupling  is  simply  to  turn  each  quantum  created  by  into  a 
source  of  flux,  a.**  well  as  charge.  Indeed,  on  varying  with  respect  to  oj  one  finds  the 
equation 

P  =  (10) 

relating  the  particle  number  density  to  the  Chern-Simons  magnetic  field.  Note  that 
in  two  space  dimensions  one  has  flux  points,  as  opposed  to  the  familiar  flux  lines, 
and  OIK-  can  properly  speak  of  flux  associai  'd  to  a  point  particle.  When  one  such 
particle  circles  around  another  the  wave  function  acquires,  lus  Aharonov  and  Bohm 
taught  us,  a  phase  proportional  to  the  product  of  charge  and  flux.  But  such  a  phase 
is  operationally  indistinguishable  from  the  effect  of  quantum  statistic.s!  And  that’s 
why  one  can  freely  change  the  statistics  of  the  quanta  created  by  u  given  field  ^  by 
coupling  xj!  1.0  a  Chern-Simons  gauge  field. 

We  can  summarize  these  considerations  succinctly  as  follows.  As  far  as  the 
quantum  numbers  of  charge  and  statistics  are  concerned,  we  can  repn.'sent  a  field 
capable  of  creating  an  electron  as 

e  ~  1  (11) 

where  V*  is  a  bosonic  field  with  electric  charge  e/3,  proptuly  coupled  as  well  to  a 
Chern-Simons  gaugi;  field.  With  our  conventions,  the  correct  choice  is  simply  n  =  3 
in  Eq.  (9). 

It  has  fr«iuently  be<ui  useful  in  condensed  matter  probhuus  to  introduce,  as  a 
niathematical  device,  representations  of  electron  fields  as  products  of  otluu’  “slavt’” 
fields.  One  might,  for  example,  rcpre.seiit  the  electron  as  a  product  of  a  neutral 
fermion  “siiinon”  field  and  a  chargerl  lioson  “liolon”  fiisld.  As  long  as  there  is  a 
constraint  in  place,  forbidding  the  separate  propagation  of  ipianta  of  t.hesi!  fields, 
this  is  just  a  mathematical  device.  One  is  then  in  a  confined  phiis(\  analogous  to  the 
confined  jihase  for  quarks  in  QCD.  What  we  have  done  her<‘  is  introduce  a  particular 
exotic  kind  of  slave  field,  with  fractional  charge  and  statistic.s.  As  long  a.s  its  quanta 
are  kept  confined-  -as  might  be  implemented  by  a  Zj  gauge  fifdd  coupling  doing 
thi.s  is  just  a  mathematical  device.  A.s  long  as  wc  consider  only  scales  much  larg(n' 
than  the  confinement  scale,  wc  will  not  have  elnuiged  the  physical  content  of  the 
theory.  The  procedure  will  be  useful  if  added  flexibility  iutrodiieed  by  the  slave 
variables  allow.s  us  to  rcpr(’.sent  excitations  or  correlations  that  are  awkward  to 
di^seribe  (i.e.  non  local)  in  terms  of  the  original  variables. 

S.S.  iQHE  as  a  Modified  Meissner  Effect:  Liberating  the  Slaves 

We  introduced  the  slave  fii'ld  il>  with  two  purposes  in  mind;  tlii'  straightfor¬ 
ward  on.e,  that  after  all  there  ai<  qua-siparticle  states  with  exotic  quautiim  numbers 
in  the  iQHE,  so  we  should  have  fields  to  create  them;  and  the  d<;eper  one,  that  we 
would  like  to  have  a  condensation,  or  vacuum  expectation  -value,  of  charge  e/3  fields, 
so  as  to  understand  the  subharnionic  flux  ]iei-iodicity  in  the  Langhlin  argument. 
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Can  r/f  condense?  At  first  hearing  the  idea  might  sound  mad.  After  all  \j>  is 
a  charged  field,  and  the  essence  of  the  Meissner  eifect  is  that  charged  fields  cannot 
condense  in  the  presence  of  a  background  magnetic  field.  They  are,  in  the  jargon, 
frustrated.  Since  the  iQHE  necessarily  takes  place  in  a  large  background  magnetic 
field,  the  proposed  condensation  sounds  to  be  grossly  anti-Mcissner. 

On  deeper  consideration,  however,  one  discovers  within  this  seeming  difficulty 
the  central  point  of  this  circle  of  ideas.  Let  us  recall  how  one  understands  the 
Meissner  effect,  in  the  language  of  condensation.  In  the  free  energy  associated  with 
a  charged  condensing  field  r)  one  has  a  gradient  term 

(12) 

involving  the  gauge  covariant  derivative.  Now  a  constant  magnetic  field  introduces 
a  vector  potential  A  which  grows  with  the  distance,  and  whose  effect,  since  it  is 
solenoidal,  cannot  be  cancelled  by  the  ordinary  derivative  term,  which  is  longitudi¬ 
nal.  Thus  to  maintain  a  non-zero  expectation  value  for  the  magnitude  of  r\  costs  a 
free  energy  density  which  grows  with  the  distance,  an<l  this  can  never  be  favorable. 

Now  in  the  .inologoUH  considcuations  for  our  exotic  slave  field  t/,  we  must 
Include  not  only  the  electromagnetic  gauge  field  but  also  the  Chern-Simons  field  a. 
And  then  we  realize,  that  there  is  a  possibility  for  A  and  a  to  cancel,  thus  allowing 
for  the  possiljility  of  a  uniform  condcnsii,tc.  This  will  occur  when  the  part  of  jA  -ha 
that  grows  with  the  distance  cancels.  Tnnt,  iu  turn,  requires  that  the  average  flux 
density  associated  with  this  combination  of  fields  vanishes,  lii  view  of  Eq.  (10),  this 
occurs  when  one  has  the  relation 

-B  =  b  —p  =  irpe  ,  (13) 

o  n 

wheri^  in  the  third  equality  we  have  taken  into  account  the  n  =  3  demanded  by  quiui- 
tutn  statistics,  and  that  the  quusiparticlc  density  is  three  times  the  electron  density. 
Thus  the  cancellation  takes  place  precisely  at  filling  fraction  v  =  1/3.  Whcrca-s 
the  ordinaiy  Meissner  (dfect  for  a  superconductor  tends  to  exclude  magnetic  field, 
the  modified  MoisHiier  effect  taking  into  account  the  statistical  transmutation,  ex¬ 
cludes  deviations  of  the  magnetic  field  from  a  fixed  multiple  of  the  density  (and, 
of  course,  virx  versa].  Deviations  from  zei'o  field  iu  the  superconductor,  or  from 
the  desirable  density  iu  the  iQHE,  are  accommodated  most  clieajily  by  allowing 
inhomogencities — vortices  in  the  first  case,  quasiparticles  in  the  second.  In  fact  the 
quasiparticlcs  arc  vortices  too — but  in  the  Cheni-Siiuons  field,  not  the  electromag 
netic  field.  Only  by  allowing  such  inhomogeiw-ities  can  oui;  preserve  condensation 
in  bulk,  which  requires  the  integrated  form  of  Eq.  (13).  That  is  the  essence  of  the 
modified  Meissner  effect. 

Another  feature  of  the  situation  is  that  the  condensation  of  0  into  a  Higgs 
phase  entails,  as  a  consistency  requirement,  deconfinement  of  its  quanta.  One  c&ii- 
not,  after  all,  confine  vacuum  quantum  numbers!  Thus  the  two  purpose.s  which 
motivated  us  to  introduce  the  confined  slaves,  namely  on  the  one  hand  to  have 
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fields  which  described  the  exotic  quasiparticles  once  they  arc  liberated,  and  on  the 
other  haiul  to  have  fields  capable  of  condensation,  are  intimately  related  in  their 
realization. 

2.4.  Past  and  Puture 

Well  that  concludes  the  main  story  I  wanted  to  tell  you  today,  and  I  think 
it  is  a  very  nice  story  as  far  as  it  goes.  I  hope  I  have  conveyed  how  the  concepts 
of  fractional  charge  and  statistics,  the  Chern-Simons  construction  of  the  latter, 
and  the  modified  Meissner  effect  ineluctably  come  together  in  a  coherent  account 
encompassing  both  the  iQHE  and  ordinary  superconductivity.  It  does  justice,  I 
believe,  to  the  ‘paradoxical’  nature  of  gauge  symmetry  in  the  fractii.'nal  quantum 
Hall  states  that  one  encounters  upon  taking  the  Laughlin  quantization  argument 
seriously,  as  we  discussed  above. 

This  story  ha.s  both  a  history  and,  I  hope,  a  future.  I’d  like  briefly  to  comment 
very  briefly  on  these,  although  you  should  be  warned  that  in  neither  cjisc  do  I  speak 
with  authority. 

Girvin'*  stressed  the  aindogies  between  .superconductivity  and  the  iQHE  very 
early  on,  made  pioneering  attempts  to  construct  a  consistent,  unfrustrated  order  pa¬ 
rameter,  and  recognized  the  importance  of  the  statistical  gauge  field  in  this  regard. 
Girvin  and  MacDonald'^  made  lui  important  connection  to  the  microscopic  theory. 
The  early  ideas  were  refined  and  extended  in  important  ways  by  Zhang,  Kivcl.son, 
and  Hansson,’^  and  by  Read.’’^  There  is  an  interesting  discussion  of  this  body  of 
work  in  Stone’s  book.'* 

In  previous  work,  iis  fai'  as  I  know,  integrally  charged  condensates  have  ho<;n 
emphasized.  For  example  in  the  approach  of*®  one  couples  the  statistical  gaugi^  field 
to  the  electron  field  to  make  it  a  “.super-fermion” — though  created  by  a  bosonic 
field^.  This  cun  be  done  with  a  Chern-Simons  coupling  n  =  5.  With  this  value  the 
modified  Mids.sner  argumtuit  givcis  the  same  relation  between  real  magnetic  field  and 
electron  density  as  was  discussed  above. 

In  this  talk  I  liave  discussed  how  one  is  naturally  led  to  the  fractional  chinge 
condensate.  Of  course  the  exi8tenc<'  of  such  a  condensate  does  not  contradict  the 
existence  of  an  electron  condensate,  but  postnlates  additional  structure.  I  think 
there  ore  significant  advantages  to  this  point  of  view.  I'or  example  the  qucuitiza- 
tion  of  n  in  integers  is  required,  for  consistency,  when  one  considers  carefully  the 
quantization  of  the  Chern-Simons  theory  on  topologically  iu>u-trivial  surfacc^s.  The 
appearance  of  integers  multiplying  the  Chern-Siiiunis  term,  and  more  g<a)erally  (for 

^Thc  notion  of  “Nuiicr-fcrmions,”  that  is  of  particles  for  wliich  the  wave  function  not  only  clianges 
sign — that  is,  accumulates  phase  tt  -but  accumulates  phase  3w,  say,  may  appear  incoherent  at  first 
sight.  After  nil,  there  is  no  denying  that  r”  ~  However,  it  does  have  a  concrete  meaning 
aperaiitif  smonj  stales  tuilAin  lAe  lowest  Landau  level.  For  in  that  context  the  relative  angular 
iiiomcntum  must  be  positive,  and  the  effect  of  boosting  the  angular  momentum  by  two  units  is  to 
change  the  spectrum  of  allowed  values,  so  that  the  anguliu  niomcntum  has  to  be  at  least  three. 
Without  the  positivity  restriction  on  angular  momenta  that  operates  in  the  lowest  Landau  level  the 
allowed  spectrum  would  not  he  altered,  and  the  notion  of  “super-fermion”  would  be  (juitc  dubious. 
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iQHE  states  at  liighcr  levels  in  the  hierarchy)  matrices  of  integers  descrihing  seversd 
I'onpled  Cherii-Siinona  theories,  plays  a  crucial  role  in  Wen’s  theory  of  edge  states.'* 
Thus  both  for  un<icr.standlng  the  accuracy  of  the  (piantization  in  the  FQHE  in  a 
fundamental  way,  and  for  connecting  ideas  about  the  bulk  state  to  th<r  successful 
theory  of  edge  states,  it  is  important  to  iiave  inttigevs. 

Having  identified  something  like  iui  order  parameter,  one  might  like  to  con¬ 
tinue  the  analogy  with  superconductivity  by  considering  inhomogeneoiis  situations, 
response  to  external  fields,  and  so  forth,  by  solving  classical  equations  using  an  efh^c- 
tive  Lagrangian,  in  the  style  of  Liuidau  and  Ginzburg.  In  attiunpting  this,  howtwer, 
one  must  recognize  that  the  fields  involved  in  such  an  <^ffectivt!  Lagrangian  cannot 
he  regarded  as  nonaal  local  2-(-l  dimensional  fields,  because  they  should  oidy  create 
ami  destroy  quanta  in  the  lowest  Landau  level  (which  makes  them  effis  tively  1-f  1 
dini('nsional). 

As  a  concrete  example,  om^  would  like  to  use  an  elFeclive  Lagrangian  to  de 
scribe  the  motion  of  qtiasiiiartich^s  in  response  to  slowly  varying  external  cdcctric 
iuid  magnetic  fields,  or  their  scattering  at  small  momenta.  Indeed  tln'se  most  ba¬ 
sic  proce.sse.s  involving  (pnisiparticlos  are  pcndiaps  the  nn)st  fundamental  observable 
proccs.ses  governed  by  their  exotic  charge  and  statistics,  so  one  would  like  to  have 
im  explicit  description  of  them.  Even  in  the  simplest  ease  of  the  integer  (piiintized 
Hall  effect,  wh<u'(!  the  (puuiiparticles  are  the  electrons  themselves,  it  would  se(un  that 
a  more  direct  apj)roach  t<.)  calculating  chmgtxl  piudicle  drifts  in  the  lowi;st  Landau 
hwel  is  appropriate,  and  this  has  quite  a  different  (favor  from  .solving  simple  classical 
field  equations.  This  subject  needs  more  work."' 

2.5.  Coda:  Qui;.itiou  of  Siaii.ttics  in  Spin- Charge  Separation 

There  are  several  indications  that  the  i.\onnal  state  of  tlii^  Cut)  high  teinjXT- 
ature  Hupercouduet<)i'!i,  for  th<?  dopings  at  which  they  exhibit  HtqxTconduetivity,  is 
an  aiioiiialous  metal.  Perhaps  the  most  striking  anomaly  is  the  linear  dejieiKhmco  of 
resistivity  on  temperature,  down  to  (piite  low  temperat tin's.  This  is  dilfi-rrut  from 
what  is  expts'.ted  for  a  I'Vniii  litiuid,  ttveii  after  idlowing  for  variou.s  po.ssibh^  c.inpli- 
cations.'^'"'  On  the  other  hiuid  there  definitely  are  indications  that  a  Fermi  surface 
(txists,  at  hsist  iii  the  sen.se  that  thtue  is  a  significant  singularity  in  Iht^  density  of 
stiili^H  (imaginary  ptirt  of  the  ehu-tron  Grts-n  fuuethni)  at  a  surface  in  luonKUituin 
spacaa  IIow(wer,  tint  size  of  the  Fermi  surfaett  appears  in  some  classes  of  experiimaits, 
particularly  pliotocmission,  to  be  roughly  uiu'inal;  whereas  Hall  eHecl  niea.surem<aits, 
if  interpreted  its  reflecting  Fermi  .surface  parameters,  give  a  very  difrereut  pieture. 
Although  these  experiments  are  not  I'lilirely  straightforward  to  inb  i  pret  (because 
the  Fermi  liipiid  tlaHuy  faihs  ti»  describe  their  temptuature  ilepeudenci'  correctly, 
the  foundations  of  the  analysis  aii;  ins(!cuie),  on  the  face  of  it  they  .seem  to  indicate 
a  small  Finnii  surface;  for  small  doping,  with  positive  (hole  like)  eurriiss.  Thus  they 
seem  to  ndieet  not  the  entice  electron  density,  but  rather  its  deviation  from  half 
filling. 

Motivated  by  thes<’  and  other  experimeiilul  results,  which  aiipear  to  reipiire 
a  2  coin])onent  model,  and  by  i^xperieiice  with  H  I  diuKaisioiial  models,  Anderson 
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and  others  have  pi  optjsed  that  the  anoinaloua  state  is  characterised  by  xpin-charge. 
separation,  that  is  the  exiatence  of  separate  spin  and  charge  degrees  of  freedom 
spinona  and  iiolons.  Electrons  are  supposed  to  decompose  into  these  more  biusic 
objects.  This  is  known  to  liappcn  in  1-f  1  dimensions,  even  for  very  weak  cou])ling.’** 
In  2+1  dimensions  the  situation  is  much  less  clear.  The  infrared  singularities  that 
<lrive  1  +  1  dimensional  metals,  even  for  small  coupling,  to  qualitatively  different 
behaviors  are  substantially  weaker  in  2-lT  dimensions. 

Nevertheless  one  is  motivated  by  the  phenomenology,  by  the  14  1  dimen¬ 
sional  models,  ami  by  the  “existence  proof”  provided  by  the  foregoing  analysis  of 
the  iQHE,  to  consider  the  possibility  that  in  the  CuO  materials  the  transition  to 
the  normal  state  involves  a  liberation  of  exotic  slav<‘s.  If  therti  are  states  of  mat 
ter  in  2+1  dimensions  wherein  electrons  do  separate  into  siiinons  and  holons,  the 
question  arises  what  is  the  statistics  of  these  particles.  The  most  obvious  assign¬ 
ment  is  boson  statistics  for  one,  fermion  statistics  for  the  other.®’  On  closer  exam 
illation  however  this  assignmeiit  appears  to  lead  to  severe  difficulties. The  Hose 
condensation  temiierature  tends  to  be  very  high,  and  if  it  occurred  it  would  lead  to 
striking  eifec.ts,  none  of  which  are  observed.  My  colleagues  and  1  suggest  instead^' 
to  consider  the  im.ssibility  that  both  species  are  half-fermions.  This  avoids  the  Bo.se 
condensation  prolileiii.  Recent  work  on  gauge  thi'ories'’^  iusiiired  by  the  Halperin 
Lee-Read’’’  theory  of  the  compressible  Hall  states  near  r*  =  1/2  suggests  luinther 
advantage  of  assigning  fractional  statistics  to  the  spinous  and  holons,  namely  that 
they  lead  to  a  pattern  of  anomalous  behaviors  at  least  qualitatively  suggestive  of 
CuO  phenomenology.  There  is  a  uoininid  Fermi  surface,  but  as  one  approaches  the 
Fermi  momentum  there  is  a  severe  renormalization  of  the  effective  mass,  so  that  the 
singularities  and  temperature  dependences  are  not  of  the  form  predicted  by  Fermi 
liquid  tlu'ory. 

A  detailed  account  of  this  work  will  be  ajqiearing  shortly.  I  wanted  to  mention 
it  h<ire  as  it  is  so  clo.sely  allied  to  the  ideas  discu.s.sed  in  the  body  of  the  talk,  and 
perhaps  gains  some  credibility  from  the  lussociation. 
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Abstract* 

Evidence  ia  presented  for  the  existence  of  persistent  currents  in 
normal  metals.  It  is  shown  that  even  in  the  mesoscopic  domain,  quantum 
effects  may  be  very  important.  Investigations  of  the  magnetic  properties  of 
metals  in  this  domain  have  shown  Ahavonov-Bohm  eifccts  that  suggest  that 
persistence  currents  should  exist  in  normal  metals.  It  is  shown  that 
experiniontal  verific/^tion  of  the  existence  or  non-existence  of  these  currents  is 
very  difficult  and  not  resolved  at  this  time. 


When  you're  in  the  laboratory  trying  to  measure  a  quantum  effect, 
you  are  often  faced  with  many  problems  that  theory  may  not  have 
addresBcd.  One  interesting  property  is  the  possibility  of  persistent  currents 
in  normal  metals.  Since  the  technology  is  extremely  advanced,  no  one  can 
do  these  experiments  without  help  from  a  large  number  of  people.  I  wish  to 
thank  all  those  who  have  contributed  to  the  efforts  that  made  the  results 
discussed  hero  possible. 

Theorists  must  understand  that  experimentalists  can  be  very  helpful. 
Just  tell  the  experimentalists,  in  a  way  that  wc  can  understand,  what  it  is 
you'd  like  to  know.  For  example,  consider  a  condensed  matter  system  of 
some  really  macroscopic  size  and  ask  how  to  calculate  vhe  magnetism  and 
the  transport  properties.  We  all  know  from  classical  physics  how  to  do  that. 
Then  take  the  thermodynamic  limit,  do  ensemble  averaging  over  all 
possible  scattering  sites  because,  there  arc  many  of  them  there,  and 
calculate  an  average  magnetization  or  susceptibility  or  electrical  resistivity 
for  that  material.  But  you  know  if  you  were  to  examine  some  small  sub¬ 
section  of  that  sample,  say  a  cube  of  atoms  three  on  a  side,  twenty-seven 
atoms  total,  and  ask  what  the  magnetization  or  the  transport  properties  are 
of  that,  your  classical  approach  should  break  down  simply  because  the 
electron's  a  wave,  not  a  billiard  ball.  You'  would  have  to  invoke  quantum 
mechanics.  Now  most  experiments,  until  recently,  could  not  get  down  to 
that  kind  of  size  scalt*. 

The  main  discovery  about  six  or  seven  years  ago  is  that  you  don't  have 
to  go  to  the  very  small  scale  to  sec  the  quantum  effects.  There  is  another 
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intermediate  range,  called  the  mesoecopic  range  by  some,  where  the  long 
range  space  coherence  and  the  wave  function  provides  you  with  ample 
quantum  mechanical  sensitivity  to  study.  There  is  a  correlated  behavior 
over  a  length  scale  associated  with  the  ystem.  This  range,  called  the  space 
coherence  length,  is  the  distance  an  lectron  can  move  in  a  condensed 
matter  system  without  losing  the  phase  of  its  wave  function.  That  distance, 
surprisingly,  can  be  as  long  as  twenty  microns  At  IBM  we  arc  producing 
circuits  of  the  future  that  are  at  the  tenth  micron  level.  They're  going  to  be 
in  your  computers  someday  soon,  So  we're  talking  about  systems  that  show 
extreme  quantum  effects,  when  cooled  to  low  enough  temperature,  that  are 
hundreds  of  times  larger  than  the  micro-circuits  that  we're  building  today, 
This  is  very  exciting.  Yet,  they  contain  billions  and  billions  of  electrons,  so 
we're  really  not  dealing  with  microscopic  systems. 

Three  years  ago  I  reported  on  the  state  of  research  at  that  time.  What 
was  reported  then  is  now  an  old  story.  At  that  time  we  used  the  then 
current  state-of-the-art  lithography  to  build  a  metallic  system.  We  made  a 
lithographic  ring  of  gold  about  1.86  microns  in  diameter,  and  did  a  four- 
terminal  electrical  resistance  measurement.  This  ring  was  gold  evaporated 
out  of  a  relatively  crummy,  non-state  of  the  art  evaporator,  using  state  of 
ark  lithography  at  that  time. 

When  that  system  was  cooled  to  low  temperatures  the  behavior 
surprised  many  people  in  the  community.  What  was  discovered  was  that 
the  electrical  resistance  that  you  measure  as  a  function  of  the  magnetic  field 
oscillated  periodically  as  the  field  was  varied  over  0.1  to  0.2  Tesla,  That  was 
a  clear  manifestation  in  some  minds  of  an  Aharonov-Bohm  effect,  and 
indeed  that  seems  to  be  the  most  reasonable  explanation. 

There  is  another  surprising  feature  that  shows  up  if  we  use  a  half 
ring.  If  you  look  on  a  larger  magnetic  field  scale,  there  additional 
fluctuations.  The  oscillations  previously  discussed  occurred  as  the  field  was 
changed  over  a  fraction  of  a  Tesla.  The  new  oscillations  in  the  electrical 
resistance  become  apparent  in  the  range  of  0  to  8  T.  Thc.se  oscillations  arc 
weak  and  just  visible  on  top  of  the  previous  oscillations  if  we  use  a  complete 
ring.  If  we  break  the  ring  and  only  study  one-half,  we  only  see  the  new 
fluctuation  effects. 

Standard  solid  state  physics  textbooks  say  the  electrical  resistance  of 
a  piece  of  gold  as  the  function  of  magnetic  field  is  a  smooth  curve.  That  is 
what  you  should  be  teaching  your  graduate  students.  For  years  people 
thought  these  oscillations  was  a  junk  effect;  however,  when  the  theorist  and 
experimentalist  finally  learned  to  talk  to  each  other,  what  we  finally 
understood  was  this  also  an  Aharonov-Bohm  effect.  Vlfe  can  see  that  this  is 
an  Aharonov-Bohm  effect  by  asking  what  would  happen  in  a  disordered 
system. 
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There  are  an  infinite  number  of  paths  that  the  electron  might  take, 
but  if  we  look  at  the  intersection  of  any  two  paths  that  form  a  closed  loop, 
and  apply  a  magnetic  field,  the  local  probability  of  finding  the  electron  at 
the  intersection  is  a  fluctuating  function  of  magnetic  field.  This  is  caused  by 
the  interference  phenomena  associated  with  flux  through  that  path. 
Obviously  there  are  paths  enclosing  a  wide  variety  of  areas  going  from  very 
small  to  essentially  the  sample  siie.  So  what  you  see  is  what  many  theorists 
have  called  an  electron  inferrogram.  The  conductance  as  a  function  of 
magnetic  field  fluctuates  periodically.  It's  very  reproducible,  you  can  make 
measurements  a  month  later  and  get  the  same  pattern. 

If  you  make  another  identical  sample,  you'll  have  a  completely 
different  pattern.  The  only  universal  thing  is  the  amplitude.  The  amplitude 
is  on  the  order  of  the  electric  field  squared  over  the  magnetic  filed.  In  these 
experiments,  the  sample  size  has  to  be  of  the  order  or  smaller  than  this 
characteristic  phase  coherence.  The  nice  thing  about  these  universal 
conductance  fluctuations  is  we  can  measure  the  phase  coherence  length 
relatively  accurately.  Using  a  bit  of  theory,  take  an  auto  correlation 
function,  then  the  half  width  at  half-maximum  is  a  measure  of  the  phase 
coherence  length.  For  a  typical  sample  it  is  about  1.3  microns. 

This  is  still  an  old  story.  We've  been  changing  our  experiments  and 
asking  new  questions.  What  about  the  magnetic  properties  of  the  small 
system?  I've  always  had  a  very  small  problem,  which  is  that  in  our 
textbooks  we  teach  that  the  magnetism  of  metallic  systems  is  a  combination 
of  polyparamagnetism,  which  describes  the  coupling  of  electron  spin  to  the 
applied  magnetic  field,  and  Landau  diamagnetism,  which  describes  the 
coupling  of  the  orbital  motion  to  a  magnetic  field.  In  this  regime  all  the 
electrons  are  phase  coherent,  also  what  does  the  Landau  diamagnetism  do 
as  a  function  of  field  in  a  phase  coherent  regime?  Is  it  a  number,  or  is  it  a 
fluctuating  quantity  that  might  have  some  Aharonov-Bohm  effect?  That's  a 
question  which  wc  spent  quite  a  lot  of  time  trying  to  answer.  A  slightly 
different  version  of  that  is  if  you  build  a  ring,  then  you're  supposed  to  get 
persistent  currents. 

The  basic  idea  is  that  there  will  be  a  current  started  as  you  put  on  a 
gauge  flux  to  the  center  of  a  metallic  ring.  The  characteristic  current 
circulating  around  that  ring  will  be  an  oscillatory  function  of  magnetic  field, 
or  flux  threading  the  ring.  The  period  of  oscillation  will  be  Planck’s  constant 
divided  by  the  electric  charge  Ws. 

The  theory  is  simple.  Write  the  Hamiltonian  for  that  system  and 
consider  the  energy  of  each  electron  in  each  level  to  calculate  the  current 
carried  by  each  of  those  states.  This  is  just  the  derivative  of  the  energy  with 
respect  to  the  flux.  The  magnitude  of  the  current  is  the  electric  charge  times 
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the  velocity  in  that  state  divided  by  the  path.  In  an  ordinary  condensed 
matter  system,  the  electrons  occupy  difTerent  levels.  So  if  we  have  10^2  or 
10^^  the  electrons,  as  we  add  them,  are  going  to  go  into  different 
Eigenstates.  The  very  last  electron  added  goes  into  the  Fermi  energy. 

In  a  closed  system  of  an  annulus,  all  of  the  extensive  properties  are 
going  to  be  highly  periodic  in  the  gauge  flux.  In  particular,  the  energy  levels 
are  going  to  show  a  2jc  periodicity  for  each  flux  level,  the  energy  of  the  first 
electron  will  be  an  oscillatory  function  as  will  the  energy  of  the  next 
electron.  In  principle,  the  total  energy  oscillates  periodically  in  flux,  but  this 
oscillation  changes  slope  for  each  electron  that  you  add.  To  first  order,  each 
new  electron  cancels  the  previous  electron  so  as  you  work  your  way  up  this 
ladder,  almost  every  contribution  to  the  current  is  canceled  by  the  one  below 
it  until  you  get  to  the  Fermi  energy, 

In  principle  the  persistent  cuiTent  you  will  get  in  this  one-dimensional 
system  is  only  eVf/t  with  eVf  being  the  Fermi  velocity  corresponding  to  the 
last  electron  you  added,  and  therefore,  its  sign,,  and  i  is  the  coherence 
length.  The  response  in  a  magnetic  field  can  either  be  positive  or  negative. 
It  only  depends  upon  whether  there  is  an  odd  number  of  electrons  or  an 
even  number  of  electrons  in  your  sample. 

This  is  an  Aharonov-Bohm  effect.  To  this  audience,  that's  probably  not 
surprising,  but  most  audiences  believe  that  this  is  just  Landau 
diamagnetism.  What  docs  this  have  to  do  with  the  Aharonov-Bohm  effect? 
The  Aharonov-Bohm  effect  is  in  the  transport  measurement.  You  send  an 
electron  in  at  some  energy,  it  has  two  ways  to  get  around  the  system,  a 
displacement  advances  the  phase  along  one  path  differently  than  along 
another  path.  When  you  re- combine  the  waves,  you  can  get  a  phase 
difference,  which  gives  you  pattern  of  constructive  and  destructive  energy. 

You  can  analyze  it  another  way.  Break  a  ring  into  two  parts.  In  part  1, 
the  electron  takes  path,  we  denote  by  (1).  Along  this  path  the  phase  change 
is  (pi  =  ll  A«dl.  Along  the  other  part  we  indicate  the  path  by  (2)  and  the 
phase  change  is  (p2  =  *2  A«dl.  To  get  the  phase  difference,  subtract  those 
two  phases.  One  of  the  paths  is  oppositely  directed,  so  we  must  add  the 
phases. 

To  show  there  is  a  persistent  current,  draw  an  imaginary  dividing 
line.  Start  an  electron  at  that  line  and  say  it's  going  to  go  all  the  way 
around  the  ring,  but  divide  it  up  into  two  separate  paths,  and  then  if  you 
sum  that  up  in  terms  of  an  Aharonov-Bohm  effect,  you’ll  see  that  the  total 
change  in  phase  is  (pi  +  vp2.  Take  a  piece  of  gold  that  can  be  broken  open  and 
measure  its  electrical  resistance.  Now  put  it  in  a  loop  and  it  carries  a 
persistent  current.  A  persistent  current  to  the  age  of  the  universe,  not  for  a 
nano  -second  or  a  pico-second. 
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In  the  real  world,  one-dimensional  rings  cannot  be  built,  at  1.  ast  not 
that  have  low  disorder.  We  really  have  a  multi-dimensional  systeni  where 
the  line  is  300-1,000  Angstroms  thick.  That  is,  lines  are  many  electrons 
thick  and  many  electrons  wide.  You  might  expect  that  there  would  be  a 
multi-channel  effect  that  would  enhance  the  current.  In  the  systems  we 
lave  built,  the  electron  scatters  many  times  as  it  goes  around  the  ring.  It 
may  scatter  hundreds  and  hundreds  of  time  before  making  one  complete 
revolution.  In  that  case  the  transit  time  for  an  electron  to  move  around  is 
basically  a  diffusive  time  as  opposed  to  a  ballistic  time.  The  current  is,  in 
principle,  thought  to  actually  decrease  because  of  the  slow  transit;  whereas, 
in  the  ballistic  case,  if  it  doesn't  scatter  at  all,  the  total  current  should  be 
enhanced  by  the  number  of  independent  channels  that  you're  carrying.  So, 
in  a  real  system  you  might  expect  some  very  large  cuirents. 

Experimentalists  have  learned  many  things  in  the  last  twelve  years  in 
condensed  matter  physics  about  the  space  coherence  lengths.  What  should 
be  obvious,  but  may  not  be  to  some,  is  that  the  ch;  racteristic  distance  which 
the  electron  moves  without  losing  the  phase  information  in  its  wa/e 
function  can  be  shorted  ^  the  electron-phonon  interaction,  the  electron- 
electron  interactions,  ai  j  interaction  of  the  electron  with  any  magnetic 
impurities.  Another  criteria  which  all  experimentalists  have  to  be  aware  of 
is  that  there  is  a  broadening  of  the  energy  of  the  wave  packet  due  to  a 
thermal  diffusion  process.  We  call  this  a  dephasing  length.  This  dephasing 
is  due  to  a  finite  temperature  effect.  So  you  have  to  have  this  characteristic 
dephasing  length  along  the  perimeter  of  your  ring.  All  this  translates  into 
typical  ring  sizes  that  are  going  to  be  on  the  order  of  1  —  10  microns,  and 
temperatures  which  must  be  milli-Kelvin. 

We  need  to  use  a  state  of  the  art,  or  very  close  to  state  of  the  art, 
SQUID  detection  system.  SQUIDs  are  just  very  sensitive  detectors  of 
magnetic  field.  They  consist  of  a  superconducting  circuit  which  surrounds 
the  ring  under  study.  We  apply  an  external  magnetic  flux,  and  if  there's  a 
signal,  the  signal  will  be  coupled  directly  into  the  SQUID.  Skipping  the 
engineering  details,  you  mak;',  this  circuit  such  that  it’s  a  gradiometer 
where  you  wind  two  identical  caii.-.  but  in  opposition  to  each  other.  Then  if 
you  apply  a  unifona  field,  vitbnut  a  sample  in  your  SQUID  coils,  you’ll  get 
no  signal  coupled  ii;  your  SQUID.  Now  the  kind  of  sensitivity  that  I'll  be 
talldng  about  today,  refers  to  the  input  terminals  of  the  DC  SQUID.  We  are 
able  to  resolve  changes  in  flux  to  a  part  in  10^  -  10®,  of  a  superconducting 
flux  quantum.  Onc-tenth  to  one-hundredth  of  a  micro-flux  quantum  at  low 
temperatures,  with  good  signal  averaging,  is  easily  obtainable  with  these 
state  of  the  art  systems.  Using  modem  lithography,  we  can  make  rings 
whose  dimensions  are  on  the  order  of  1-5  pm. 
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If  we  put  a  gold  ring  inside  a  niobium  pick-up  quill  that’s  part  of  a 
SQUID  circuit,  how  big  should  the  persistent  current  be?  Again  we  were 
surprised.  This  is  another  one  of  the  thing  r.  that  should  make  you 
extremely  doubtful  about  the  existence  of  persistent  currant.  If  the 
calculation  is  done  at  temperature  h  0  K  using  all  the  simple  theory  that's 
been  out  there  for  about  five  years,  theory  predicts  a  persistent  current  of 
2.2  X  10~^  A/£  where  £  is  the  coherenc'  length  in  microns.  In  a  one  micron 
perimeter  ring,  the  size  of  the  persistent  current  should  be  ?  x  10“"^  A. 

A  well  equipped  laboratory  can  routinely  measure  10“  ^  5  A  in 
transport  experiments.  This  can  easily  be  done  with  room  temperature 
electronics  and  a  little  signal  averaging.  So  it  would  seem  that  we  can  easily 
measure  the  persistent  current  in  the  ring.  It  is  eight  orders  of  magnitude 
bigger  than  what  I  normally  measure.  It  turns  out  not  be  so  easy  after  all; 
this  is  not  an  easy  experiment.  To  see  this,  calculate  the  coupling  of  that 
ring  to  the  detection  system.  The  mutual  inductance  of  that  ring  is  about  a 
pH.  Now  A  times  a  mutual  inductance  of  1  pH  gives  about  10“  19  Volt- 
sec.  That's  about  10“^  to  10“^  of  a  superconducting  flux.  It's  a  small  signal, 
even  though  the  magnitude  of  the  current  is  large. 

What  we  actually  do  in  the  experiments  is  build  these  fantastic, 
highly  versatile  SQUID  detectors.  We  then  put  many  different  samples,  at 
many  different  locations  in  these  detectors.  For  example,  we  used  a  gold 
ring  that's  about  1.4  by  2.6  microns,  square  as  opposed  to  round.  Cool  these 
samples  to  low  temperatures  and  collect  the  data.  Ideally,  if  there  was  no 
signal  coupled  in,  the  measured  magnetization  as  a  function  of  applied  field 
would  be  a  flat  line  since  the  magnetometer  is  working  in  a  balanced  mode. 
Lithography  v'  not  pjiu’Ct,  so  there  is  some  imbalance  which  can  be 
1',  pvi ’fiionially  iCiaoved  from  the  data.  The  data  we  obtain  is  a  fairly 
st’-aight-looking  pattern,  but  the  second  order  of  correction  looks  like  a 
cubic.  That's  just  the  response  of  the  environment.  I'here  is  no  signal  on  top 
of  that. 

Simultaneously,  while  sweeping  the  DC  field,  we  use  AC  techniques. 
As  those  of  you  who  are  experimentalists  will  know,  you  can  get  much 
better  signal  to  noise  by  using  phase  .sensitive  detection.  What  we  do  is 
apply  an  AC  Field  and  detect  the  AC  response.  We  can  use  this  to  measure 
the  fundamental  response,  or  the  next  harmonic.  Applying  the  AC  field 
gives  the  primary,  the  second  harmonic  and  the  third  harmonic  response. 
That'  is  done  simultaneously  in  this  experiment,  so  we  can  get  three  of 
them  at  one  time. 

Do  a  little  bit  of  signal  averaging  and  background  subtraction  to  get 
the  fundamental  signal.  Subtract  out  a  quadratic  and  what's  left  over  is  the 
reduced  data.  Fourier  transform  that  to  get  a  signal  that  is  exactly  like  yoi 
would  expect;  an  oscillatory  signal  based  on  the  inside  and  outside 
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diameters  of  that  ring.  This  happens  to  be  true  for  all  our  samples.  If  there 
is  an  h/2e  signal,  which  I  call  in  these  experiments  a  higher  order  harmonic, 
it  should  be  down  by  roughly  1/exp  in  these  experiments.  It  is  at  least  that 
low. 


There's  another  bump  in  the  reduced  data  that  everybody  points  to. 
Anybody  familiar  with  digital  signal  processing,  that  is  a  data  on  a  finite 
interval,  knows  that  once  you  subtract  out  a  quadratic  and  a  linear  and  a 
constant,  you  force  the  power  in  the  Fourier  transform  to  go  to  zero  because 
you've  subtracted  it  out.  Then  when  you  ask  your  computer  to  fit  Fourier 
components  to  this,  false  bumps  show  up.  This  is  really  the  tail  of  a  signal 
from  a  very  high  frequency,  most  of  whose  power  we  have  subtracted  out. 
This  is  the  result  of  data  on  a  finite  interval.  It's  instrumental;  it  has 
nothing  to  do  with  physics.  If  I  could  take  field  data  over  a  bigger  field  scale, 
I  would  push  this  intensity  towards  zero. 

If  you  then  take  a  look  at  the  second  harmonic,  by  subtracting  out 
only  the  linear  part,  this  is  the  kind  of  data  you  get.  That  is  about  as  good 
as  one  can  get  for  oscillatory  work.  To  get  a  better  signal,  use  a  bigger  ring, 
but  the  signal  dies  quickly  as  the  temperature  increases  so  there  is  not 
much  to  study. 

To  try  and  prove  there  is  a  persistent  current,  we  first  study  the  ring 
and  collect  our  data.  We  then  warm  the  ring  and  etch  the  gold  out  of  the 
ring.  That  is  we  just  get  rid  of  the  gold,  leaving  everything  else  untouched. 
Re-cool  the  system  and  look  at  the  size  of  the  signal  in  the  region  where  we 
found  the  hie  signal  as  a  function  of  temperature.  So  we  have  the  data  for 
an  empty  magnetometer  and  the  data  for  a  filled  magnetometer.  There  is  a 
difference,  so  it  looks  as  if  the  signal  is  real. 

To  get  a  good  signal  to  noise,  over  a  sweep  from  plus  to  minus  thirty 
gauss,  takes  twelve  to  twenty-four  hours.  The  experiment  can  be  stopped  at 
any  point,  held  and  it  doesn't  decay.  The  signal  is  persistent  in  that  sense. 
We  have  an  oscillatory  magnetization  whose  average  value,  which  I  detect 
over  long  time  scales,  is  unchanging.  This  hasn't  been  done  for  the  age  of 
the  universe,  nor  for  10^  seconds,  but  over  relatively  long  laboratory  time 
scales,  it  is  constant. 

The  theensto  v/ant  to  compare  this  to  the  theoretical  result.  Theory 
would  say  that  if  you  assume  some  simple  exponential  dependence  on  the 
basis  of  the  thermal  diffusion  smearing  the  wave  packet,  it  should  be 
possible  to  account  for  the  new  ballistic  system,  the  diffusive  system  and 
calculate  the  amplitude  of  the  hie  signal. 

The  experiments  at  5  milli- Kelvin  have  a  signal  that's  about  two 
orders  of  magnitude  larger  than  theory.  We're  not  measuring  lO^^A  but  we 
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are  in  the  10~8a  regime.  We  find  that  the  diffusive  correction  is  not  there. 
We  can  also  find  the  sign  of  the  effect;  that  is,  determine  if  the  response  is 
paramagnetic  or  diamagnetic.  A  lot  of  people,  still  believe  that  this  is  a 
diamagnetic  phenomena,  they  would  expect  the  signal  to  be  diamagnetic. 
Theory  says  50%  of  the  sample  should  be  diamagnetic  and  50%  should  be 
paramagnetic  in  the  response  to  near  zero  field.  Our  two  successful 
experiments  so  far  indicate  that  the  effect  is  paramagnetic.  Recently, 
theorists  have  been  working  on  this,  and  believe  this  discrepancy  is  due  to 
an  electron-electron  interaction.  I'm  not  going  to  go  into  that.  However, 
electron-electron  interaction  does  not  seem  to  be  a  likely  explanation  since 
conventional  theory  does  not  allow  any  mechanism  by  which  you  can 
explain  discrepancies  which  are  a  factor  of  100. 

Before  we  had  published  our  work,  Laurent  Levy,  Kerry  Dolan 
Dunsmere,  and  Ellen  Gushiah  published  a  paper  in  which  they  too  were 
interested  in  persistent  currents.  They  had  built  what  I  call  a  hammer  type 
sample,  it's  ten  million  copper  rings.  Each  ring  is  about  0.5  microns  by  0.5 
microns  on  a  side.  There  are  10  million  of  them,  so  if  you  can't  measure  one 
with  one  ring,  maybe  you  can  measure  10  million.  Well,  1  set  you  up  to 
believe  that  if  there's  a  signal  in  this,  it's  going  to  be  in  an  Aharonov-Bohm 
effect,  hJe.  And  that's  what  every  theorist  thought.  But  when  they  published 
their  data,  they  got  a  different  signal. 

Both  the  second  and  the  third  harmonic  response  functions  ought  to 
be  oscillatory  in  the  magnetic  field.  The  phase  relation  here  is  zero,  so  it 
would  just  be  0°  different.  The  second  harmonic  should  be  anti-symmetric 
about  zero,  so  it  should  be  zero  at  zero  field.  The  third  harmonic  and  the 
first  harmonic  should  be  maximum  or  minimum  at  zero  field.  When  they 
anal;,  zed  their  data  and  extrapolated  to  T=  0,  they  obtained  an  unexpected 
result.  The  signal  was  periodic,  not  an  hte,  but  in  ht'Ze.  The  size  of  their 
current  corresponded  to  3.6  x  10~^OA  per  ring. 

Is  that  an  Aharonov-Bohm  effect?  Well,  I  don't  know  the  answer  to 
that.  There's  been  a  lot  of  words  said  that  this  hl2e  effect  is  just  a  higher 
ord'  r  effect.  In  fact.  I've  been  worried  about  some  of  the  interpretations. 
What  we've  been  doing  lately  is  studying  arrays  of  gold  rings,  but  now  we've 
developed  a  better  detection  system.  I  don't  need  10  million,  only  an  array 
of  200.  Using  lithography,  the  experimentalists  can  actually  tailor  the 
aetection  system  oo  that  each  pj.^k-up  quill  fits  around  one  nng.  hlake  the 
pick-up  quills  as  small  as  needed,  or  the  rings  as  big  as  needed,  and  use 
lithography  to  determine  the  optimum  detection  configuration.  The  beauty 
of  our  experiments  is  that  we  simultaneously  can  apply  a  magnetic  field  to 
both  sides  of  the  sample.  The  other  side  doesn't  have  any  rings  in  it,  so  you 
can  get  rather  uniform  fields  over  the  sample.  Then  vary  the  magnetic  field 
continuously.  We  find  a  peak  right  in  the  vicinity  of  /i/2e  and  some 
structure  in  the  vicinity  of  hie.  However,  the  hl2e  dominates. 
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In  going  from  one  ring  to  200,  there  is  a  phenomena  that's  occurring, 
something  is  bigger.  In  our  original  single  ring  experiments,  we  could 
determine  the  /i/2e  effect  was  about  1/exp  down  from  the  hJe  effect.  But,  it's 
only  true  that  on  average.  Every  ring  has  a  different  number  of  electrons,  so 
the  hie  effect  is  only  going  to  grow  like  the  square  root  of  the  number  of 
sample.  If  there's  something  more  correlated,  like  an  hl2e  effect,  the 
correlated  signal  is  going  to  grow  like  the  number  of  samples.  For  200 
samples  you  expect  the  hie  signal  be  about  10  times  larger,  and  hl2e  signal 
to  be  200  times  larger  than  that  for  a  single  ring.  Those  are  the 
experimental  results,  roughly.  We  find  the  hie  signal  is  smaller  than  theory, 
and  the  /i/2e  signal  is  about  what  is  expected. 

Although  Levy's  experiment  was  originally  published  as  in  perfect 
agreement  with  theory,  it's  nov7  generally  recognized  that  signal  that  he 
was  measuring  is  about  one  to  two  orders  of  magnitude  larger  than  they 
should  be  measuring  based  on  the  current  theory.  Our  experiments  also 
give  the  1-2  order  of  magnitude  difference.  So  we  have  two  independent 
experiments  both  giving  something  much  larger  than  they  should. 

Recently  A.  Benoit  and  his  colleagues  at  CNRS-Grenoble  have  been 
studying  the  persistent  current  in  a  single  gallium  arsenide  ring.  This  is  a 
beautiful  experiment  (unpublished  at  the  time  of  this  lecture).  This  is  where 
the  foundations  of  quantum  mechanics  is  going  to  really  learn  something. 
He,  first  of  all,  builds  a  ring  with  four  terminals  out  of  gallium  arsenide  in 
the  ballistic  regime,  so  the  electron  has  no  scattering.  Then  he  can  measure 
tile  hie  oscillations  and  Fourier  transforms  them  to  get  the  power  spectrum. 
The  electrical  resistance  oscillates  periodically  in  both  an  hk  and  about 
1/exp  down,  on  hi'i/z  component. 

This  is  in  the  transport,  no  new  news  here.  But  now  this  is  gallium 
arsenide,  so  he  can  put  gates  on  top  of  it  and  deplete  the  electrons  from  the 
leads,.  He  then  isolates  it.  and  builds  around  the  same  ring  a  DC  SQUID 
system,  and  now  measures  the  magnetization  of  that  isolated  ring.  Using 
the  DC  SQUID  he  finds  a  current  going  around  in  the  isolated  ring.  He  secs 
an  hie  signal.  The  signal  to  noise  is  weak,  but  none  of  these  experiments 
have  good  signal  to  noise.  The  beauty  of  this  experiment  is  that  now  you  can 
couple  the  ring  to  the  outside  world  by  taking  the  voltage  off  the  gates. 
When  that  is  done,  this  signal  goes  away.  I  think  there's  something 
significant  there  for  the  foundations  of  quantum  mechanics  and  the  whole 
idea  of  measurement  theory. 

That's  about  all  I  have  to  say.  1  just  wanted  to  sort  of  summarize  by 
saying  that  the  micro-electricity  industry  is  now  providing  samples  where 
we  can  start  testing  some  of  the  more  fundamental  predictions  of  quantum 
mechanics. 
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Usu  ni  wavolcQgth.s  nihor  than  tho  viHtblo  have  recently  allowed  astronumora  to  study  the 
center  of  our  own  galaxy,  until  now  hidden  by  iiiterslellar  clouds.  I'liu  densities, 
ionization  status,  tcnipcralurcs  and  velocities  of  ga.scs  and  dust  near  the  galactic  center 
tell  us  the  radiant  energy  present  and  that  the  gravitational  held  cotrespoiuls  to  a  black 
hole  of  2-3  million  solar  masses  at  the  center.  More  recent  mcasurcinenUt  of  stellar 
velocities  in  tliu  region  conlitui  tliis  evidence.  However,  precise  identification  of  wliicli 
object  may  currespoad  to  a  massive  black  hole  and  explanation  of  otlicr  phenomena 
observed  in  the  galactic  center  arc  still  inatlers  ofdcbalu. 

Our  galaxy  has  many  masuivu  dark,  clouds  composed  of  common  molecules  and 
dust.  So  many  clouds  lie  Itciweeii  us  and  the  eenter  of  our  galaxy  that  we  obtain  no 
detectable  visible  light  from  the  galactic  center,  and  hence  until  rather  recently 
astronomers  were  not  able  to  study  this  important  region.  During  the  last  few  decades  the 
use  of  radioastronomy,  improving  technology  in  the  infrared  region,  and  the  availability 
of  spacecraft  to  measure  x-rays  and  gamma  rays  have  all  given  us  opportunities  to  detect 
radiation  from  this  region  and  as  a  result  wc  now  know  much  about  it,  even  though  there 
arc  still  puzzles. 

High  resolution  radioastronomy  has  identitied  a  rather  powerful  point  source'  of 
continuum  radiation  rather  close  to  the  dynamic  center  called  Sgr  A*.  In  addition,  there 
is  an  oval  shaped  ring  of  fast  moving  ionized  gas’'  '■  *  corresponding  to  the  projection  of  a 
circular  ring  rotating  at  approximately  constant  velocity  around  Sgr  A*  and  at  a  distance 
of  about  4  y,  light  years.  Outside  the  ring  are  molecular  clouds  of  varying  density  but 
generally  in  the  range  of  10'*  to  10*  molecules  |x:r  cubic  centimeter  Inside  the  ring  theic 
are  blubs  of  ionized  gas  of  similar  density,  also  regions  in  which  almost  no  gas  exists,  and 
at  least  one  sizeable  atomic  gas  cloud.  Analysis  of  the  velocities  of  these  gases  indicates 
th 't  inside  of  the  ring  there  must  be  a  total  of  about  4  y,  million  solar  masses  and  that 
there  must  also  be  a  concentrated  mass  in  the  center  of  a  few  million  solar  musses*. 
Overall,  both  the  ionized  and  the  molecular  clouds  arc  not  in  a  steady  state  configuration 
or  velocity  distribution,  indicating  that  within  the  last  hundred  thousand  years  some  rather 
violent  phenomenon  must  have  taken  place.  This  might  have  been  several  very  large 
supernova  explosions,  though  the  total  magnitude  of  the  disturbance  is  almost  too  large  to 
I  xplain  this  way. 

Recent  high  sensitivity  and  high  resolution  infrared  cameras  have  been  able  to 
detect  a  number  of  hot  stars  in  the  central  region ’,  with  concentrations  especially  high 
within  alxiut  1  light  year  of  the  ladio  point  .source  Sgr  A*.  In  addition,  the  velocities  of 
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cooler  stars  in  this  region  have  been  measured  from  the  spectrum  of  CO  in  their 
atmospheres^.  It  is  found  that  tlicsc  velocities  correspond  rather  well  to  velocities  of  the 
gas  already  mentioned.  However,  the  stars  give  a  somewhat  more  secure  measurement  of 
the  velocity  distribution  and  hence  the  gravitational  field  in  the  region  than  does  the  gas, 
because  there  has  always  Ireen  an  uneasy  feeling  that  some  other  mechanism  might 
possibly  have  accelerated  the  gas,  such  as  varying  magnetic  fields.  In  fact,  however, 
measurement  of  the  magnetic  fields  through  Zeeman  effects*  on  atomic  and  molecular 
transitions  indicate  that  tliu  fields  are  less  than  about  1  milligauss  and  too  small  to  have 
very  much  effect  on  the  dynamics  of  the  gas. 

General  cx|iectations  for  the  source  of  mass  in  the  center  of  the  galaxy  have  been 
that  it  would  be  citlicr  a  dense  collection  of  stars  broadly  similar  to  the  globular  clusters 
which  are  very  familiar  to  astronomers  or  that  there  might  lx:  some  combination  of  stars 
and  a  central  black  hole  due  to  material  continually  falling  into  this  gravitational  well.  If 
the  mass  is  due  to  a  cluster  of  stars  alone,  then  because  of  interstellar  collisions  the  stars 
Would  on  the  average  have  the  same  velocity  independent  of  the  distance  from  the  center 
and  a  density  distribution  proportional  to  1/R^,  where  R  is  the  distance  from  the  center. 
On  the  other  hand,  if  the  gravitational  field  is  produced  by  a  single  point  mass  or  black 
hole,  the  velocities  of  slurs  or  gas  would  be  proportional  to  l/R'^ .  In  fact,  at  distances 
greater  than  about  S  light  years  the  velocities  appear  to  be  dominated  by  stars  and  are 
constant  as  a  function  of  distance  from  the  center.  Inside  of  this  distance,  however,  there 
arc  deviations  from  constancy.  ’I'hc  increased  velocity  with  decreasing  distance  is 
I'larticularly  noticeable  inside  of  a  few  light  years  and  indicates  the  presence  ol  a  very 
concentrated  mass  at  the  center  of  2  or  .1  million  solar  masses,  'flic  only  form  which 
theory  presently  allows  (or  such  a  concentration  is  a  black  hole. 

Although  Hgr  A*  is  a  good  candidate  for  a  black  hole,  nevertheless  neither  it  nor 
any  other  object  near  the  center  is  presently  producing  the  spectacular  phenomena  we 
normally  expect  from  a  black  hole  into  which  much  material  is  lulling.  I.ung  baseline 
radio  interferometry  has  been  able  to  demonstrate  that  Sgr  A*  is  guite  stationary  or 
moving  only  very  slowly,  at  velocities  less  than  about  25  km  per  sec  Other  objects  in 
the  same  region  characteristically  move  at  least  about  200  km  per  see.  Hence,  there  is 
evidence  that  Sgr  A*  must  be  substantially  more  massive  than  other  stars  or  objects  in  the 
same  region.  While  this  source  emits  radio  waves  and  infrared  with  characlci  '.tics 
somewhat  like  those  expected  from  a  black  hole,  the  total  radiation  at  the  moment  is  (|uitc 
weak  compared  with  normal  cx|Kctalions.  Perhaps  material  previously  fulling  into  the 
black  hole  produced  such  a  violent  generation  of  energy  that  materials  have  been  blown 
away  in  the  recent  past,  perhaps  with  the  event  which  must  have  disturbed  the  clouds 
during  the  last  hundred  thousand  years  and  blown  gas  away  from  the  center.  However, 
there  is  presently  some  gas  close  to  the  source  and  wc  must  suppose  that  either  the 
generation  of  energy  is  unusually  low  at  this  particular  moment  or  that  this  blaek  hole  i.s 
behaving  somewhat  differ ciitly  from  our  expectations. 
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Observations  of  x-ray  radiation  from  satellites  enlarge  the  puzzle  of  Sgr  A*.  While 
there  are  some  x-rays  coming  from  the  region  of  the  galactic  center,  they  arc  relatively 
weak.  Furthermore,  because  x-rays  would  be  scattered  by  clouds  surrounding  the  galactic 
center,  one  can  look  for  the  scattering  and  hence  trace  something  of  a  histciy  of  any 
powerful  production  of  x-rays  from  the  center  over  the  last  few  thousand  years.  Some  of 
the  x-rays  would  have  moved  out  into  our  galaxy  a  few  thousand  light  years  and  then 
been  scattered  towards  us.  Evidence  shows  that  Sgr  A*  was  a  relatively  weak  source  of 
x-rays  even  throughout  the  last  few  thousand  years*'*.  In  spite  of  this  lack  of  production 
of  the  high  power  which  is  normally  expected  ol  a  black  hole,  the  gravitational  evidence 
bused  on  vclocitic':  of  gases  and  stars  seems  to  provide  rather  clear  evidence  for  a  high 
concentration  of  mass,  presumably  a  black  hole.  Furthermore,  the  gravitational  field  of  a 
black  hole  is  a  churucterislic  about  which  we  cannot  lx:  mistaken,  whereas  the  generation 
of  energy  from  intall  represents  a  much  more  complicated  theoretical  problem,  which 
faces  us  with  some  uncertainties. 

Characteristics  of  Ihc  ionized  gas  and  warm  dust  radiation  from  the  central  few 
light  years  of  the  Calaxy  indicate  the  presence  ol  intense  ultraviolet  radiation  and  a  total 
luminosity  alxnrt  10^  limes  that  of  the  surt.  I'hcsc  characteristics  rtppcar  to  be  explainable 
by  the  presence  of  a  lew  tens  ol  r  ather  hot  ('!'  «.  .10,<M)()  K)  stars  in  this  region  which  have 
recently  been  detcetod.  Why  these  stars  are  present,  however,  is  a  puzzle.  If  there  was 
star  formation  from  gases  near  the  center,  it  must  have  occurred  within  the  last  lew 
million  years  and  have  lormcd  a  very  unusual  collection  of  stars.  Furthermore,  present 
conditions  in  the  galactic  center  do  trot  sceru  lavoralile  lor  star  formation.  Perhaps 
instead,  these  stars  represent  mergers  ol  several  stars  in  this  region  of  high  stclliir 
densities,  somewhat  as  the  "blue  stragglers"  in  globular  clusiuis  are  thought  to  have  Ixren 
formed.  At  present,  their  lormatioii  and  character  are  pu/z.ling,  a.s  is  also  lire  exact  nature 
ol  the  unique  source,  Sgr  A*. 

I  hc  great  progress  recently  iiiade  iii  observations  of  the  galuelic  center  have  been 
due  to  iiiipoitaiit  technical  and  instrumental  devciopmenis  as  well  as  vigorou;', 
usli'ophysieul  reseaich.  Foiluiiately,  we  can  expect  lurthcr  instrumental  progress  and 
hence  perhaps  a  thorough  undeistandmg  ol  the  very  iiilcrcstiiig  lalxnatory  which  is  our 
galuelic  eeiilei,  uird  the  remarkable  phenomena  oecuning  there 
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BLACK  HOLES,  WORMHOLES,  AND  THE  DISAPPEARANCE  OF  GLOBA! .  CHARGEt 


SIDNEY  COLEMAN 
Dcpai'Uncnt  of  Physics,  Harvard  University 
Cambridge,  MA  02138  USA 


ABSTRACl’ 

One  of  the  paradoxes  associated  witli  the  theory  ol  the  formation  and  subsequent 
Hawking  evaiwration  of  a  black  liolc  is  the  disapixtarance  of  conserved  global  charges.  It 
has  long  been  known  that  metric  tluctuations  at  short  distances  (wormholes)  violate 
global-charge  conservation;  if  global  charges  arc  apparently  conserved  at  ordinary 
energies,  it  is  only  because  wormhole-induced  global-chargc-violating  terms  in  the  low- 
energy  effective  Lagrangian  are  suppressed  by  large  mass  denominators.  However,  such 
suitprcssed  interactions  can  become  imitortant  at  the  high  energy  densities  inside  a 
collapsing  star.  We  analyze  tliis  effect  Ibr  a  .simple  model  of  the  black-hole  singularity. 
(Our  analysis  is  totally  indeixuulcnt  of  any  detailed  theory  of  wormhole  dynamics;  in 
liiirticidar  it  dtxjs  not  dcpctid  on  the  wonnhole  therrry  of  llic  vanishing  of  the  cosinologictil 
constant.)  We  fintl  that  in  general  all  charge  is  extinguished  Itcforc  the  iid’alling  matter 
crosses  the  siiiguhirity,  No  global  charge  ajiitears  in  the  outgoing  Hawking  ratliation 
becuu.se  it  has  uli  gone  down  the  wonidioles. 


^  This  abstract  is  a  report  on  work  done  with  my  giaduate  student  Shane  Hughes,  A 
full  description  of  the  work  is  available  in  I’bys.  Lett.  B309,  246  (1993). 
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THE  CONFLICT  BETWEEN 

QUANTUM  MECHANICS  AND  GENERAL  RELATIVITY 


LEONARD  SUSSKIND 
Department  of  Physics,  Stanford  University, 
Stanford,  California  94305-4060 


It  is  a  great  pleasure  for  me  to  contribute  to  Yakir  Ahantnuv's  festschrift.  Over  the  past 
three  decades  that  we  have  been  close  friends,  1,  tike  so  many  others,  have  found  Yakir's 
profound  insights  truly  inspirational.  The  only  subject  that  I  can  remember  us  di.sagrecing 
about  is  the  quantum  mechanics  of  black  holes.  It  is  a  small  irony  that  I  chorrsc  this  topic 
for  Yakir's  celebration. 

Introduttiun 

It  is  almost  one  hundred  years  since  the  discoveries  of  the  quantum  and  of 
special  relativity.  It  has  taken  most  of  the  twentieth  century  to  synthesize  the.se  into  the 
modern  quantum  theory  of  fields  and  the  st-nd,.'^d  model  of  particle  physics.  By 
contrast  almost  nothing  is  known  about  the  coin  ection  between  quantum  mechanics 
and  the  general  theory  of  relativity.  T'he  relevant  phenomenon  are  tix)  remote  and 
inaccessible  to  experiment  for  us  to  expect  much  guidance  fnmi  that  direction  in  the 
foreseeable  future.  For  this  reason  most  work  on  the  subject  has  been  guided  by  purely 
mathematical  considerations. 

I  believe  that  we  need  more  than  this  to  keep  us  on  the  path  of  phen(»menology 
(what  used  to  be  called  physics)  and  not  wild  speculation,  ami  that  in  the  absence  of 
real  experiment  our  only  hope  is  to  Ukus  on  gedanken  experiments  involving  realistic 
situations  which  may  Itc  beyond  our  technological  capabilities  but  are  otherwise 
pussible.  Perhaps  we  will  uncover  physical  paradoxes  and  pu/.z.les  whose  unraveling 
will  provide  deeper  insight  than  we  now  have.  Ixt  me  Just  remind  you  how  much  was 
learned  from  the  paradoxes  concerning  the  constancy  of  the  speed  of  light,  the 
rmiteness  of  s|x;cilic  heal  of  radiation  and  the  stability  of  the  atom. 

Why  then  black  holes'.^  'I'he  reason  is  a  combination  of  factirrs.  iursi  of  all  black 
holes  are  leal  objects  which  can  be  assembled  from  ordinary  mailer.  To  think  that  black 
holes  can  not  exist  or  have  never  formed  is  far  more  radical  than  to  assuiiie  the 
opposite. 

Seeondiy,  we  know  from  the  work  of  Bekcnsiein  and  Hawking  that  black  holes 
are  catalysts  from  new  phenomena  that  intimately  involve  gravity  and  quantum 
mechanics.  Magnetic  monopoles  also  act  as  catalysts  of,  otherwise,  very  remote 
phenomena,  namely  the  violation  of  baryon  conservation.  In  the  ease  of  black  holes,  we 
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do  not  know  with  certainly  what  the  catalyzed  effects  are  but  there  is  reason  to  believe 
that  they  arc  more  far  reaching  and  profound  than  baryon  violation.  They  may  even 
involve  the  breakdown  of  the  principles  of  quantum  mechanics. 

The  central  problems  I  will  discuss  has  been  with  us  since  Hawking's  remarkable 
observation  that  black  holes  evaporate.  The  main  reason  it  has  stimulated  recent  interest 
is  the  discovery  of  1+1  dimensional  theories  containing  black  holes.  Initially  it  was 
thought  that  these  theories  were  so  simple  that  surely  we  could  completely  analyze 
them  and  discover  the  precise  nature  of  black  hole  evaporation.  This  is  not  what  has 
happened.  The  1+1  dimensional  theories  have  just  reinforced  Hawkins  original 
arguments  leading  to  his  disturbing  conclusion  that  black  holes  seem  to  catalyze  a 
breakdown  of  quantum  mechanics. 


Black  Holes  and  Thermodynamics 

In  1973  Bekcnstcin  raised  the  question  of  whether  the  second  law  of 
thermodynamics  could  be  violated  by  dropping  thennally  excited  matter  into  a  black 
hole  so  that  its  entropy  could  be  caused  to  disappear.  Based  on  Hawking's  obse'vation 
that  the  total  area  of  black  hole  horizons  always  increases,  Bekcnstcin  postulated  that  a 
black  hole  has  an  intrinsic  entropy  proportional  to  its  iuca  measured  in  plank  units.  The 
precise  formula  is 

„  arw 

^  =  4  • 

Since  the  mass  and  area  arc  related  by 

A  =4k  r2  =  Ibrt 

one  has  a  connection  between  entropy  and  energy 

S  =  471  m2 

If  one  also  postulates  the  usual  tlu  i  iiKxlynamic  relation 

dli  =  TdS. 

'Ihen  the  lempenuurc  of  a  black  hole  is 

T-  . 

«n  M 

That  a  black  hole  should  have  entropy  is  not  so  surprising.  Hntropy  is  a  measure 
of  ignorance.  More  exactly  it  is  the  logarithm  of  the  number  of  macroscopically 
indistinguishable  microstates  of  a  system.  Since  from  the  outside  one  can  never  tell 
whai  a  given  black  hole  was  formed  out  of,  it  is  reasonable  that  it  has  an  entropy.  It  was 
inoic  surprising  that  it  has  a  teniijcraturc. 


148 


Hawking  soon  realized  that  the  finite  temperature  should  cause  a  black  hole  to 
radiate  like  a  black  body.  Indeed,  Hawking  was  able  to  show  by  quantum  field  theoretic 
m^ans  that  a  black  hole  radiates  like  a  body  of  ama  ~16k  at  exactly  the  temperature 

- .  Thus  its  luminosity  is  given  by  the  Stephan  Boltzmann  law 

87tM 


dM 

dt 


=  Luminosity  ~  area  x  T*  ~ 


const 

m2 


It  therefore  follows  that  the  black  hole  radiates  away  its  energy  in  a  time  ~M3.  The 
radiated  energy  is  thermal  with  a  gradually  increasing  temperature.  A  solar  mass  black 
hole  would  have  a  temperature  -10'"ev  which  would  make  it  far  cooler  that  the 
ambient  microwave  background.  It  would  therefore  absorb  radiation  and  grow.  A 
million  ton  black  hole  would  have  a  temperature  of  order  10  GEV  and  a  lifetim  10^ 
sec. 


Evaporation  of  the  black  hole  is  not  in  itself  a  problem.  The  paradox  announced 
by  Hawking  concerns  the  fate  of  information  which  falls  into  the  hole.  Let  us  consider 
two  distinct  (orthogonal)  ways  of  producing  a  black  hole  of  a  given  mass.  The  two 
configurations  may  be  a  collapsing  neutron  star,  the  other  an  antineutron  star.  The 
difference  tnighc  be  more  subtle,  consisting  of  only  a  single  neutron  being  replaced  by 
an  antineutron.  In  either  case  the  two  initial  configurations  are  described  by  orthogonal 
vectors.  How  many  distinctly  orthogonal  configurations  can  produce  a  black  hole  of 
mass  M?  Classically  the  answer  is  infinite.  If  however  we  are  to  believe  the  usual 
connection  between  entropy  and  information,  the  result  should  be 

~cxpS  ~  cxpM2. 

On  the  other  hand,  the  no-hair  theorem  'clIs  us  that  the  geometry  outside  the 
horizon  is  unique.  Hawking's  calculation  of  black  hole  radiation  only  depends  on  the 
exterior  and  produces  featureless  thermal  radiation  which  in  no  way  depiends  on  the 
details  of  the  in  falling  matter  which  produced  the  black  hole.  Evidently  this 
infonnudon  is  lost  unless 

1)  The  black  hole  ceases  evaporating  leaving  a  remnant  containing  the  information. 

2)  A  more  complete  computation  of  the  Hawking  radiation  which  includes  the 
quantum  dynamics  of  the  horizon  produces  a  mechanism  for  imprinting  the 
information  on  the  Hawking  radiation. 


An  S  Matrix? 

'tHooft  has  phrased  the  questii  follows:  The  initial  state  consists  of  a  set  of 
ingoing  particles.  The  particles  cou-i  be  composites  such  as  atoms,  planets. 
Encyclopedia  Brittanicas  (for  some  reason  theorists  love  to  throw  encyclopedias  into 
black  holes)  etc.  The  outgoing  stuff  is  also  particles  which  in  some  approximarion  look 
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like  thermal  radiation.  If  ordinary  quantum  mechanics  describes  the  event  of  formation 
and  evaporation  then  it  must  be  described  by  a  unitary  S  matrix. 

Sjin  >  =  1  out  > . 

Since  the  S  matrix  is  unitary  the  initial  state  should  be  reconstructablc  from  the  final 
state 

|out  >  =  S^l  in  >, 
thus  quantum  mechanics  forbids  the  erasing  of  information. 

Let  me  be  a  little  more  precise.  In  general,  quantum  mechanics  will  not  allow  us 
to  reconstruct  an  initial  state  by  doing  a  set  of  experiments  on  the  final  products  of  a 
single  event  I  have  in  mind  an  ensemble  of  events,  all  prepared  in  identical  manner.  In 
some  of  these  events  I  measure  a  complete  commuting  set  of  operators  which  provides 
a  probability  function  in  this  basis.  In  another  subset  of  events,  1  measure  another  set  of 
operators  which  do  not  commute  with  the  first  With  enough  such  measurements  the 
quantum  state  of  the  final  radiation  can  be  obtained.  It  should  be  a  pure  state. 

Now  do  the  whole  procedure  over  with  an  initial  state  which  is  orthogonal  to  the 
first.  The  resulting  final  state  should  be  orthogonal  to  the  first.  The  problem  is  that 
according  to  Hawking's  calculation  the  products  of  evaporation  consist  of  absolutely 
thermal  radiation. 

So  what,  you  say.  Exactly  the  same  thing  happens  when  a  bomb  goes  off.  The 
initial  detailed  features  of  the  bomb  are  erased  but  no  one  thinks  quantum  mechanics  is 
violated.  It  is  instructive  to  consider  this  even  in  more  detail.  Let's  suppose  the 
explosion  takes  place  in  a  cavity  with  perfectly  reflecting  walls  except  for  a  small  hole 
where  radiation  can  leak  out.  The  initial  state  consists  of  empty  cavity  plus  bomb  plus 
encyclopedia.  After  the  explosion  the  cavity  is  filled  with  hot  gas  and  radiation  which 
soon  comes  to  equilibrium.  Radiation  slowly  leaks  out.  Eventr  illy  the  box  is  in  its  zero- 
temperature  ground  state  and  the  thermal  entropy  of  the  outside  world  is  increased  by 
the  outgoing  radian  m. 

I  will  begin  analyzing  this  experiment  by  first  considering  two  kinds  of  entropy 
which  exist  in  quantum  mechanics.  The  first  1  will  call  entropy  ol  entanglement. 
Consider  two  subsystems,  A  and  B.  Ip  our  example,  A  is  the  region  outside  the  cavity 
and  B  is  the  inside  region.  Assume  the  space  of  states  is  a  pioduct  Ha  ®  Hg.  A  wave 
function  is  a  function  of  the  coordinates  of  a  and  those  of  b. 

tl>  (a,b) 

The  density  matrix  of  b  subsystem  is 

Pb  =  X^*(a^b)<r>(ab') 

U 
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and  that  of  the  a  subsystem  is  , 

Pa  =  (a^),<l)(ab) 

The  entanglement  entropy  associate  .vith  a  given  density  matrix  is 

Se  =  -Tr  p  log  p 

Thus,  in  general,  the  subsystems  A  and  B  have  entropy  due  to  entanglement. 
Furthermore  it  is  very  easy  to  prove  that 

Se(A)  =  Se(B) 

The  only  situai  jn  in  which  Se  is  zero  is  <I>  (a.b)  is  an  uncorrelated  product  «1>  (a) 
<I>  (b).  If  th'-  interaction  between  A  and  B  is  switched  off  Se  (A)  and  Se  (B)  are 
conserved,  t  he  entanglement  entropy  is  not  the  entropy  of  the  second  law.  One  llnal 
point  is  if  the  dimensionality  of  Ha  is  Da  then  the  maximum  value  Se  (A)  (and 
therefore  Se  (B))  can  have  is  -log  Da. 

The  second  kind  of  entropy  Si  is  thermodynamic  entropy  or  entropy  of 
ignorance.  Sometimes  we  assign  a  density  matrix  to  a  system,  not  because  it  is 
quantum-entangled  with  a  second  subsystem,  but  because  we  arc  ignorant  about  its 
state.  We  assign  a  probability  to  different  states.  For  example  if  we  know  nothing  about 
a  system,  we  assign  the  unit  density  matrix.  If  we  know  only  the  energy  we  assign  a 
projection  operator  6(E  -  Eq).  In  thennal  equilibrium  we  know  tlie  probabilities  for  a 
small  subsystem  to  have  energy  E  and  we  assign  the  Maxwell  Boltzmann  density 
matrix.  j 

Pmh=-2«p  (-PH) 

The  entropy  of  ignorance  is  always  larger  or  equal  to  the  entanglement  entropy. 

Now,  following  Don  Page,  let  us  consider  the  time  dependencies  of  the  various 
entropies  in  our  experiment.  Begin  with  the  thermal  entropy  Si  (B).  At  first  it's  zero 
because  we  asiuiine  everything  is  know  about  the  bomb-box  system,  Actually  there  may 
be  a  small  entropy  of  entanglement  with  the  outside  but  if  the  inside  and  outside  are 
weakly  coupled  it  is  small.  The  bomb  explodes  and  the  thermal  entropy  suddenly 
increases  to  some  maximum  characterized  by  some  initial  temperature  T,  As  time 
evolves,  the  box  cools  and  the  thermal  entropy  decreases  to  zero. 

Now  consider  the  thermal  entropy  outside  ilie  box.  It  begins  at  zero  and 
gradually  increase  as  the  themial  radiation  escapes.  According  to  the  second  law,  its 
final  value  exceeds  the  thermal  entropy  in  the  cavity  just  after  explosion.  Fig.  1 
illustrates  the  evolution. 

Now  consider  the  entanglement  entropy.  Since  they  are  equal  inside  and  outside, 
we  only  need  to  consider  the  inside  of  the  cavity.  Since  the  cavity  is  initially  almost 
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unc  rrelated  with  the  outside  Se  is  zero,  lliis  is  still  true  shortly  after  the  explosion. 
However  as  photons  leak  out  the  inside  and  outside  become  entangled  and  Se  (B) 
increases.  Eventually  however  since  Se  (B)  <  Si  (B)  it  tends  to  zero.  This  is  because  the 
cavity  returns  to  the  ground  state.  This  evolution  is  shown  in  Fig.  2.  Evidently  the  final 
exact  density  matrix  of  the  outside  is  significantly  different  in  some  subtle  respects 
from  the  coarse  grained  density  matrix  ascribed  to  it  by  the  thermal  description. 


Figure  1;  Evolution  of  Thcnnal  Energy  Inside  and  Outside  a  Box. 


Figure  2;  Evoluton  of  Entanglement  F.ntrophy. 

To  understand  the  difference  consider  the  time  at  which  Se  is  maximum.  The 
entanglement  entropy  outside  the  box  may  be  comparable  to  the  thermal  entropy.  At 
this  time  large  correlations  exist  between  the  outgoing  radiation  and  cavity.  Later  on 
when  the  box  has  cooled,  those  correlations  become  correlations  between  the  radiation 
which  came  out  early  and  the  lately  radiated  photons.  In  other  words,  the  subtle  way  in 
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which  the  outgoing  radiation  is  not  exactly  thermal  is  the  existence  of  long-time 
correlations.  Locally  the  radiation  looks  extremely  thermal.  It  is  these  correlations 
which  carry  all  the  initial  information  .  The  central  question  facing  black  hole  theorists 
is  whether  such  subtle  long-time  correlations  exist  in  the  Hawking  radiation 
accompanying  black  hole  evaporation.  The  dilemma  is  that  if  they  do  not,  then  the 
process  of  formation  and  evaporation  cannot  be  described  by  an  S-matrix  and  ordinary 
quantum  mechanics  can  not  describe  it.  However  no  known  mechanism  exists  for 
transferring  the  information  from  the  infalling  matter  to  the  outgoing  radiation.  Let  us 
see  why  this  is  so. 


Penrose  Diagrams 

A  Penrose  diagram  is  a  schematic  representation  of  a  space  time  which  is 
especially  useful  for  spherically  symmetric  situations  such  as  a  Schwartzshild  black 
hole.  All  of  space  time  is  represented  on  a  finite  region  with  time-like,  and  space-like 
infinities  mapped  to  points.  For  example  empty  flat  space  time  is  shown  in  Fig.  3. 


Figure  3:  Penrose  Diagram  for  Flat  Space-time. 

The  lines  labeled  are  called  past  and  future  light-like  <x».  They  are  the  places  where 
light  signals  begin  and  end.  All  radial  light-signals  aie  represented  by  4.5'’  lines. 

An  eternal  black  hole  is  shown  in  Fig.  4.  The  wavy  (link  lines  are  past  and  future 
singularities  and  the  past  and  future  horizons  arc  dashed  lines. 
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Figure  4:  l^nrose  Diagram  of  an  Eternal  Black  Hole . 

In  classical  general  relativity,  a  black  hole  can  be  formed  from  infalling  matter 
but  does  not  evaporate.  The  Penrose  diagram  for  a  black  hole  created  by  an  infalling 
massless  pulse  of  radiation  is  shown  in  Fig.  f>. 
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on  this  surface  which  lives  in  a  product  Hilbert  space  which  by  analogy  with  our 
previous  discussion  we  label  Ha  Hg  where  Hb  is  the  state  space  inside  the  black 
hole.  Since  to  the  future  of  L  the  inside  and  outside  evolve  independently,  their 
entanglement  entropy  are  separately  conserved.  If  the  entropy  of  the  radiation  is  to  be 
zero,  it  must  already  be  zero  on  L.  This  in  turn  would  require  the  state  on  L  to  be  a 
product,  O  (a,  b)  =  <I>  (a)  (|)  (b).  Let  us  also  call  the  incoming  state  on  |x  >  in .  Let  us 
denote  the  initial  state  dependence  of  «I>  (a)  and  (|>  (b)  by  Ox  (a),  (j>x  (b). 

|x  >  -4  O(a)0^(b) 

Now  assume  that  an  outside  observer  who  secs  only  A  can  describe  such  events 
by  a  unitary  S  matrix.  This  requires  the  observed  final  state  Ox  (a)  to  be  linearly  related 
to  X.  From  the  form  of  the  final  slate  Ox  (a)  (t)x  (b)  it  follows  that  if  0(a)  is  linear  in  x, 
<|)  (b)  must  be  independent  of  x.  The  meaning  of  this  conclusion  is  that  there  is  no  way 
that  all  of  the  infomiation  in  x  can  escaix;  in  Hawking  radiation  unless  it  is  CDm))lctcly 
obliterated  before  crossing  the  horizon.  The  obliteration  of  the  initial  state  is  however  at 
odds  with  our  usual  conception  of  the  horizon.  It  is  almost  universally  believed 
(including  by  me)  that  an  infalling  observer  feels  nothing  unusual  as  she  cros.ses  the 
horizon.  Classically  the  horizon  of  a  large  black  hole  is  loctilly  very  fiat  with  no  large 
deviations  from  the  flat  vacuum.  Furthermore  quantum  field  theory  in  such  a 
baci; ground  indicates  no  significant  quantum  corrections  to  the  nai-space  vacuum.  All 
indications  arc  that  the  infonnation  contained  in  infalling  matter  is  not  detlected  us  the 
horizon  is  appioached.  By  an  argument  similar  to  the  above,  one  ought  to  conclude  thiit 
the  state  of  the  Hawking  radiation  is  independent  of  the  infalling  matter  so  from  an 
operational  point  of  view,  quantum  mechanics  would  be  violated. 

The  trouble  with  this  viewpoint  is  that  it  dws  not  illuminate  the  meaning  of  the 
Hawking  enuopy.  If  we  think  that  entropy  has  its  usual  meaning  then  the  entanglement 
entropy  of  the  decaying  black  hole  (or  the  radiation)  should  be  less  than  or  equal  its 
thcnnul  value  which  according  to  Hawking  tends  to  zero  as  the  muss  evaporates.  In  fact 
if  an  extremely  large  black  hole  of  mttss  M  evaporates  to  mass  m  (still  much  bigger 
than  Flanck)  the  outgoing  radiation  should  have  thcnnul  entropy  larger  than  but 
entanglement  entropy  smaller  than  m^.  This  should  mean  that  long-time  eurrelalions 
carry  out  large  amounts  of  information.  Any  other  resolution  of  the  information 
paradox  should  also  explain  why  ordinary  thcniiodynumies  works  for  an  outside 
observer  without  the  usual  uudeqtiiinings  of  slandiu'd  (juantum  mechanics. 

I  have  spoken  with  a  large  lumilxir  of  people  from  both  the  particle  physics  and 
the  gravity  eoramunitics,  some  of  whom  1  consider  very  deep  thinkers.  1  ha^'e  (ouiui  no 
clear  pattern  in  their  opinions.  Hawking  is  stiongly  convinced  th:’t  infomiation  loss  is 
catalyzed  by  black  hoh-s  while  'tHooft  is  equally  convinced  that  an  S  matrix  exists. 
Aharonov  is  the  champion  of  a  group  who  believe  that  pluneksized  remnants  store  all 
the  initial  information.  John  Wlicclcr  would  only  say,  "Hmmrn,  this  is  disturbing". 
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Perhaps  that  is  all  that  should  be  said  now.  As  for  myself,  I  believe  the  foundation  of 
quantum  mechanics  and  information  theory  must  be  correct  and  that  an  S  matrix  exists. 
An  ou  idc  observer  sees  the  horizon  as  a  thermally  excited  membrane.  I  believe  that  a 
correct  description  will  be  found  in  which,  like  all  real  membranes,  the  information 
stored  on  it  when  it  is  thermally  excited  will  be  accounted  for  as  it  returns  to  its  ground 
state.  Nevertheless,  I  also  believe  that  a  freely  infalling  observer  secs  nothing  special  at 
the  horizon,  but  since  he  can  not  communicate  this  fact  to  the  outside,  no  contradictory 
conclusions  will  Ire  reached  by  an  observer.  However,  at  the  present  time  this  view 
seems  inconsistent  with  the  traditional  ideas  of  local  quantum  field  theory  which  would 
demand  that  the  question  of  whether  an  infalling  observer  passes  through  the  horizon  or 
is  disassembled  into  bits  and  radiate  as  Hawking  radiation  would  have  an  invariant 
answer.  Perhaps  this  is  one  of  those  times  where  progress  can  only  be  made  by 
simultaneously  believing  two  apparently  inconsistent  things. 


UNITAIUTY  or  THE  BLACK  HOLE  SCATTERJN*:  MATIHX 


c,  'i  noon- 

inxlilutr  for  ThrorrUral  f*hysirs,  IhitvcrxHy  of  Itlrccht,  I'nollior  SO  000 
HSOH  TA  tfirerht.  Ihr  Nrthcrtnud^ 


AHHTItACT 

ApproiLnlirs  Lt)W)ir(lN  thi'  prohloiK  uf  :iii  .S'-iiialrix  I'ur  a  lilark  hnli'  art* 

oiitliiKal.  An  earlier  prnpoMiil  Ity  iiiitlinr  Kliowe'f  t.lial  thie  S'  inalrix  will  h<‘ 
related  t.n  Htriiig  liieiiry  ainpliliuteH  (llioiiffli  lin  y  an-  no,,  nleiitical).  A  new  approai  li 
roriimlaled  here  involves  the  entire  hlnth  lioli  lii.sLory,  for  whieli  a  lopoloKii  allv 
trivial  l*rniroHe  dia^^rani  is  eonstrne.ied.  We  ean  then  eonstruet  ee|tnienl.s  ("hlor  k  ) 

of  tlu!  .S',|natriK,  for  which  therc^  is  no  prohlein  of  info, iiiation  dr.ainaai  .  Ilee.aii; . . 

this  it  is  snspfM’.ttnl  (though  not  provrui)  Ih.al  ihe  ,s'  matrix  eon.sl  rm  le,)  .iltpiig  sin  h 
lines  will  he  unitary. 

1.  Inirodiictiuli 

Till'  imilili-iu  of  fccoiK-iliiif!;  tlip  llirory  of  gcuiTiil  n  lnlivity  willi  llir  ]inu 
c.ilili’H  of  (iiifiiittim  tui'chaiiics  is  one  of  llir  ili'i'pcsl.  anil  most  rimilaiin  ul nl  ones  ol 
tlioorotiral  physii's  and  it,  ciuitinucs  to  myslily  iiiany  of  ll,^.  Now  tin'  luoi'nlun' 
of  ri'lilucillg  a  ” classic al"  theory  liy  a  coircsiioiiiliiifr  ”<iuaiil om  mi'ch.'ioical"  one  is 
straightforward  in  many  cases,  in  iiarticulnr  when  we  are  ih  ahiii;  willi  relatively 

tiny  interaction  strengths  or  a  snudl  nninlier  of  degrees  of  . . loin,  linli  ed,  if  we 

consider  circtiinstauces  wliere  the  grnvit.il  iotnd  force  is  weak  and  ihererme  acres 
sihle  to  a  perturliative  treatment  we  know  fairly  precisely  how  to  perfiimi  Ihis 
so-called  "iinanti/ation  procedure”.  'I'he  resulting  theory,  (m'i  I  uriiai  ivc  iinantiini 
gravity,  turns  out,  to  he  .similar  to  any  other  gauge  theory,  except  t  hid  when  in 
creasing  accurui'ies  are  ie<[uired  new,  undeteiioined  iihysieal  paraoieleis  eineige: 
suhtraction  constants  associated  with  unienorniali/.ahle  intei act ioiie,  I'lii;-  compli 
cation,  though  of  course  a  fundamental  one,  is  ri'lalively  mild  coinpan  d  to  the 
olistacles  one  encounters  whenever  a  "non  [lei  I  nrhative”  fonnalism  i-  a.-.krd  foi 
One  then  iiotiees  that  any  att  enipt  even  at  givinj';  a  .sensible  frame  loi  a  desi  i  ipl  ion 
of  what  might  haiipen  will  falter  at  distanee  seales  smaller  tlian  the  I'hiiiek  lenulli. 
A  fundamentally  new  approach  is  needed. 

One  ri'ason  why'  any  attempt  based  on  the  classical  description  of  giavily 
must  break  down  is  a  liasic  instability  of  ibc  gravilatioiuil  force;  the  possiliilil  y  of 
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^ravitiitioniil  collii))sr.  As  soon  as  too  murli  energy  is  concentvattsl  wit.hii)  one  tiny 
volnnw'  element,  a  l)lii('k  hole  -  Honn^tiines  of  consid<!ral)l(r  size  emerges.  In  a  tlnnay 
of  (jmintized  elementary  particles  something  at  Icaist  as  complicated  is  expcM’ted  to 
heppen.  But  this  wmdd  then  he  a  drastic  deviation  from  one  of  the  himic  starting 
points  in  <inimtum  field  theory,  namely  that  particles  can  be  treated,  in  a  first 
approximation,  as  if  they  move  independently  of  each  other,  as  if  particles  states 
can  he  simply  superimposed  on  top  of  eacli  other.  In  the  high  wiergy  reginu;  this 
must  he  utt<’rly  false. 

If  wi’  add  to  this  the  observation  that  tlw^  high  energy  n^ginie  of  a  particle; 
the’ory  is  connesdesl  tei  the  low  ene’rgy  re  gime  hy  Lorentz  transfe)rmatie)ns  we-  se-e- 
that  this  Irrings  inte)  eloubt  eithiT  the-  basic  jwstnlates  of  Lerremtz  invariance;,  or 
the;  seii)i-rpe)sitiem  princijjle;  fen’  epnuitizi’ei  piirticle  fu;lelH,  the-  ivpplicability  eif  partial 
eliffeseaitial  e-eniatienis  tei  the.’se  fie;lels,  anel  the  like. 

Whene;ve'r  e;xtre'me-ly  strerng  gravitational  fie-.lels  e'enne  inter  play  we;  e;ne’enmle;i' 
funelanie-ntal  preibleins  of  this  sent  in  emr  emelenstanding  erf  the;  basic  laws  erf  physie;s. 
The  streriige  et  gravitatiernal  fie;lelH  possible;  erccur  in  the'  vicinity  erf  Irhie'k  herb’s.  This 
brings  ns  <iuite’  naturally  ter  thi’  esinsieb’ratietn  that  indee’el  hliU'k  herb’s  itc  the’  pro 
totyiK'  ti’sting  facilitii’S  ferr  iuiy  einantum  gravity  tlie’ory.  A  jrrerjre’r  ine’errpe nation  of 
hliu.’k  herb's  in  iUiy  th<;iuy  erf  epiauti'/.e’d  gr.'ivity  must  he’  iihserlute’ly  e's.se’utial,  hince’ 
t.he;y  fernn  the  uiitnriil  asymptotie'  lienit  erf  the-  e’ue’l'fy'  sirecti  mn  erf  ’’uierst  pirintliki'” 
partie’b;s. 

Anel  iiurst  stanelarel  tlie’orie’K  of  gravity  ebr  nert  inceri'perrate’  black  herb’s  pro]) 
(;rly.  In  a  iirititc’i'  the’erry  hlae’.k  herb’s,  oi’  at  b;asl  erhje’cts  that  wetulel  he;have  like’  black 
hetb;s  in  the’  limit  erf  large’  mas.s  and  si’/.e;,  sheteibl  ere’e’.niry  a  natenal  jro.sitiou  in  liilhi’i'l. 
H[rae’.e’,  he  inebub’d  in  the’  nnitaiity  e’l me li tarns  erf  tlie;  S  inartix,  iniel  ser  ern. 

Ill  stesul,  what  is  usnally  done’  is  that  black  heile’S  are’  tre’ateel  in  the  ser- 
calb’el  liackgroniid  fornialisin.  One  siM'e'.ille;.s  the;  nu’tric  as  if  it  were’  a  classie’.al 
one;,  iuiel  tlie;ii  iH’i'forms  eiuantmn  Ile'ld  tlie’erry  with  re’sjres’t  ter  this  bae’kgrermiel.  At 
first  sight  eiiu’  would  e’Xiie;ct  thi’.t  this  we’ie’  a  cerrre’ct  itroe’e’ehire’,  e’ermiraralrb;  ter, 
ferr  iiistaue’c,  the’  tre’at.me’ul  eif  magiie’tic  memerirerb’s  in  a  gunge;  the’erry  ferr  e;b;me;i)tary 
iriutie’b’S.  Hut  the;  erutcoine;  is  elru-stieully,  anel  e’.atiustierirhically,  elilfere’iit' .  It  is  fernuel 
that,  when  viewe’el  this  way,  einautenn  Irlae-.k  herb’s  e’.xtriu’t  anel  eb’Strery  "eiuautiim 
inform atiern”^.  In  ti;rias  erf  itnre’  einiintuni  stale;s  this  mi’.ans  that  wlii’u  we’  start 
with  twer  state’s  that  are;  orthogemal  ter  e;ach  ertlu’r  in  llilhe’it  sjrae-e’,  ferr  instane-e’ 
lre;canse’  lhe;y  elilfe  r  hy  the’  irie;se;ne;e’  erf  erne’  e’xtra  jrai  tide’  merviug  inter  the’  hlaek  herb;, 
the;se;  state;s  Ire’e’.eniU’  inelistinguishalib'  afte-r  a  while;,  anel  lie’iice’  e-annert  cirntinu'’  tei 
he’ eri  thergirnal  to  e’ach  ertlu;r;  if  the;y  did,  tlie;  nuui1r<;r  erf  jrerssihb’  state’s  inside:  a  black 
lieib’  wenibi  rairidly  siU’itiLSs  the;  tertal  uumhe’r  erf  iterssilrb’  state’s  in  the  miive’ise’.  In 
a  slightly  ellHere’iil  lnle’rpre;tatierii  of  the’  slum;  nie-ntal  t'xe’ieise’  one  weailel  say  that 
a  einantum  me’e-hanically  pure’  state’  e’verlve’s  naturally  inter  a  <|iiautnm  nie’chnuically 
inixe'd  slate  .* 

*  A  HiiiliUr  pliriioiiM-iKin  HrraiiK  lir  in  lliriirinH  uf  iiluHiply  oiniH’rtcl  iinivnrnnn.  Ui*rn  .ni  uin-f-r- 

taiiily  ill  tin-  fniiitinn  iitAl  iiilnracLidiin  jirisnn  uii  Itrp  itittl  aliovr  th,-  familiiii  qURiiluin  mioTliunticK.  I'urr 
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One  could  try  to  maintain,  iis  indeetl  is  often  done,  that  black  holes  must 
therefore  be  radically  different  from  elementary  particles,  including  solitons  such  as 
magnetic  monopoles.  But  this  is  too  rash  a  conclusion.  It  would  imply  that  black 
holes  arc  not  even  ’’quantum  predictable”,  but  only  obey  probabilistic  laws.  To  this 
author  such  a  lack  of  precisely  defined  physical  equations  such  as  the  Schrodinger 
equation  is  not  likely.  Surely  the  background  metric  approach  to  black  holes  can¬ 
not  be  right,  just  because  it  assumes  that  the  particle  fields  can  be  superimposed 
onto  the  background  fields,  and  we  had  already  concluded  that  this  superposition 
principle  cannot  be  correct. 

We  can  pinpoint  in  another  way  the  complication  that  was  ignored;  there 
are  interactions,  in  piurticuiar  gravitational  ones,  between  the  in-  and  outgoing  par¬ 
ticles.  Now  uiwler  normal  situations  this  would  not  have  been  a  great  disaster.  In 
quantum  fifdd  theori(!s  one  can  easily  correct  for  such  interactions  by  adding  a  series 
of  succ<;ssively  tiny  perturbative  corrections.  But  the  gravitati'  ”:>!  interactions  are 
not  normal  in  this  respect.  If  we  want  to  know  how  the  out  i  react  upon  any 
variation  among  th<!  ingoing  jrarticles  at  an  earlier  epoch,  we  find  a  disturbing  diver¬ 
gence;  the  strength  of  the  mutual  gravitational  interaction  diverges  exponentially 
with  the  time  difference.  Heuc«!  any  perturbative  approach  is  out  of  the  question 
wheiKwer  we  wis'.;  to  follow  the  evolution  of  some  configuration  over  any  appreciable 
time  interval, 

In  th(!se  not(;s  I  will  .skip  the  genoiiil  introduction  to  black  hole.s,  which  have 
been  described  abundantly  in  the  literature''^.  One  important  aspect  one  has  to 
rcmcmb<n’  is  that  the  total  number  of  states,  or  energy  levels,  of  a  black  hole  can 
be  estimated  using  simph;  arguments  from  thermodynamics,  a.ssuming  that  a  black 
hol(!  carries  a  temirerature  as  given  by  Hawking'; 

kT-llHwM,  (1.1) 

in  units  whe,re  c  =  h  =  G  =  1.  The  result  is  that  tin;  level  density  p(M)  as  a 
function  of  the  mass  M  is  giv<;u  by 

(1.‘2) 

where  C  is  iui  unknown  c.onstaut.  Th<‘  point  is  that  this  numb<-r  is  small!  If  one 
counts  th<’  number  of  levels  iirovided  by  tla;  th<;rnial  particles  in  the  vicinity  of  th(; 
bhu'.k  hole  one  finds  that  the  particl<!s  further  than  abemt  one  Plimck  unit  away 
from  the  horizon  are  suillcie.nt  to  produce  jill  the  entropy  coiTcsponding  to  thesi; 
levels.  The  on<;s  closer  to  tlu;  horizon  would  provi<le  rm  infinite  contribution  if  we 
w<!r(!  allow<;d  to  u,s<;  a  linemized  theory.  Of  course  th<!S<!  \)articles  do  not  obey  a 
linearized  theory,  but  thi;  m(!chanism  by  which  their  contribution  to  the  entropy  is 
turned  off  is  obscure. 

For  this  nuison  w<‘  <;xpect  that  incoming  particles  indeed  do  aifect  the  details 
of  the  quantum  state  a  Irlack  hole  can  b<!  in,  in  the  sen:si;  that  thi.'y  determine 


Ht&KiN  evolve  into  inixetl  di\r.  to  thiH  uncertainly,  but  here  thi»  in  clearly  ticcii  ajt  a  Hliurtcoming  in  our 

iiifortiialion  coiiccniini;  the  effective  interactionB.  'Phe  uncertainly  in  tiueatiun  cuuUl  be  rcsolvetl  fur  instance 
by  priforminK  accurate  iiieaBurriiieiitN, 
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details  of  those  emerging  particles  that  were  closer  to  the  horizon  than  one  Planck 
length  when  the  incoming  particle  entered.  Our  best  gues.s  i.s  then  that  the  black 
hole  is  just  one  set  of  the  possible  intermediate  state.s  in  an  5-matrix.  It  slmuld 
be  in  no  fundamental  way  different  from  ordinary  particles.  Light  particles  have  a 
Schwarzschild  radius  much  smtdler  than  their  Compton  wavelength;  for  black  holes 
this  radius  is  much  bigger.  This  distinction  must  be  a  gradual  one.  And  so  we 
arrive  at  the  ’’S-matrix  Ansatz'”'  for  the  black  hole.  Once  we  assume  that  the  black 
hole  has  an  5-matrix,  we  cair  actually  derive  many  of  its  properties,  because  many 
of  the  relevant  laws  of  physics  ai'c  alretuly  known  I  us. 

2.  The  Pseudostring 

We  iirst  observe  that  the  nature  of  the  gravitatic»n;d  interactions  between 
incoming  and  ontcoming  particles  can  very  easily  he  eharactevizerl.  Incoming  par¬ 
ticles  pnrdncc  a  horizon  shift.  Thi.s  horizon  shift  may  be  vei-y  tiny,  bnt  its  effects 
upon  the  outgoing  particles  grow  exponentially  with  time.  They  arc  also  readily 
coraputahle®.  The  wave  functions  of  all  outgoing  particles  ar<^  simply  shiftt^l,  by  an 
amount  that  depends  on  the  angular  location  on  the  liori/.ou,* 

The  quantum  state  is  shifted,  and  hems'  th<!  outgoing  wave  functions  are  all 
multiplied  with  factors  where  p,,,,,  is  the  monumtuni  in  Kruskal  coor¬ 

dinates  and  6y  the  horizon  shift,  a  function  depending  explicitly  >ipon  the  angular 
coordinates  0  and  ip.  The  eifcct  of  tliis  operation  would  be  ahariuh^ss  multiplii'.atioii 
if  the  outcouiiug  particl<!s  w«!rc  in  a  Kruskal  momentum  eigenstate,  but  of  course,  in 
more  relevant  circumstances  they  am  not  in  such  eigeu.states.  This  way  we  conclude 
that  any  alttu'ation  of  the  form 


I'/Oiii  -  ’  W'  I- ^V’)ni  , 

where  dV  ciirih'.s  a  given  momentum  ;<i„(iL^),  albs'ts  the  (nUcoming  stub;  by  th(^ 
al)ov<!  given  operation. 

We  can  now  rep<s’it  the  lugument  as  many  tiimw  iis  we  wish  so  that,  in 
principle,  we  should  obtain  nil  otlu'r  5-matrix  elements.  The  proctslure,  aud  its 
iswults,  are  (lescrihed  in  Uef''.  Tla^y  can  he  snmmaiiz.(!d  as  follows. 

The  inouienta  of  in-  and  outgoing  piutieh's  mid  ^),  are  to  be 

delimid  with  re.siiect  to  KniskiJ  coordinates,  not  Schwarzschild  coordinates  this 
is  a  point  of  concern,  to  he  discussed  later.  When  specified  at  all  angular  ])ositioiis 
{0,<p)  thi'se  momenta,  aud  in  addition  .some  otlmr  (pianlitUis  .such  as  electric  charge 
density  thes<-  variables  should  entirely  .specify  the  (piaiitiim  states  of  the  in- 

aiid  out  quantum  stales  res[)ectively.  So  we  refer  to  the.se  states  as 

IWiiffI)  “nil  ,  {'‘ty) 

*  'this  lingular  lirpciulciu'c  is  c.riic.ial  fur  our  argii)iHSil.M,  siiic.r  wil-liouf.  siir.li  an  angular  <lupon 
ilcnc.i'  one  could  Lraii.sforiu  (pracUcally)  all  it.s  uirixl.s  away.  'I'liia  is  why  oiiu  inusl  In;  very  rarcriil  in 
iiiturpruliiig  aunic  popular  two  diiui'iisiiuial  toy  iiiodids  of  hlack  holes'. 
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where  fJ  stands  for  (tJ,  ¥>) .  The  resulting  S-matrix  can  then  be  written  as  a,  functional 
integral 

{Poulvfl)  )  Pout(tt)  I  Pin(tt)  I  Pin(tl))  = 

M  J PUp(n)D^(n)exp  :  j +  Px";.  -  +  "^(pout  -  Pin))  ■  (2.3) 

Here  ^  is  a  normalization  factor;  the  Lorentz  index  p  is  defined  such  that  p^  = 
(\/2)“'(pjn  +  Pout . 0, 0, Pin  -  Pout))  similarly  n^,  and  k  is  a  constant  defining  the  unit 
of  electric  charge,  and  ij>  are  functional  integration  variables,  depending  on  the 
two  angular  coordinates  on  the  black  hole  horizon,  arc  like  the  two  transverse 
dynamic  variables  of  a  "string”  whose  world  sheet  is  the  intersection  of  the  future 
and  the  jiast  horizon  of  the  black  hole,  which  is  a  two-dimensional  surface.  is 
a  periodic  variable  (it  is  defined  as  an  angle  modulo  2t).  This  is  a  consequence 
of  electric  charge  quantization.  Observe  that  in  every  respect  electromagnetism 
apnears  to  be  represented  here  as  a  Kaluza-Klein  theory.  This  was  noi  put  in  but 
caine  out  of  our  theory  as  a  consequence  of  the  S-matrix  Ansatz. 

The  similarity  between  Eq.  (2.3)  and  a  string  theory  amplitude  is  s^'’  '  le". 
This  resemblairce  becomes  even  closer  if  we  represent  the  in-  and  out-sii 
particles  in  wave-packets.  One  then  has  to  integrate  over  the  coordinates  (t/,<p) 
convoluted  with  a  wave  function,  and  these  integrals  then  correspond  to  the  Koba- 
Nielsen  integrations.  An  important  difference  between  (2.3)  and  string  theory  is  the 
factor  i  in  the  exponent,  which  corresponds  to  a  purely  imaginary  string  constant*. 
Oar  interpretation  of  this  observation  is  that  the  black  hole  horizon  Ciui  in  some 
r('pects  be  regarded  as  the  world  sheet  of  a  virtual  closed  string.  The  external 
particles  are  inserced  there  as  vertex  insertions  in  the  usual  scn.se. 

We  discovered  that  one  can  start  with  several  kinds  of  fundamental  inter¬ 
actions  in  one’s  favorite  standard  model  and  observe  that  these  are  re])roduced  in 
the  functional  integral  (2.3)  on  the  horizon.  Electromagnetism,  here  represented 
by  the  variable  <^,  being  just  an  exanqde.  Non- Abelian  interactions  give  rise  to 
more  complex  variables  in  two  dimen.sious.  Quite  generally  however  the  following 
picture  emerges:  The  gauge  transformation  generators  of  the  4-diuiensioua]  theory 
cori'espond  to  the  dynamical  variables  in  the  2-dimen.sioual  one.  Therefore  the  .spin 
of  a  physical  degrees  of  freedom  in  2  din.-nsions  is  one  less  than  the  corresponding 
one  in  4  dimensions. 

Scalar  and  Dirac-.spinor  fields  seem  not  to  generate  anything  in  2  dimensions. 
An  exception  to  this  is  the  occurrence  of  spontaneous  symmetry  breaking:  if  in 
fouL  dimensions  a  symmetry  is  broken  sjiontaneously,  the  corresponding  symmetry 
in  2  dimensions  i.s  explicitly  broken;  the  scalar  field  in  4  dimensions  maps  into  a 
"spurion”  field  in  2  dimensions  (s|)urions  were  used  in  the  ’CO’s  to  describe  explicit 
.symmetry  breaking  interactions).  Indeed  om-  may  view  the  value  of  the  scalar  fields 
at  the  horizon  intersection  j)oint  as  being  the  spurion  parameter. 

*  '[’lu-  r^ct  that  the  slrin^  constant  i.oim’s  out  imaginary  shouM  not  be  sci.u  as  a  tieparlure  from 
uuitaiity,  ,is  wa«  a;>3?rtcd  by  onr  autbof.  })ul  ■itllu'r  as  a  of  unitarity  as  rfx|uired  in  our  forkiiaiisia. 
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A  dual  transformation  in  4  dimensions  corresponds  to  a  similar  dual  trans¬ 
formation  in  2  dimensions.  Thus,  magnetic  monopoles  entering  the  black  holes 
generate  a  topological  kink  in  the  two-dimensional  system;  furthermore,  quark  con¬ 
finement  in  4  dimensions  can  be  seen  to  correspond  to  ;ui  explicit  symmetry  breaking 
in  terms  of  the  scalar  disorder  parameter  in  two  din^  nsions. 

Proceeding  along  these  lines  it  is  natural  to  suspect  that  a  graviiino  in  four 
dimensions  corresponds  to  a  Dirac  spinor  in  the  2-dimensional  theory.  What  we  have 
not  understood  at  present  however  is  how  to  incorporate  effects  of  Dirac  spinors  in 
four  dimensions  in  the  2-dimensional  theory;  they  seem  to  leave  no  trace. 

For  more  details  of  the  string  picture  of  black  holes  we  refer  to  Ref*. 

3.  Problems  with  Unitarity 

Is  our  scattering  matrix  (2.3)  uiiitai-y?  A  strange  new  problem  arises.  One 
may  observe  that  the  scattering  matrix  will  indeed  be  unitary,  but  only  so  in  a  very 
unconventional  Hilbert  space.  Two  states  that  have  exactly  the  same  momentum 
(and  charge)  distribution  for  the  ingoing  -  or  outgoing  -  particles,  cannot  be  dis¬ 
tinguished  any  other  way  and  therefore  must  be  identical.  In  particular  the  number 
of  particles  entering  or  leaving  at  a  given  spot  on  the  horizon  cannot  be  specified. 
This  implies  that  the  Fock  space  of  elementary  particles  will  eventually  look  very 
rlifferent  from  what  it  used  to  be  in  elcmcuteiry  particle  physics.  For  instance,  the 
in-  and  out-  states  will  carry  no  label  specifying  their  baryon  number.  Consequently 
the  black  hole  scattering  matrix  cannot  possibly  obey  baryon  number  conservation. 
Clearly  continuous  global  symmetries  in  our  fundamental  particle  interactions  can¬ 
not  be  reproduced  in  the  black  hole  scattering  matrix. 

Another  apparent  problem  with  unitarity  arises  if  the  shift  at  some 

values  of  t?  and  ifi  becomes  too  large.  It  could  then  be  that  a  particle,  originally 
destined  to  emerge  in  the  out-state  when  the  in-  wave  function  was  |t/’) ,  is  shifted 
beyond  the  horizon  when  the  iii-stale  is  \if?  +  Stp).  This  is  a  consequence  of  the 
fact  that  we  had  becni  forced  to  define  momenta  in  Kruskal  coordinates  in  stead  of 
Schwarzschild  coordinates.  A  shift  iu  Kruskal  space  can  bring  a  particle  behind  the 
horizon. 

We  should  stress  that  this  latter  problem  is  only  an  apparent  one.  There  is 
no  real  contradiction  with  unitarity  here  because  we  imagine  the  total  set  of  allowed 
out-  states  to  he  mucli  smaller  than  the  Hill)ert  sjjace  spanned  by  all  possible  waves 
of  outgoing  particles.  The  shift  hy  does  not  affect  one  single  jjarticle  Init  an  inthiite 
series  of  particles  emerging  at  all  times.  So  if  one  or  several  of  these  disappciu: 
behind  the  horizon  there  arc  always  enough  others  left  to  enable  us  to  distinguish 
this  shifted  out-  state  from  other  out-  states.  Thus,  oar  problem  is  more  of  a 
practical  nature  than  fundamental.  It  tells  us  that  the  standard  way  to  build  up  a 
Hilbert  space  in  terms  of  plane  wave  of  particles  cannot  be  used  here. 

Thi'se  prolffoms  must  be  related  to  another  practical  problem:  oven  the  set 
of  all  functions  and  is  too  large.  Our  entropy  aruments  suggest  that 

there  should  be  no  more  than  about  one  Boolean  variable  per  unit  of  surface  area 
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on  the  horizon  in  Planck  units.  This  is  as  if  the.se  functions  p  and  p  have  a  cut-ojf. 
Components  of  their  Fourier  transforms  in  the  transverse  directions  with  momentum 
larger  than  a  Planck  unit  should  be  removed  or  corisidered  redundant.  On  the  other 
hand  lots  of  details  on  a  distance  scale  just  a  bit  larger  than  the  Planck  length  are 
described  by  as  yet  imknown  parts  of  the  standard  particles  interactions.  These 
details  will  be  essential  in  the  definitions  of  inner  products  in  our  Hilbert  spaces, 
yet  they  are  not  yet  accessible  to  us  because  the  particle  interactions  at  those  scales 
are  not  yet  known. 

All  this  may  seem  to  be  extremely  unconventional  and  inaccessible  physics. 
But  it  is  not  quite  that  bad.  We  emphasize  that  the  mathematical  situation  here  i.s 
exactly  as  in  string  theories.  In  string  theory  also  it  is  not  the  entire  Hilbert  space 
but  rather  the  scattering  matrix  that  is  constructed.  If  particles  are  identified  as 
vertex  insertions  on  a  string  world  sheet  then  exactly  the  s.ame  feratures  do  show  up 
in  string  theory.  Consider  namely  the  Koba-Ni<'lsen  integrand  with  a  given  array  of 
vertex  insertions,  for  a  given  N  particle  amplitude.  If  in  this  integrand  two  vertex 
in-sertions  occur  at  the  same  spot  on  the  v/orld  sheet  then  this  is  indistinguishable 
from  the  integrand  for  the  N  —  1  particle  amplitude.  Replace  the  string  world  sheet 
by  the  horizon.  The  indistinguishability  of  two  pai'ticles  on  the  same  spot  on  the 
horizon,  or  rather  the  fact  that  this  state  cannot  be  distinguished  from  a  single 
particle  state  at  that  spot,  has  the  same  mathematical  origin. 

4.  Unitarity  in  Complete  Black  Hole  Histories 

Onr  scattering  matrix  An.satz  tells  us  to  assume  as  a  starting  point  the  exis- 
tenc(^  of  a  scattering  matrix  for  u  black  hole.  And  then  we  can  deduce  information 
about  this  matrix  by  applying  all  phy  ucal  laws  we  know.  The  only  reason  why  this 
does  not  work  coiiii-iletely  is  that  we  only  know  the  interactions  between  elementary 
particles  at  low  energies,  or,  equivalently,  at  large  di.stance  scales.  So  we  do  not 
know  how  to  characterize  the  very  small  distance  features  of  our  scattering  ma¬ 
trix,  and  since  inner  products  of  states  depend  crucially  also  on  the  small  distance 
features,  we  run  into  problems  as  described  in  the  previous  section.  The  general 
strategy  wc  are  trying  to  iniplement  is  to  use  the  known  laws  in  as  many  forms 
as  possible  to  reduce  these  uncertainties  as  much  as  possible.  Also  wc  can  try  cer¬ 
tain  assumptions  concerning  the  small  distance  interactions  to  check  which  of  these 
produce  a  consistent  theory  (we  saw  for  instance  that  baryon  number  conservation 
must  not  be  a  symmetry  of  our  basic  interactions). 

With  this  strategy  in  mind  we  now  proceed  to  consider  a  branch  of  the 
scattering  matrix  different  from  the  one  considered  before,  namely  the  traa.sitioii 
amplitude  from  a  black  hole  just  formed  into  a  black  hole  exploding  into  expanding 
dust  shells.  Thus  we  consider  a  completely  specified  in  state,  (in),  a  completely 
specified  out-state,  |out),  and  a.ssume  that  one  single  amplitude  (out|in)  is  given. 
As  before,  the  question  is  to  deduce  other  amplitudes 

(out  +  6o„(|in  -L  6i„} , 


(4.1) 
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where  6out  niid  are  tiny  alterations.  We  now  proceed  in  a  way  very  different 
from  Section  2,  namely  by  first  postulating  a  singularity  free,  topologically  trivial 
space-time  metric  corresponding  to  the  original  amplitude.  That  this  is  possible  at 
all  is  surprising  and  requires  some  discussion.  The  trick  is  to  assume  the  outcoming 
matter  to  be  due  to  some  unspecified  interaction  process  very  near  the  horizon 
which  gave  rise  to  extremely  strong  curvature  there.  This  curvature  would  not  be 
directly  detectable  for  ingoing  or  outgoing  observers  and  therefore  its  presence  does 
not  contradict  anything  we  know.  If  it  were  observable  it  would  contradict  the 
ordinary  laws  of  physics.  This  is  a  necessary  aspect  of  the  S'-matrix  Ansatz.  The 
mere  assumption  that  an  amplitude  (out jin)  exists  does  contradict  ’’normal'’  laws 
of  irhysics.  So  we  are  forced  to  assrune  something  out  of  the  ordinary  there,  and  the 
least  harmful  way  to  do  this  is  to  postulate  a  conical  singularity  (actually  it  is  not  a 
aingulai'ity  but  just  a  region  of  very  strong  curvature,  because  the  singularity  will  be 
slightly  smootheiied).  The  presence  of  such  a  singularity  will  only  be  visible  when 
devices  sent  into  the  (approximate)  black  hole  and  reappearing  somewhat  damaged 
after  the  black  hole  decayed,  are  compared  to  apparatus  that  stayed  just  outside. 
But  such  an  experiment  will  be  impossible  classically.  In  stead  of  these  ’’devices” 
we  will  just  consider  infinitesimal  additions  Si)i  to  our  wave  functions  and  study  the 
effects  on  these. 

The  Penrose  diagram  is  now  the  one  pictured  in  Fig.  la.  It  is  toirologically 
trivial.  Apart  from  a  mild  (very  slightly  smeared)  singularity  at  the  point  S  there 
are  no  further  singularities.  The  dotted  lines  are  very  much  like  horizons,  but  of 
course  they  are  not  horizons,  they  replace  them.  At  the  point  S  the  standard  laws 
of  physics  seem  to  be  not  ob<;y<!d.  The  curvature  there  is  the  one  produced  by  a 
very  violent  ’’interaction”  that  caused  the  incoming  shell  of  matter  to  turn  around 
and  go  outwai'ds.  It  is  as  if  a  ’’chemical”  explosion  takes  place  there  wliich  was 
just  strong  enough  to  avert  the  gravitational  implosion.  Let  ns  stress  again  that  an 
observer  wlio  stays  outside  the  black  hole  (or  "pseudo-black-holc”)  can  never  detect 
this  curvature,  so  that  from  his  point  of  view  all  laws  of  physics  are  obeyed. 

What  we  claim  now  is  that  this  proces  may  well  be  reconciled  completely  with 
the  known  loaws  of  physics,  even  at  5,  by  studying  quantum  field  theoretical  effects 
caused  by  the  curvature  at  S.  In  the  next  Section  we  shall  prove  that  the  singularity 
is  such  that  if  one  starts  off  with  a  local  vacuum,  a  neiu'ly  infinite  spectrum  of 
particles  will  be  created  there.  We  will  then  argue  that  if  on  the  dotted  lines  in 
Fig.  1.  we  require  the  absence  of  particles,  there  must  be  particles  in  the  gray 
area.  Originally  we  had  "postulated”  that  there  aue  particles  there;  we  can  now 
derive  that  the  postulate  may  well  i)e  correct.  So  the  whole  picture  may  become 
self-consistent. 

In  our  simplified  model  wc  replace  all  incoming  and  all  outcoming  matter 
by  single  ’’dust  shells”.  Upon  cwoful  inspection  one  finds  that  this  is  hardly  an 
approximation,  see  Fig.  1,  where  all  matter  coming  in  is  squeezed  towards  the 
’’far  past”  and  everything  coining  out  towards  the  ’’far  future”.  Near  .S'  the  most 
regular  coordinate  frame  is  a  "temporary”  Kruskal  frame,  and  hence  all  matter  iu 
our  space-time  diagram  is  very  strongly  Lorentz  boosted. 
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Fi);.  1.  »)  Noii-siiigi\lar  rc.iirouc  diagnuii  for  an  entire  black  lioie  history. 

ti)  Coordinate  frame  in  tlic  outside  region  of  the  black  hole  is  more  dense,  ^t  the 

point  5  there  is  a  conical  singidarity. 

Out  modol  thou  is  of  tlio  same  typt;  a-s  the:  suiiie  of  the  systems  studied  by  T. 
Dray  aiirl  the  author  in  Ref".  Hero  we  studied  the  effect  of  in-  and  outcoming  dust 
.sliclls  on  the  Schwarzschild  metric.  But  in  this  work  we  explicitly  postuhited  the 
absense  of  (  nnical  singularities  at  points  stieh  as  6',  so  that  the  occuranc.c  of  typical 
black  hole  si  igularitics  at  r  =  0  both  iii  the  past  and  in  the  future  is  inevitable.  Now 
we  take  tire  .  nnie  models  with  conical  singularity  at  .S',  chosen  in  such  a  way  that 
the  singulani  'cs  at  r  -  0  go  away.  The  metric  one  then  gets  fits  naturally  with  the 
S’-niatrix  Aris.it?,,  The  strategy  i.s  now  shni>lc.  In  Fig.  1  we  postulate  space-tiinc  to 
be  flat  in  all  ol  the  interior  rr-giou,  except  in  the  (piadrant  where  an  outside  observer 
sees  the  black  hole.  There  we  have  the  Schwarzschild  metric  corresponding  to  a  inivss 
M ,  Consiiler  the  Kruskal  coordinates  x  and  y  .  Let  the  physical  quadrant  be  given 
by  I  >  0,y  >  0  .  Very  near  the  Schwarzschild  horizon-s,  at  the  line  z  =  xn  and  the 
lino  y  =  yo,  where  x„  and  yg  are  very  small  but  positive,  we  have  the  mat  ter  shells. 
At  those  shells  we  glue  the  Sehwarzschild  metric  against  the  flat  space-time  metric 
such  that  the  Schwarzschild  r  parameter  matches  with  the  flat  space  r  parameter. 
The  metric  is  then 

But  a  .singularity  develops  at  S  .  This  we  see  as  follows.  Suppose  we  u.se 
Penrose  coordinates,  that  is,  coindinates  such  that  the  local  light  cones  have  a  widtli 
of  c;xa;:tly  45".  One  then  finds  that  tlie  gluing  procedure  just  described  forces  us  to 
scale  down  the  Schwarzschild  solution  (as  written  in  Kru.skal  coordinates)  to  a  very 
small  size,  and  to  blow  up  the  internal  region  of  the  black  hole  to  large  sizes,  This 
is  sketched  in  Fig.  lb  by  drawing  dense  coordinate  lines  in  the  outside  region  wid 
wide  coordinate  linos  inside. 

In  Fig.  2  we  illustrate  what  happens  to  geodesics  near  such  a  point.  At 
the  point  B  in  Pig.  2c  we  make  the  trausitioii  to  Lorentz  transformed  coordinates, 
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Fig. 2.  lit  a)  and  b)  the  region  I  in  Lorentv:  boueled  compared  to  region  II.  Since 
tliis  is  just  a  coordinate  repararretrization  a  gmdcsic  (dotted  line)  goes  straigiit.  In 
c)  we  performed  tlic  traiiaforniatioii  of  a)  at  the  point  A  and  the  one  of  b)  at  the 
point  li.  At  both  points,  the  orthogonal  coordinate  was  squeezed.  Consinpiently,  a 
geodesic  going  through  region  I  is  now  bent  over. 

but  bocauBc  the  orthogonal  coordinate  is  sciJed  in  the  wrong  direction  a  geodesic 
crossing  at  H  is  bent  over.  The  same  happens  in  A.  Thus,  two  particles  with  etpial 
velocities  may  end  uj)  having  dift^<!rent  velocities  if  they  pass  tlu;  poini.  .S’  at  oppositii 
sides.  Thus  the  aingulmity  at  S  Inus  the  effect  of  a  Lorentz  transformation  if  oitc 
follows  a  loop  around  it, 

For  a  black  hole  with  lifetime  long  compiued  to  its  size  the  loremz  boost 
across  S  is  extremely  large.  For  the  remainrlcr  of  our  con.sideratiou.s  we  prefer  to 
concentrate  on  the  ciise  that  this  Lorentz  boost  is  not  so  extremely  large.  This  hap¬ 
pens  either  if  one  considtu's  very  tiny  black  holes,  or  black  holes  with  an  extremely 
’’unlikely”  history.  The  only  reason  then  why  this  history  is  unlikely  for  large  black 
holes  is  that  the  amplitude  is  too  small  after  multiplication  with  the.  approjudate 
phase  space  factor,  which  is  also  too  small,  so  that  other  proccjsses  (giving  th(^  liole 
a  lifetime  of  order  M^)  are  more  probable.  \Mi  just  point  out  that  this  is  not  at  all 
im  objection  against  considering  the  amplitudes  for  such  ’’unlikely”  histories. 

Thus,  we  concentrate  on  Fig.  1  where  the  region  very  close  to  tire  origin,  .S', 
is  described  by  Fig.  2c..  let  the  totiJ  Lorentz  boost  along  a  closed  curve  be  given 
by  the  parameter  <t)  in  the  boost  matrix 


(rosb^  0  ()\ 

niiili^  cobIi^  0  0  ] 

U  0  1  0  I 

0  (I  0  1/ 


(d.2) 


The  local  effect  of  the  shells  of  matter  is  small  comi>ared  to  the  effect  of  the  conical 
singularity. 


5.  Particle  Creation  by  a  Conical  Singularity 

We  now  consider  the  effect  a  conical  singularity  of  the  sort  described  in 
the  previous  Section  has  on  a  quantized  state  in  field  theory.  Since  the  metric 
has  no  timelike  Killing  vector  there  is  no  conserved  energy,  b  we  i-x’gin  with  thi^ 
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vacuum  state  at  i  =  -oo  the  state  at  t  =  +oo  will  in  general  contain  particles.  The 
computation  is  not  hard.  Observe  that,  in  contrast  with  the  familiar  calculation 
of  the  Hawking-Unruh  effect  there  will  be  no  information  loss.  Later  we  will  be 
interested  in  different  initial  states,  but  let  us  begin  with  the  vacuum. 

For  simplicity  we  take  the  field  to  be  scalar.  The  local  operators  and 

ip(x,t)  are  given  by 

and 

^  1C  ]/^(~  +  ‘“i*'’*') ,  (5.2) 

when;  at  and  aj  are  annihilation  and  creation  operators  at  given  tliree-momentuin 
k.  As  usual  we  define  =  i/(k’  4-  m’)  and  itr  =  kx  —  . 

We  take  Eqs  (5.1)  and  (5.2)  to  hold  at  time  (  <  0,  before  the  .singularity  .S’ 
occurred.  At  time  i  >  0  we  take  the  fields  to  be 

=  +  (5-3) 

where  v  arc  Cartesian  space-time  coordinates  at  t  >  0.  They  are  related  to  th<! 
X,  (-coordinates  by 

y  =  i  if  xi<0,  y  =  L“'x  if  xi>0,  (5.4) 

where  I  is  the  Lorentz  transformation  (4.1). 

One  finds  that 

i  It 

where  A*t  and  are  coefficients.  Firom  now  on  the  variables  p  and  k  are  only 
the  r-components  of  the  momenta,  the  one.s  that  tnuisform  iion-trivially  uii'ler 
the  Lorentz  transformation  (4.1).  and  are  the  usual  time  components  of  i.  le 
momenta.  Also  we  write  x  =;  xi.  Let  us  furthermore  use  the  shorthand  notation 


cohIi  4)  =  c 


»inti  <i>  ■ 


(5.0) 


where  ^  is  th<;  Lorentz  boost  parameter.  We  will  use  a  finite-volume  formulation  .so 
that  the  momenta  are  dlscr<!te.  The  coefficients  are  then  computed  to  he 


(5.7) 


where  V  is  the  volume  (soon  to  he  sent  to  infinity). 

The  integral  <3ver  x  can  of  cours*  '  ><•  calculated: 


A*,  =  - 


-ijp"  ^  ^")  »(l>°  ±  (ct°  -  sk)) 

W  \  k  ~  p  —  U  ck  —  sk'^  —  p  +  if 


(5.8) 
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It  is  illustrative  to  compute  the  occupation  number  (6t6y)o  ,  where  ()o  corre¬ 
sponds  to  the  vactuim  of  the  annihilation  operators  aj.  It  is  found  to  be 


h 

iTVjf  j  \  (i  —  p)(cJ:  —  it"  —  p)  )  ’ 


(6,9) 


where  the  summation  was  replaced  by  the  integral  for  V  -*  oo,  and  in  the  integral 
we  must  insert 

t"  =  ft’-t-mi,  (5.10) 

and  similarly  for  p".  Here  t  is  thi^  transverse  part  <rf  the  inonKuitum  t. 

The  rest  is  straightforward  arithmetic.  All  integrals  can  b<^  perfornied  and 
the  result  is 


For  small  <j>  the  (pnuitity  bctweiui  square  brackets  is 

‘  '  fi  3(i0 

and  if  ^  is  liu'g(^  then  it  approaches 

r.  101-2 +  1*1  +  , 


i 


(6.11) 


(5.12) 


(6. 15) 


Note  that  the  p  dependence  is  (f'p/2p“  =  i/^pA(p'''  +  >m’)  ,  which  is  Lonuitz  invariant.  In- 
var'iance  under  Lorenta  transformations  in  th<5  x  direction  is  not  surprising.  But  the 
invai'iatice  in  the  transver.sc  <lir(?ction  is  an  weident.  The  coctlicients  /I*  themselves 
do  not  have  this  latter  invananc(\  Also,  the  fact  that  Eq.  (5.11)  is  independent  of 
the,  sign  of  0  is  im  accichait. 

The  coeffiei<'iits  of  Eq.  (5.8)  were  coinputorl  for  given  3-moinenta.  The  cal¬ 
culations  simplify  liow<-vcr  if  we  go  to  lightcone  coordinates  iiisteiul.  Tin-  outcome, 
such  as  Eq.  (5.11),  of  course  stays  the  sani(!. 


6.  Conclusion 


We  propose  to  use,  the  metric  of  Fig.  1  tt»  c.oiiii>ut<T  amplitudes  (4.1)  if  one 
single  ainplltuile,  (out|in)  is  given.  The  <'oni<'.al  singularity  S  is  not  strong  enough  to 
cause  any  loss  of  "iforniation.  If  S  were  infinitely  sharp  a  vacuum  in-state  would 
caus<!  an  unlimited  jrarticle  production  into  the  out-stntc.  We  ciui  j)ut  a  bound  on 
this  particle  production  by  smoaiing  the  singularity  a  bit.  We  showed  that  ealcnlat- 
ing  the  evolution  of  tin;  state  that  started  out  us  a  local  vacuum  is  straightforward. 
But  what  actually  will  be  needed  is  the  evolution  of  a  state  that  has  no  particles 
coming  from  (r  =  II)  (the  lower  dotted  line  in  Fig.  la)  into  a  state  that  has  no 
particles  moving  towards  (c  0)  (the  upper  dotted  line  in  Fig.  la).  In  gene.ral  these 
states  may  have  particles  on  the  other  side,  (the  gray  areas  in  Fig.  la).  Computation 
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of  these  transitions  is  much  harder  because  the  distinction  betw(!en  left-goers  and 
right-goers  is  to  some  extent  arbitrary  and  hence  difficult  to  implement. 

We  note  that  the  in-  and  outcoming  particles  caused  by  the  singularity  <;s- 
sentially  imply  that  our  Ansatz  for  the  metric  is  self-consistent.  Somewhat  more 
precisely,  we  propose  the  following.  In  contradistinction  to  the  procedure  we  pro¬ 
posed  previously,  and  which  was  recapitulated  in  Section  2,  we  now  assume  that 
the  variations  6tl>  of  both  incoming  and  outgoing  states  are  too  small  to  have  any 
direct  gravitaionol  effect,  so  that  here  we  can  suiierimpose  quantum  states  in  the 
usual  way.  We  will  refer  to  the  particles  in  Stl>  us  ’’soft”  pwticles.  All  particl<;s 
whost!  gravitational  effects  we  wish  not  to  ignore,  (the  "hard"  particles)  we  jiut  in 
the  original  states  |out)  luid  |in).  To  ii  ach  of  these  ’’gravitational  wiudow.s”  we 
e.iin  eomimte  a  block 

(out -f- 4.,jin-t- /ij„) .  ((i.l) 

Indeed  all  these  amplitudes  ar<;  uniquely  defined  up  to  one  overall  multiplicative 
coustiuit.  There  is  no  drain  of  information.  On  the  other  hand  however,  th<ue  i.s 
a  divergence;  if  is  infinitely  sharp  the  majority  of  transitions  will  contain  hugi; 
numbers  of  particles  modifying  the  iilreiufy  heavily  populated  in  and  out- states. 
Just  because  we  wish  to  cou,sid(;r  only  .soft  particles  in  iV’  we  must  acc(q)t  a  cutoilf 
for  the  .siuguliuity  S.  The  (;xuct  location  of  tin-,  cut  t»fF,  the  transition  region  betwts'ii 
soft  and  hard  particles,  must  to  .sons'  extinit  b<!  irrelevant. 

Note  that  the  trau.sitiuns  them.selves  will  not  violate!  any  of  the 

symmetries  of  our  staiidaid  iuUaactions.  However  in  the  entire  IJock  (0.1)  th<!  hard 
particles  will  violate!  all  global  symmetries,  but  for  the  entire!  Irlere-k  this  violation 
will  be  the  same. 

We  bedieV'  our  ue'w  pieepersal  will  opeui  up  eliffercnt  <!le'me!nt.s  of  the* 

blue;k  hedei  se-atteuiug  matrix  luid  allejw  us  te)  study  this  matrix  further.  Ultimutedy 
all  procedureis  sheuilel  be'  e’ombiuesl  into  erne'  single  the'ory,  but  wei  are  not  yet  that 
fiU’,  By  cenistruction  it  s<;(!ms  that  there!  e',auiie>t  be'  any  violatiem  of  uuitarity  for  this 
matrix,  Imt  we!  should  admit  that  this  has  neel  yed,  besm  ele!ine)nstrate:d.  The!  probleun 
i.s  now  that  the  , S'- matrix  eleiscribing  the'  soft  particle's  alone!,  after  the  cut  edf,  will  be! 
euiitiU'y.  But  withemt  cut-eiff  the!  bleee'ks  (C.l)  that  we  have!  are  e'aidi  difft-rnU  parts 
of  dijtiTKiii  .V-inatru;e:s.  Eaedi  of  th<!se!s  inatrie'.e's  seqjaratedy  are'  unitary,  but  wlK'ther 
this  e!ombinatiou  will  again  be  unitary  reniiains  to  he!  sesui.  A  eledieale!  stmly  of  the 
various  limiting  pre}e!(!(hir(!H  lnv<jlve!d  will  be-  ne'e!eleel  te>  aiiswe:r  such  eiue'stiems. 
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ABSTRACT 

'rim  iiruu  ciiliroiiy  4/'1  and  Idu'  ndalcal  Hawking  l<aii|ifralur«’  in  Uic  |iri'.s<'iiir  i  if  event 
lioriViOiiH  are  rederived,  lor  de  Sitter  and  Mack  hole  topologies,  as  a  eoa.serpienec* 
ui'  a  tunneling  of  the  wave  fnnetional  asnoeiatr'd  to  the  el.Lssieal  coupled  matter 
and  gravitational  li(diln.  'I'he  extension  of  the  wave  functional  outside  the  harrier 
provides  a  r<ss('rvoir  of  (piantuiii  stales  which  allows  for  an  additive  constant  to 
d/'i.  While,  ill  a  Kciui-cliLssical  analysis,  this  gives  no  lu'w  iiifoniiation  iu  the  dc 
Sitter  cicse,  it  yields  an  iiilinite  constant  in  the  hlack  hole  case.  Hvaporatiug  hlack 
holes  would  then  Icavi'  ri'sidual  ''plaiickouK”  I'laiickian  remnants  with  iiiliinle 
degeneracy,  t  leiicric  plauckons  can  neither  ileeay  into,  nor  hi’  directly  formed  IVoin, 
ordinary  matter  in  a  Unite  time.  Such  o|iening  at  the  I’lanck  scale  of  an  iiilinite 
llilliert  space  is  expected  to  provide  the  ultraviolet  cntolf  reipiired  to  render  the 
theory  linite  in  till'  sector  of  huge  scale  physics. 

1.  Introduclioii 

'I'lliuii'liiig  111  <iiiaiitiiiii  gravity  ran  geiicraU’ <’iitro|»y To  iiiKlcistaml  liiiw 
such  an  apiiaiciil  violation  ol  iniitanty  may  arise,  let  us  (irst  coiisiiler  a  classical 
spacetime  liac.kgroiiiid  geometry  with  com|)a.ct  Cauchy  hypersiii  faces.  If  (luaiitiim 
[luc.tuations  ol  the  liacUgroiiiid  are  taken  into  accoiint,  <iuaiitiim  gravity  leaves  no 
“external”  time  paraiueter  to  descrihe  the  evolution  of  matter  eonlip,iiration,s  in  this 
hackgroniid.  Indeeil,  the  solutions  of  the  Wheeler  l)e  Witt  e(|na(ion  ’ 

(1) 

where  77  is  the  llaniilloiiian  density  ol  the  interacting  gra.vity  matter  system  can 
contain  no  reference  to  sin  li  time  when  there  are  no  conlrihntion  to  the  I’nergy  lioni 

*  pri'.sciiled  hy  I'M'iiiglcrl. 

t  M  mail;  caslier  at.  laiinivm;  fcnglcrt  at  nlh.ac.hc 
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surface  terms  at  spatial  infinity'' .  This  is  due  to  the  vanishing  of  the  time  displacement 
generator  and  even  thougli  the  theory  ran  be  unambiguously  formulated  only  at  the 
semi-cliiasiral  level,  such  a  e.onse.queuc*!  of  reparamtitrizatiou  invariance  should  have 
a  more  general  range  of  validity. 

To  parametrize  evolution,  one  th<'.n  needs  a  “clock”  which  would  deline  time 
through  correlations*,  namely  correlations  of  matter  configurations  with  ordered  se- 
quence.s  of  spatial  geometries.  If  <)uantuin  lluctuation.s  of  the  metric  liehl  can  he  ne¬ 
glected,  tin;  field  eoinponeiits  at  every  imint  of  s|)ac<.'  can  alway.s  be  parametrized 
by  a  classical  time  param<;ter,  in  ac.cordar.ee  with  llu'  classical  (spiatir)ns  of  motion. 
'I'his  classical  time,  which  is  in  fact  a  function  of  the  y{j,  <  an  l)e  used  to  descrilx'  the 
evolution  of  matter  and  constitutes  thus  such  a  dynamical  “clock"  correlating  matter 
to  the  gravitational  field®.  This  dc.seription  is  available  in  the  Hamilton- Jacoby  limit 
of  Eq.(l)  where  the  classical  background  evolving  in  time  is  rei>rescnted  by  a  coherent 
superi)0.sition  of  “forward”  waves  formed  from  rngenstates  of  K,q.(l).  When  quantum 
metric  field  lluetuations  are  taken  into  account,  “backward”  waves,  whiih  can  bc^ 
interpr(d,ed  as  flowing  backwards  in  time,  ari^  unavoidably  generated  from  l'lq.(l)  and 
the  operational  significance  of  the  nxitric  clix-k  gets  lost  outsidi;  the  domain  id  validity 
of  the  Hamilton  Jacoby  limii.  Nevertheless,  in  domains  of  metric  field  configurations 
wlierc^  both  forwarrl  and  backward  waves  are  pn-sent  but  wh(“r(^  qnaidaim  IlmMmations 
are  suliiciently  small,  interferences  with  such  “tini<r  reversed”  siuni-classical  solutioiis 
will  in  general  be  uegllf'ible^  I’rojt-cting  then  out  the  backward  waves  mstores  the 
operational  significimee.  of  tli(‘  m(dri<t  clock  but  tin'  irvolulioii  marked  by  the  coi  rr'la- 
tioii  time  is  no  iuor<!  unitary:  informat, ion  hiu:  been  lost  in  projecting  tlies<’  backward 
waves  stemming  from  regions  where  quantum  lluetuations  of  tin'  <  lock  are  .signilicant. 
Tliis  is  only  an  appa,i'ent  violation  of  uuitarity  whic.li  would  he  dis|)o.sed  of  if  the  full 
content,  of  the  tlieory  would  he  kept,  perhaps  ev<'ntnally  hy  reiuterj)retiug  backward 
waves  ill  I.erms  of  the  creation  of  “universe”  (|uanla  through  a  further  quantization 
of  t  he  Wavi’fune.tioii  Mq.fl). 

This  apparent  violation  of  unitarity  is  partienlarly  marked  if  the  gravitational 
clock  ex])cri<'iiccs  the  strong  (luantum  lluetuations  arising  from  a  luniieling  proei'.ss. 
'I'lii.s  can  lu'  illustrated  fi'om  tlie  simple  analogy,  represented  in  Kig.l,  olfered  by 
a  noiu'elativislic  closed  system  ot  total  llx<-d  energy  where  a  particle  In  one  space 
diiiiensloii  .r  moving  in  a  potential  (l{x)  plays  the  role  of  a  clock  for  snrroumling 
matter  and  tunnels  through  a  large  potential  hairier.  Outside  the  liarrier,  l.lie  eiock 
is  well  a))()roximate(l  liy  .seiiii-e,la.Hsieal  waves,  but  if  on  tlie  left  of  llui  turning  point  « 
one  would  take  only  forward  waves,  one  would  inevitably  liaveoii  tiie  riglit  of  tlie  otlier 
turning  point  h  botli  forward  and  liae.kward  waves  witli  large  auijilitudes  coiiqjared 
with  tlie  original  ones.  The  ratio  Ix  twixm  the  squares  sif  tlie  forward  amiriitudes  on 
tlie  rigid,  and  on  tlie  lefl,  of  tlie  liarrier  for  a  eoniponent  of  tlie  eloek  wave  witli  g,iveu 
dock  energy  K,.  is  tlie  inverse  transmission  e.oellie.ient  /V(|(f',V)  tliroiigli  tlie  liariier  and 
luovides  a  iiiiNisiire  of  tlie  apparent  violation  of  unitarity.  In  tlie  Hainilton-.Iaeolry 
limit  ol  qiiaiituiii  gravity,  tlie  eharaeteri.satioii  of  tunneling  amplitudes  liy  inveisi- 
transmission  eoeliieieiits  A'n  will  aiqiear  as  the  natural  one  to  eoiiipiiU-  tin-  entroliy 
traiisferalile  n-versilily  liel.weeii  tile  iiietrie,  clock  and  matter.  More  |)r<s:isely,  we  sliall 

I  Fur  ;v  diHcUssioii  of  probNiiiis  .S4’r  n'iiTi’iin*  7. 
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!!(■<■  that,  in  l.liis  liinil.,  sphriically  sytiiinclric  si)iM;«‘li)tics  houndefl  by  ovont  horizons 
arc  in  general  connceled  by  tunneling  to  another  manifold  and  that  the  entropy  gained 
by  tunneling  from  the  latter  to  the  foniier  is,  for  large  barriers,  logWi).  Explicit 
evaluatioii  of  this  tunneling  entroiry  yields  In  Wy  —  /t/4  where  A  is  the  area  of  the 
event  horizon,  In  this  way  the  horizon  therniodynamirs  of  (iibbons  and  Hawking'^  is 
recovered,  liut  tlx'  pre.sent  apiu’oaeh  has  potentially  additional  information. 


I'igure  I,  'I'miin'liug  of  ;i  nourrlativisf i<'  ‘Vlork".  'rlt*-  energy  ol  tlir  clock  is 
represeiU.ed  liy  l.lie  diLslicd  line  On  the  lel't  of  t,he  Inrning  (mini  n  the  clock  is  well 
rcpri'seiilcil  by  ,1  forward  wave  ile|ijcl.e<l  here  hy  a  .single  arrow.  On  the  ligljl,  of  file 
tiirnnig  lioint,  li  the  lOiiiilillcalion  of  tin'  forward  wave  and  the  large  conci.nnitant 
backward  wave  are  indic.iti'd 


'I'lie  l.uiiiieling  entropy  in  /V„  is  in  last  analysis  an  effect  of  (piantnm  llnctii- 
ations  ill  (|iiantum  gra.vity,  'riierefore,  despite  the  fact  lluit  no  violation  of  nnitar- 
ity  would  appear  in  a  complid.e  de.scriplion  including  bar  h ward  waves,  this  entro|)y 
should  be  expressibh'  in  terms  of  deiisity  of  stati's  of  mal.ter  and  gravity,  'ruiiiii'ling 
oilers  an  iili.eresi  iiig  |)ers|)ective  in  this  direction  br'caiise  it  enlarges  tin-  semi classical 
wavi-  Imiction  ol  spacetime  to  include  in  its  rlesi  1  Ipl  ion  the  other  side  of  the  harrier. 
'I'liis  can  yield  a  reservoir  of  ([iiautum  states  wllicli  may  provlcfi-,  in  addition  to  the 
exp(/l/d)  sl  ates  hiiilding  the  entropy,  residual  statc-s  which  would  be  expressed  as  an 
“iutegratioii  coiislaut"  in  the  total  entropy  of  spacetime.  'I'lms  we  shall  write 


5  -  A/-1  d  <  ' 


anil  try  to  gel  some  iiiloi  illation  about  the  •  oiistaid  (  '  by  analysing  both  sitle.s  of  the 
barrier. 

1  hr  knowledge  ol  (  '  is  cnii  lal,  in  pai  ticuhir  for  the  uinlerstaildiiig  of  the  black 
hole  lielnivionr  al  the  linal  si. age  of  evaporation. 
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A  inlitiitcly  v;ilu<'  of  (,'  would  indeed  iiidie;ite  (liat.  (lie  (‘vapoi.ition  lai' 

only  radiate  a  finite  numlier  of  “siiriai-e”  states  of  oisler  exi)(/t/’l)  out  of  an  infinit<' 
set  of  availalile  iiil.eriial  states.  'I'liis  niismateli  would  entirely  modify  i  lie  dlaek  lioli' 
evaporation  process  at  its  last  stage  ami  In'iiig  the  decay  to  a  halt.  Indeed  wheTi  the 
black  lioh^  evii-porates  to  the  I’lain  k  scale,  it  becomes,  if  (■  is  iidinite,  a  “planckon'  l 'I . 
that  is  a  remnant  with  inlinile  d('generacy.  dansality  and  nnitarity  ])revent  the  decay 
and  the  production  in  a  linite  time  of  planckons  directly  out  of  ordinary  matter  for 
nearly  all  such  statesl''!  Namely,  if  a.  ))lanckon  sla.t<-  lA,)  of  liniti-  si/e  and  mass  in 
de.cay.s  (or  is  jirodnced)  within  a  finite  lime  r  in  an  approximately  Hat  sjnice  time 
liackgi'onnd,  the  total  number  of  possible  liiial  (or  initial)  states  is  limili'il  through 
causality  by  the  nnmbei'  A'  (t)  of  ortbogonal  states  with  total  mass  in  in  a  voinnie 
T*.  As.snminji;  the  nurnbiM  of  i|nanlnm  (ields  wliii  h  descrilx'  physics  at  scales  large 
compared  to  the  I’lanck  scat  be  linite,  Af  (t)  is  a  linite  nninber,  Unitarity  then 
implies  that  if  tin'  dimension  i'(in)  of  the  Hilbert  spac<-  spanned  by  the  degenerate 
stal.es  |Ai^  becomes  great. er  than  .V  ( f  ).  a  snbspace  ol  planckon  stales  wluisi'  ilimen 
,sion  is  n  ( m )  A'  (  r  )  will  be,  hn  times  smaller  I han  r,  oi  l  hoj’.onal  to  the  Hilbert  space 
of  stale:;  loriiied  by  these  <piantnni  lields.  I  hns,  when  i'(m)  *  '.x>,  generie  planclanis 

eannol  ilecay  (nor  be  lorined)  in  a  linite  time.  Of  course  the  above  argnineni  doc-s 
not  precinde  l.lie  ver\  rornial  ion  oftheyiin'/r  inmih<'r  of  distinct  plaiickoini  which  can 
be  geiK'raled  in  a.  linil.e  lime  as  remnants  of  macroscopic  decaying  lilack  lioles,  'l  ifts 
l  ime  is  however  niirelaled  to  t  he  time  for  their  decay  (i  realion)  direct  ly  at.  I  he  1‘lancl, 
si/e  into  (from)  ordinary  matter  ipiaiita;  the  latter  time  is  gein'iicallv  inlinile. 

On  the  ol  her  liand,  a  /ero  or  linite  value  of  ( ■  would  lead  to  the  di;.appe:iianee 
of  the  hole  at  l.he  end  point  of  eva|)oral.ion  and  hence  probably  imply  a  j'.eiinini' 
viohilion  of  miilaritv  within  oiir  nniver.a-  . 

The  main  content  of  onr  work  is  that,  in  an  a-.yinplol ii  .illy  Hal  baefejoniid. 
the  eoiislanl  ('  lor  lilaek  hole;;,  a-,  dcdiieisl  bom  .1  WKH  aiialysi:.  ol  tnnnelin;',,  i:.  In 
I'aet  inlinili'.  lienee  Ihe  preseni  approaeli  indieali's  Ih.il  Hie  :ui|iiliiin  of  the  niiilaiilv 
problem  posed  by  Ihe  hlaik  hole  disay  is  provided  In  plaiiekon  remnant:;.  lid:, 
eoneliision  is  however  ;  onl  iiij'.enl  upon  the  rniiilatioii  of  the  semi  elassieal  .ippio.ieh 
to  ipiaiilnin  I', ravin  iiseil  here  and  remains  therefore  a  leiilalive  oim. 

\\e  idiall  III:  I  rei'iew  the  einiipnl  at  ion  ol  I  ninieliin'.  amplilndi:.  m  ipi.mlnm 
gravity  llirongh  :;lali;-  barriers"  and  |•onlpllle  Ihe  Innnernig  entropy  for  the  i.i.i-  of 
de  Silli'r  spacelimi'  topologies.  Ihnverei  the  I'sl  iiii.il  ion  ol  ('  .appears  in  lid-  1  ,1  .1 
iiil  rail  a  hie  within  Ihesinii  el.issieal  appio.xiliialioii.  We  then  shall  anab'si'  in  amil.ii 
terms  the  black  hole  gcniiicl  lies' file  above  ineiitioiled  results  will  be  derived  and 
disi  nssed. 


A  l''ui  a  '■iini|iicli<'ii.snc  on  iiav  on  n-i-iail  alfi-iii))l-s  Itis.ilvf  tin-  IiI.m  t  Imlr  uinlaiiii  i-io/lr,  ..i.i. 
|■(’)l■|■l’llo■  It).  Si'i  af.o  n  11 


176 


2.  Tunneling  amplitudes  in  quantum  gravity. 

Our  basic  action  in  four  cliincnsional  Minkowski  space-time  will  be 

"k  ^matter  ('^) 

where  Sgrim  ha-s  the  conventional  form  (G'  =  1)  : 

Sgrav  =  -  J  (4) 

and  S, nutter  contain  .sufficiently  many  freer  parameters  to  allow  for  the  stress  tensors 
considered  below.  A  possible  cosmological  constant  term  can  be  included  in  the 
matter  action. 


FiRure  2.  'ruiuieling  in  cjiiaiiluin  gravity  The  two  solid  curves  represent  Inrniiig 
hypersurfares  it]  and  Ej  separating  the  dark  gray  Euclidean  region  £  from  two 
Mhikow.skian  .spacetimes  depicted  in  light  gray. 


Consider  (l’ig,2)  in  general  two  spacelike  hypersurfaces  Ai]  and  which  arc 
tuvni.ig  Doints  in  snperspnre  (or  turning  liypersurfaces)  along  which  solutions  of  tlie 
Miakowskian  classical  eq.  alions  of  motion  for  gravity  and  matter  meet  a  cla.ssiral 
solution  erf  their  Ruclidean  extension.  L|  and  E2  are  thus  the  boundaries  of  a  region 
£  of  Kucliclean  sirace-time  defined  by  tlie  Eucl'dean  solution.  It  t’  can  be  continuously 
shrunk  to  zero  one  ,an  span  £  by  a  continuous  set  of  liy;)ei surfaces  =  constant 
siich  that  7,  ^  :',j  o  :  Sj  and  =  7^,2  <»'  ^2-  These  t,  =  constant  surfaces  detine  a 
Eudideai'.  coordinate  system  which  we  shall  call  synchroiions;  the  Euclidean  metric 
in  £  can  be  written  in  tlte  fo.'m 

d.-i‘  r--,  N^{T,,.rk)(lT^  +  (jigiT,Xu<t.r.‘  ih-i  (5) 

where  A'(r^,  ,(■*■)  is  a  lap.se  rniictioii. 
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The  Euclidean  action  5,  over  £,  from  to  Ej,  is  obtained  by  analytic  con¬ 
tinuation  from  the  Minkowskian  action  Eq.  (3)  and  can  be  written  as 


5,(E2,5]i)  =  j  +  j 


Jig,,n’^yd*x 

£ 

~  J d,[(d^N)g^^^)\d*x. 
£ 


(6) 


li“re  IT-'  and  11“  arc  the  Euclidean  momenta  conjugate  to  the  gravitational  fields 
and  to  the  matter  fields  (j>^\  g^^^  is  the  three  dimensional  determinant  and  the 
I  symbol  indicates  a  derivative  with  respect  to  r,.  In  the  gauges  of  Eq.(5),  ll'-’  is 
expressed  as 


II -J  ^ 

32x/V‘-' 


,.,y. 


■9'’g . 


(7) 


On  the  turning  hypersurfaces  Ei  and  all  field  niornenta  (1I'-’,11“)  are  zero  in 
the  synchronous  system  and  the  third  term  in  Eq.(6)  vanishes,  The  last  term  in 
Eq.(6)  also  vanishes  if  the  hypersurfacef;  Ei  and  E2  are  compact  hiit  may  receive 
contributions  from  infinity  otherwise.  In  this  case,  we  shall  assume  lhal  t\irning  hy¬ 
persurfaces  merge  at  infinity  sufficiently  fast  so  that  tin*  Eiiclirlean  action  .S'r(E2,E|) 
do<es  not  get  contributions  from  the  last  term  in  K<i.(f)).  The  classical  Minkowskian 
solution  in  th<'  space  time  M\  <onlaining  Ei  can  lx-  representc'd  quantum  mechani¬ 
cally  by  a  "forward  wave"  solution  'kfj/i;. ij>a)  of  the  Wlus'ler-De  Witt  Eipf  1 )  iii  tlic 
Hamilton  .hu'oby  limit.  .At  E|,  this  wav<'  fuiution  enters,  in  the  WKH  limit,  the  Eu¬ 
clidean  ri'gioii  S  and  leaves  it  at  to  p<-iietralea  new  Minkowskian  spare- lime  M  j. 
The  tnmieling  ol  thnnigh  f  engenders  in  addition  to  the  "forward  wave" 

solution  a  time  reversed  ■‘baekward  wave”  The  inverse  transmission  coetiirienl  A'u 
through  the  harrier  measurr's  the  ratio  of  the  iiorins  of  the  foi  waril  waves  at  E^  and 
Ej.  For  large  AH  one  may  write  in  the  synehroiums  system 


.'V 


II 


exp 


\i'>g'.,d's  + 


I  nv;.d'.r) 


(d) 


As  all  siirfaee  terms  in  E(i.(())  vanish  in  this  system,  Eij.fS)  ran  be  rewritten  in  the 
coordinat,!  tuvariant  fonn 

AH  =  expl2.S',(E,,E-2)].  (9) 


Let  us  rxaiiiine  tin-  case  when-  the  Faielideaii  manifold  £  is  slatie  ii.  the  sense 
tliat  it  admits  ■  iiling  symmetry.  We  eaii  lake  advantage  of  the  eovaiiance  of 
tlie  action  .s.  r.id  express  it  in  terms  of  a  n«‘W  “statii"  l  oordinate  system,  pos  'tilv 
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singular,  with  nioniciita  <‘v<‘ry wli<-io  vanishing  in  £.  In  this  way,  niomi  nta  in  P'/q.(8) 
get  s(iuf('z<‘(l  into  till'  last  snrfai'c  tcmi  of  K<|.((>)  ami  otii'  gets 

.No  =.  A/,^  J  (10) 

wluMr  is  th<’  Ku«  iMlran  I  iin<‘  t<i  span  c’  in  t  In*  statir  system.  The  itinneling 

anij>iitu(le  will  llit  ii  '  eoiiiputaUh*  iiDiii  this  snrfaee  t«*rm  only*  oven  wlien  the  static 
paraiin’t risat itMi  is  sinj^ulaj  . 


3.  The  tunn  ling  entropy  in  de  Sitter  spacetime  topologies 


riKiin*  3.  ImiiM  lin^  itt  ‘1«  Siti*'r  TIi*-  Ii.  .»v.t  '*«*hil  Ium-  a  4- 

li> 'I'l  Aii'l  ili<  tliiii  oik4-  a  noriiiliol*-  I  II*-  I- ti<'h«l>'aii  t'  constit iiti'd 

;»  li  »lf  I  ij.  (!'  «1  hv  .%  <|  is|i<  Ihm  I'Ih-  <)>  a  ctri  t  is  lln-  1  iiriHKi; 

li> jM'rsiirf .n't-  r  u 

Let  \\<  Inst  jlhistiat<’  ili«-  iM)nival«*iMe  nnplieil  !iv  l’.<j.(!))  of  the  !‘aj.(S)  ainl 
h,r|  (ID)  for  tin-  «ir  Siltf'i  spa<etiiin’  wliirli  IS  tlie  rlassi<*al  s(»h)tioii  of  purr  ^,ravity  in 
the  pnva’ihr  ol  <oMno(o^i«al  (Oiisi.tnt  \.  hi  the  [iirseiil  fonualisiiK  A  shouhl  hc' 
\  i<  wefl  as  thr  |  aii^»_ian  ilriisily  .»f  tht  matin  a' t  ion  iti  i  aj.  (  J);  it  plavs  Uh'  role 
of  a  iiniMrj  ilist  1  ilail r«l  wtlh  ir;-t  eiirij*v  <lenslt  v  i7  A  an<i  oheyin^  t lie  erpiai ion  of 
sla!<  rj  -  ff  wlieir  p  |s  ii  (iirL;.if ivr )  piessiue  The  lull  Miiikowskiaii  solution  is  tlie 
1  h>  prrholoul  wliiili  ran  ln’  pai,uin*l  ii/eil  hy  the  ininisuj)‘‘rspace  mrtrir 

(is"  r/j^  ti'ilij'':  a  f'f,  rosli — -  (11) 

If, 

when  f /,  f-l/tSn  A).  1  he  livpeisnrhu  r  /  0  Isa  turning  hyperstii  la<  c  nninerling 

the  liypn  htiloifl  to  tlir  Imk  Inh'an  soliilioii  consisting  oi  tlu'  -1  spla'i'e  which  <  an  he 
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descrilicd  in  n  synchronous  systoni  hy  replacing  in  E(|.(ll)  r  by  — iTj.  This  yields  the 
Euclidean  scale  factor 

Uf  =  r-ft  cos  — .  ( 12) 

rk 


The  hall  .  jhere  delimited  by  —TTrh/2  <  r,  <  0  has  another  turning  point  at, 
say,  the  south  pole  =  —irrk/2  whore  =;  0  ;  in  the  above  synchronous  system 
the  space  integral  of  the  nioinenta  in  a  Te  =  constant  hypersniface  vanishes  in  the 
vicinity  of  this  [joint  and  so  docs  the  third  term  in  E<|.(6).  The  lialf-s|)here  considered 
constitute  the  domain  £  through  which  a  “wormhole”  at,  say,  «,  =--  1)  is  connected  by 
tunneling  t(j  the  de  Sitter  spacetime.  The  inverse  transmission  coefficient  Ng  can  be 
straightforwardly  com|)Uted  from  E((.(8)  using  Ef|.(7)  and  one  gels 


No  =  exp 


+  >Tr;,  /2 


I  /  “  m  - 


=  exp(5rr,^)  =  exijf.d/l) 


(i:i) 


where  A  is  the  area  of  the  event  horizon. 

riie  significaiK «'  of  this  result  is  Ix'st  appreciabxl  when  the  i  sphere  is  de¬ 
scribed  in  static  coordinates; 


,ls^  =  ( I  -  r\lrl )  (Itl  -t  ( 1  -  rVi'i)'  '  dr'  +  r‘  dSiT  (It) 


In  this  static  lvam<',  all  momenta  vanish  everywhere  ou  the  s|jhere  and  the  1  iinneling 
is  expressible  hy  1  he  surlace  term  l‘',((.(l())  only  vvlu're  the  railial  inb’grat  ion  is  carried 
from  V  —  0  to  r  —  The  Euclideait  tim<'  is  [x-riodic  with  periml  T“  '  =  -Tri/,. 
Using  Ei|.(10)  with  Al,  =  (1/2)T  ‘  —  rrr/,,  </ue  ri-covers  the  result  l•’.(|.(U!). 

It  is  now  easy  to  verify  that  the  e([uality  betwrsui  the  inviusi-  t  r;i  usmission 
coefficiruil  and  exi)(/l/'l)  is  maintaiiK'd  when  the  <h'  Sitter  spacetime  is  oeilitibed  by 
sphi'riially  symmelrh  slatir-  matter  distribnlions*.  This  esi .rblislres  rl  <  calidily  of 
E<|.(ld)  for  these  generalized  di’  Sitter  s|)acelimes. 

bet  us  tciitat  ivi'ly  l.ike  Ijonttdary  cniidilions  iit  held  sjiace  hv  assigning  [Jure 
lorward  waves  at  th<’  woiiithole  t  miring  point,  dire  [Jiohahilitv  of  liuding  an  I'Xpaiid 
iiig  generalized  di-  Sitter  s|>acctime  for  a  coirespoiiiliiig  woriiilioii-  stale  is  then  A',,, 
siiu  r*  iir  tin*  classical  limit  int.ei’ieir’irccs  l)et.w<*en  s[iac(*s  revolving  forward  or  bar'kward 
in  l  ime  innsi  be  ncgligibh*.  Assiiiuiiig  that  all  worridiole  states  are  e(|Ually  [irohable, 
we  gel  from  l''.<|.(bi)  that  the  relative  pi-ohahilily  of 'iiiding  two  mallet  t  oiiligtii  at  ions 


«  In  fart.,  .'iiiy  point  on  tin*  lialt-splii-rc  ran  In*  t.akcii  .*ls  a  luriiing  liyiicianrtacj* 
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in  the  gencialized  de  Sitter  spacetimes  is 


r4(‘) 

4 


/IW] 

4 


(15) 


Integrating  the  constraint  equation  Ti  =  0  over  a  static  domain  of  the  Minkowskian 
spacetime  one  gets 


1  r  _  T"  s 

J  V^Itd^X  +  lhnatUr+  —  =(i  (16) 

where  Hmaiur  is  the  total  matter  energy.  The  variation  of  Eq.(16)  yields 

c  a 

=  T-'bxll,naiu,  (IT) 

4 

where  A  labels  the  explicit  dependence  of  Hmaiur  «>'  S'!!  other  (non  gravitational) 
“external”  paranietirrs.  E(|.(17)  is  the  differential  Killing  identity  of  reference  13. 

It  now  follows  from  E<|.(15)  end  (17)  that  matter  configurations  with  neigh¬ 
bouring  energies  in  a  static  patch  of  a  generalized  de  Sitter  spacetime  would  be 
Boltzmann  distributed  at  the  global  temperature  T  provided  our  ignorance  about 
wormhole  states  allows  to  take  tbein  to  be  e(iually  probable.  'Ehus  the  tempera' 
ture  of  the  static  patch  is  T  and  tiierefore  Eq.(17)  also  implies  that  A/i  is  (up  to  an 
intc  gration  constant  C'rfj  sairr)  Ibe  <'i;tropy  of  spacetime  and  that  the  latter  is  in  ther¬ 
mal  equililirium  with  the  surrounding  matter.  As  the  entrojry  must  be  an  intrinsi<- 
property  of  spacetime,  not  only  is  e<iuilibrium  a  consequence  of  the  chosen  bound 
ary  conditions  in  field  space  but  the  converse  is  also  true:  the  temperature  obtained 
directly  from  Eq.(17)  with  the  spacetime  i-ntropy  idi-iitifiisl  as  A/4  f  ('deSiitrr  must 
agree  at  equilibrium  with  the  thermal  distribution  generated  from  the  field  boundary 
conditions.  This  justifies  a  posteriori  the  above  choice  of  boundary  conditions  ^ 

The  tunneling  approach  to  the  horizon  entrop'y  and  temperature'’^  used  here 
differs  from  the  analysis  based  i  n  the  Euclidean  periodicity  of  (Irei’ii’s  functions*  in 
two  respects.  On  the  one  hand  he  present  approach  yields  the  thermal  spectrum, 
and  then  the  entropy,  from  the  backrcaction  of  tin’  thermal  matter  on  the  gravitational 
field,  in  contradistinction  to  the  Green’s  function  approach.  On  the  other  hand 
however,  the  thermal  matter  considered  here  is  taken  in  the  classical  limit  while  the 
Green’s  I  unction  method  describes  gemiine  quantum  radiation.  Both  methods  fall 
short  of  a  fully  consistent  quantum  treatment  of  the  liackreaction.  But  as  stated 
in  the  introduction  the  pri’sent  apiiroach  may  uncover  from  the  hidden  side  of  the 
barrier  a  density  of  si.  ite  building  Hie  full  entropy.  Unfortunately,  for  the  de  Sitter 
spacetitiK^  consiilered  above,  the  hiuden  side  is  a  we  uhole  whose  description  cannot 


t  up  to  changes  which  would  not  .altpr  the  prohaliility  ratios  in  the  large  limit. 
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be  achieved  in  ouv  senii-classical  approach.  Hence,  for  de  Sitter  sj^acetimea,  we  do 
not  gain  at  this  stage  any  information  on  the  integration  constant  CdcSittr.r  which 
measures  the  density  of  states  left  when  the  full  spacetime  reduces  to  the  (planckian) 
wormhole.  As  we  shall  now  see  the  situation  appears  quite  different  in  the  case  of 
black  hole  geometries. 

4.  The  tunneling  entropy  of  black  holes 

A  Schwarzschild  static  patch  of  an  eternal  black  hole  of  mass  mo  is  descrilred 
by  the  metric 


ds^  =  (l~- 


2m 


Ov-l 


-r^diV. 


(18) 


Figure  4.  Tlio  Kruskul  roprf.soiiiatioii  of  ;i  bliick  liolo,  evtniinaUy  .surrouiulnl  liy 
static  inaiti.r.  'Plie  lieavy  sfilitl  line  dcliiM'atrs  a  1  hy)jrrl»oloid  ami  tlie  t.hiji  one  a 
wormliole.  The  Euclidean  domain  consliluled  hy  a  half  A  sj/here  is  delineated  liy 
a  diishcd  !in«’.  I’lie  dotted  circle  is  tlu’  turning  liypersurface  t  0. 


Svirroiintiliig  IIk*  black  liulo  by  static  inatt(‘r  g<!iicralizrs  lMj.(l8)  to 


dU'‘  (I!)) 

where  in  absence  of  outer  horizon  one  has 

'Zh'i 

r  CO  :  (/oiA?-)  =  Wn'l'  )  -^1 - —■  C-h)) 

r 
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Here  M  =M{'^')  is  the  total  mass  and 


A'/(7')  =  TUo  +  /  'l7r;^cr(^)  </r 

=  I 

I 

goo{r]  =--=  {  1  -  — —  j  <'XP  I  - 


2  in  0 

‘2Mir] 

r 

2M[r)' 


d  J»i)S7r;«n(^)dr 


(21) 


'Flin  inetilc.  Ivi.(U))  can  be  cxU-iulcd  to  the  four  (|iia(h'aiits  of  a  Krnskal  space 
and  we  choose  id(’iilu  al  matter  distrihiitioiis  in  the  two  Schwart/srhild  jiatclies  t  o  ke('p 
.»  twofold  symmetry  a.romid  the  Krnskal  time  axis.  The  Krnskal  diaf'iam  is  (lej)icted 
in  h’ig.'l  where  we  have  also  iiKlieated  its  Knelidean  extension  7',  i'l'  re.'aillin}!;  from 
tl\e  analytie  eoiilinnal ion  of  the  static  metri<‘  M(i.(l!))  to  the  |)eiioilli  limi’  I,  -  il. 


Tj.  lilac  k  liolf  siirroiiiitlrd  liy  slalir  inaMrr  I'acli  pctinl  u;  a 

'*!-s|)lii  r I'  ainl  lln-  rirclrs  ^|^an  iIh*  KtH'liflran  linn*  t,.  Iln’  lu-avv  snliil  llnr  is  llir 
tiirnii4r  liyiHTbiirl'afi  dcsfrilifd  in  Krnskal  l.iiiir  liy  7'  --  H. 


riie  Knelidean  pei'iodieil v  is 


iTT  (Ir 


or  li'om  1m|.(2 I ) 


7  - exp 

Sioiii 


•X 

/ 

2uui 


(rj  1  />,)1f  (/I,  ll 


(2:1) 
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The  I'hiclidean  extension  of  the  blade  hole  surrounded  by  static  matter  is  rep- 
resciiteel  in  Fig.5.  In  contradistinction  to  the  de  Sitter  case,  there  is  clearly  no  WKB 
tunneling  from  a  wormhole  to  a  black  hole  because  of  the  mismatch  in  topologies. 
One  is  therefore  lead  to  investigati'  possible  tunnelings  betw<x!n  two  black  holes  ge¬ 
ometries  and  constituted  respectively  by  black  holes  of  mass  trio 

and  m  (m  >  mo)  surrounded  hy  matter.  The  Euclidean  sections  of  and 

{B.H.)i,  depicted  in  Fig.6,  are  engendered  by  a  rotation  of  half  a  Euclidean  period 
of  the  hypersuifaces  aj  and  a-^  labeled  by  7'  =  0  in  their  Kruskal  diagrams,  Th(!se 
are  turning  hyix'i'.surfaces  along  which  Minkowskian  and  Faiclidean  lilack  holes  mer^t. 
We  now  search  for  two  black  holes  such  that  uj  and  also  the  boundaries  of  an 

Euclidean  solution  €  of  the  Euclidean  equations  of  niution  through  which  tunneling 
can  take  place  from  one  Minkowskian  ''lack  hole  to  the  otlier.  A  necessary  condition 
for  this  to  hai)pcn  in  that  the  total  niiiss  a.  of  the  two  black  holc-mattm-  systems  and 
their  Kuelidean  period  T~'  be  the  same,  so  that  the  turning  hyix'isurfaees  and 
ii'i  of  tlie  two  geoiiK'tries  merge  at  spatial  inrmity. 


Figure  O.Pl.’uk  lioli'  Uiiiiicling,  'I'lif  tillin’  re|)rr.s.  iits  l.lic  haiclidcsin  seclioiis  of  tin- 
two  bliick  liole  xeomi'lrii'K  {li.U.)\  :uid  'I’hr  (/#.//. )i  gconiet.ry  i.s  depirtt'd 

i)y  Uiirk  lilies  Slid  111!'  (/J, //,);.  neoiiiel.iy  liy  tliiii  liiii's  In  llie  ri'Kion  wliere  il  did'ers 
from  the  I'nsl.  'I'lie  i  iirve  nj  rcpri-si’iil.s  a  l.iiriiiiig  liypcrKurfaee  of  (II. U  ]^,  l.o  be 
ideiif.ifled  wit.h  .  'I'lie  curve  a-,  repre.senfs  a  turning  liypersurface  of  ( ! '  ll.)-i.  'Tile 
curve  at  rcpreseiit.H  a  liypersurface  vvliicli  lays  in  the  infersi'ctioii  of  l.be  Fiiclidcaii 
seclioiiH  of  (It.ll .]t  and  {ll.ll.)-i  and  lends  lo  in  llie  limit  r/iu  ^  (}. 
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Let  us  choose  identical  matter  distributions  outside  a  radius  =  2m  +  r;.  r; 
is  positive  and  such  that  the  mass  of  the  matter  between  the  horizon  and  is  0 
for  and  thus  m  —  mo  for  (B.H.)i.  Keeping  m  and  the  matter  distribution 

outside  Tc  fixed,  we  now  decrease  tuq  towards  0.  From  Eq.(23),  in  or<ler  to  keep  the 
Euclidean  period  T  '  constant  for  (B.H.)\,  we  have  also  to  decrease  r;  towards  0.  As 
rj  0  the  mass  m  — mg  surrounding  the  inriiiitesimal  mass  mo  in  {B.If.)i  .approaches 
its  own  Schwartzschild  radius.  It  then  follows  from  Eq.(21)  that  poo(r)  tends  to  zero 
for  the  whole  interval  2mu  <  r  <  2m.  In  other  words  any  frequency  stemming  from 
the  neighbourhood  of  the  small  mass  hole  is  infinitely  redshifted  by  the  matter  in 
that  interval,  as  (Sicoded  in  the  damping  exponentials  in  Eq.(21)  and  (23). 

It  is  clear,  fiom  th<!  static  coordinate  description  Eq.(l9)  extended  to  Eu 
clidean  times  1^  -  ii,  that  the  Euclide.an  sections  of  (B.IL)\  and  {B.II.)^  coincide 
for  r  >  2m  +  r;  but,  while  for  {B.Il.)2  the  Euclidean  section  terminaUw  at  r  =  2m, 
presents  an  extra  “needle”  in  the  region  27i;.o  <  r  <  2m  whose  d  volume  is 
vanishingly  small  when  j;  — >  0,  As  we  now  show,  this  is  where  tumieliug  betwemi 
and  (/f.//.)^  occurs. 

'lb  this  effect,  following  the  notations  of  section  2,  we  identify  at  finite  7/ 
the  first  turning  hypi-rsurface  Ei  through  which  tuiiiieling  takes  phice  with  ui  and 
consider  instead  of  a  second  turuiiig  hyjiersurfaee  a  hypersurfaee  a', 2  which  lies  in 
th(^  Euclidean  sei-tiou  of  both  (B.lf.)i  and  thus  r  is  greater  than  2m  -|-  7/ 

everywhere  011  When  7/  — •  0,  w<>  can  chooser  iirbitrarily  close  l.o  (I7,  One  c.'in 
then  prove'''^  that  .dl  gra.vitatioiuil  momenta  vjiiiish  in  this  limit  on  in  a,  syiiclii’oiious 
sysleiu.  We  may  then  identify  ul,  with  Sj.  The  region  £  is  thus  l•olll.aiu^rd  in  the 
nixrdle.  2771, d  <  v  <  2vi.  d-  7/,  Heciiu.se  of  the  Kni.sk7d  twofold  symmetry  iii  is  iiui,pi)(!d 
on'  .  itsell  by  a  I'au  lide;ui  lime  rotation  of  Iwilf  a  period  and  thus  t'  spiins  only  half 
th<r  inx'dle  d  voluiiK',  I'Vom  l'’.(i.(!)),  we  learn  that  tin.-  inverse  tr.insmissiou  coellh  iiuil 
A()  is  simply  the  (■xpoiicid.ial  of  the  totiil  Euclidisin  iictioii  of  tlur  needli'.  Altluuif  li 
the  limiting  d-voluine  of  the  needle  V7iinslies,  tin;  iiction  will  turn  out  to  be  liuile.  It 
is  in  f;ic1.  computable  ,'is  the  differe'uce  bi-tweeii  tin'  Em  liileau  .u  tioiis  of  the  two  black 
holes  cut  off  id,  (.In'  arliil.riiiy  I'iidiiis  greal.i'r  than  2lii  bei  iiuse  lw<7  geoiiii'trles 
and  tin;  two  iictioiis  coincide  for  all  r  >  r,.. 

Wi'  thus  wiile 

/Vo  ^  exp|.S'("  "  b  _  )'],  ('7,|) 

To  evaluate  these  iictions  we  take  advanliige  of  tin'  coviiriiunc  to  expi'e,s,s  them  lii 
tiTTtis  ol  the  stiitic  <001  (liiiate  system  l'lq.(ll))  with  I  -  il.^.  Using  E(i.(U))  and  (22) 

and  the  fa<  t  thiit  the  iutegrainl  in  I'1(|.(I0)  is  the  .siiiiie  at  7-,.  for  and  for 

S:,  '  ,  we  gi't 

A'o  ex|  [‘Itt?;!''  -  'l7r77ij((7/  — >  0)]  (2.')) 

or,  as  771(1  viinishes  in  the  limit, 

A|)=expA/4  (20) 

where  A  ~  1677777’^  is  the  area  of  the  event  horizon  of  the  black  hole. 
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Wo  have  tlius  learned  that  black  holes  arc  related  by  quantum  tunneling  to 
another  classical  solution  for  gravity  and  matter,  namely  to  a  “germ  black  hole” 
of  infinitesimal  mass  determining  the  spacetime  topology  surrouiuled  by  a  static 
distribution  of  matter  characterized  by  a  vanishing  flooC'")-  This  domain  of  space-time 
is  characterized  by  a  limiting  light-like  Killing  vector.  When  the  space-time  geometry 
presents  a  4-domain  endowed  with  such  a  Killing  vector,  we  shall  call  the  domain 
an  “achronon”.  All  spherically  .symmetric  achronon  configurations  will  exhibit  an 
infinite  time  dilation  in  the  Schwarzschild  time  f,  or  equivalently  mas.sless  modes 
emitted  by  the  achronon  are  infinitely  redschifted.  Cla.ssically,  the  achronon  has  the 
“frozen”  appearance  of  a  collapse  at  infinite  Schwarzschild  time.  1'he  difference  is 
that  it  is  also  frozen  in  space-time. 

To  see  that  achrouons  can  indeed  be  constructed,  at  least  in  a  phenomenolog¬ 
ical  fluid  model,  we  shall  build  a  shell  model  with  the  required  properties. 

b<!t  us  ((insider  a  static  spherically  symmetric  distribution  of  matter  sur¬ 
rounded  by  an  exleiided  shell  ((iiiiprisr-d  between  two  radii  r„  and  )■(,.  We  define 


fb  I'b 

f>il  =  J  fii  =  j  (27) 

»4  »•« 


where  pit  —  —'1'^  and  p^  =  A.ssumiiig  pi  —  0,  one  may  perform  the  thin  shell 

limit  )■(,  -♦  i',i  =  It  in  these  integrals  using  l‘ki.(21)  and  the  Bianchi  identity 


liu  =  -(<7  Tpi) 


tbnr^p^  -\- ‘lM(r)/r  1 


:iM(r]fr 


+  ^rp'i  -1-  Pi. 


One  then  gel  s 


■l7r/t<T  -  (I  -  2ui  / 1{)‘ 

■  mjli 


(I 


Sir/i'po  - 


•liajuy^ 

III  /H 


(1  2  .■//(■)>  {\-2iii  /li)y 


Pi  -  0 


(28) 


(29) 

(Tl) 


where  in  and  in"  are  the  values  of  A/(r)  r<-speetively  at  rn  and  i\,  and  in,  —  m  — m” 
is  thus  the  mass  of  the  .shell.  I'ki.(2!))  and  (W)  are  the  standard  result''’.  As  the 
radius  H  approaches  2m,  these  solutions  become  physically  meaningless  wlieii  p«  be 
tomes  greater  than  it:  this  violates  the  'Moniinant  energy  condition”"',  iinplyiiig  the 
existence  of  observers  for  which  the  momenliim  How  of  the  elassieai  matter  heeomes 
spacelike;  in  fact,  the  shell  is  mei  lu.nieally  unstable  even  befor*'  Ibis  condition  is 
violated*". 

file  divergence  ol  p«  wiieii  It  2m  appi'ars  in  K(|.(1U))  becau.se  of  the  vanish¬ 
ing  (h’noiiiiiiator  in  l''.<i.(2,S),  I'kj.fMO)  depends  liowev*T  crucially  on  the  radial  jiressnre 
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being  zero  inside  the  slicll.  Relaxing  this  condition  it  is  possible  to  avoid  all  singular¬ 
ities  of  the  stress  tensor  as  R  -t  2m  by  requiring  pi  inside  the  shell  to  satisfy,  before 
performing  the  thin  shell  limit, 


-1- 


M(r) 


=  0. 


(31) 


This  solution  is  unsatisfactory  it  the  (extended)  shell  sits  in  an  arbitrary  background 
because  of  the  finite  discontinuity  of  the  radial  pressure  across  the  shell  boundaries 
which  would  lead  to  singularities  in  p®.  We  may  ensure  continuity  of  the  radial 
pressure  by  immersing  the  shell  in  suitable  left  and  right  backgrounds.  To  avoid 
reintroducing  stress  divergences  when  r*’  approaches  2M(r^)  lhe.se  should  satisfy  (o-l- 
pi)  =  0  at  the  shell  boiindai  One  ran  now  perform  the  tliin  sludl  limit.  The  finite; 
discontinuity  of  p)(7‘)  at  r  —  R  leads  now  to 


Ptf  Pi-0  (32) 

instead  of  l'k).(30),  while  h  is  still  given  by  K(|.(‘2i)).  The  dominant  energy  condition 
is  now  satisfied  everywhere  ami  provided  the  background  is  smooth  enough  in  the 
neighbourhood  of  the  shell,  no  stress  div<-rgences  will  ajipear  when  it  approaches 
the  Schwarzscliild  radius.  I’erforiniiig  the  explicit  integration  over  the  sin'll  in  the 
ex|)onential  term  in  l'’,<i.(21 ),  oik'  gels  for  p()(i(r)in  the  region  0  <  r  <  2in, 


.V(iii('')  ~  (1 


R  —  2m 

cx. 

r.  f 

R  2m- 

-Ti  /  (it  -f  Pi)H7r:(/ii  (iz 

r 

(33) 


Here  the  radius  R  of  the  shell  is  taken  at  /f  =  2ni  d  i;  wlieri'  i;  is  a  positive  iniiuiti'S 
imal  and  the  symbol  7\  means  that  tiie  integral  is  earrirsl  over  the  legnlar  mailer 
eoiitribiitioii  only,  (dearly,  3ijii(’')  -  ^Hv)  fui"  8  c  c  2m,  t  arbitrary  and  the  almvi- 
mattiT  disi.ribul  ion  const  ilnte.s  indeed  an  achronon. 

We  now  relate  in  general  tin'  1  imneliiig  as  encoded  liy  l(i|.(2(i)  to  the  black  hole 
entropy.  This  can  be  done  lollowing  llie  analysis  of  the  <le  Sitter  case.  Assume  all 
states  formed  by  achronons  of  mass  m  surroundr'd  by  matter  ((mlignratioiis  of  mass 
M  —  111,  M  lixetl,  to  lie  equally  jirobable.  This  ainouiits  here  to  a.ssume  the  validity 
of  the  niirrocanoniea!  ensemble  as  arhroiioiis  ran  Iw  viewed  just  a.s  lumps  of  ordinary 
matter  taken  out  from  tlw  surromidings.  The  relative  probability  of  fmiiing  two  black 
hole  geometries  for  a  given  total  mass  M  is  then  given  by  Kq.(l.'))  with  /!*''  and 
identified  here  with  the  Mark  hole  areas.  The  dilferenlial  Killing  identity  Hi). (17) 
follows  as  before  from  the  inU-grated  loiistraint  eipialion.  the  only  dilferenci'  being 
in  general  an  additional  U’liii  t)M  on  the  right  hand  side  arising  from  a  snrface  term 
at  spatial  infinity.  As  M  is  kept  fixed,  this  t<-rm  plays  no  role  and  K<|.(17)  remains 
valid  as  such.  I'lieiefore,  in  analogy  with  the  de  Sitli'r  case,  matter  configurations 
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with  neighboiiiiiig  energies  in  a  static  Scliwartszchilcl  patch  of  an  cti-i  nal  hlack  iiolc 
surrounded  by  matter  have  a  Itollzriumn  distribution  at  a  global  temperature  T. 
The  latter  now  coincides  with  tb<!  local  temperature  at  spatial  infinity.  is  the 

differential  entropy  of  the  hole  and  Aj'i  is  the  amount  of  entropy  transferalile  to 
matter  reversibly.  The  total  black  hole  entropy  is 

5  — /1/4  +  6';jj/  (.34) 

where  exp  (7^.;/,  nu'asures  the  nuinber  of  quantum  states  of  a  residual  planckian  black 
hole.  The  boundary  condition  in  held  si>ace  at  equilibrium  are  such  that  the  wave 
functional  of  an  eternal  black  hole  has  a  small  amplitude  describing  an  ai  bronon  con¬ 
figuration  whose  relative  weight  with  respect  to  the  classical  black  bole  conliguration 
is  of  order  exj)  -(A/8). 


5.  From  uchroiiou  to  planckons 

We  now  discuss  the  nature  ainl  the  significance  of  ('n  il.-  The  eniropy  A/4 
which,  can  be  exchanged  reversibly  from  a  black  hole  to  ordinary  mnti.er  was  ii-derived 
in  tne  pis'ccding  section  from  the  existence  of  a  “potential  barrier”  between  a  black 
boll'  of  ma.ss  m  and  an  achronon  of  the.  sanu'  ma.ss.  This  was  done  in  the  context  of 
eternal  black  iioles  admitting  a  Kruskai  twofold  symmetry,  so  (hat  there  are  in  fuel 
two  achroiions  imbedded  in  two  causally  iliscounerte<l  static  spau’s.  Within  each 
space  black  hole- achronon  slates  are  in  l.lienual  <’<piilibrinm  with  their  surroimdings. 
We  are  therefore  led  t'l  iiicture  in  such  a  space  <i  qiianlnin  black  lade  l  igt'uslatc  . 
in  the  semi-classical  limit.,  as  a  (luaiilnm  .superposition  of  two  coherent  (normali/.ed) 
states,  \H.II.)  ami  |A)  representing  respectively  a  classical  bbnk  hob'  ami  a  classical 
achronon.  'I'lie  ivlative  weight  of  tin'  two  states  is  approximately,  uii  to  a  phas<'. 
exp(  — A/8)  It  lollows  from  detailed  balance  at  e(|uilibrinni  betwis'ii  radiated  mat 
ter  and  the  blai  k  hole  t  hat  the  same  superposition  shoidd  hold  foi  a  thi'  bbuk  lioK 
who  Would  only  emit  (and  not  receive)  thermal  radiation  at  the  etinilibrium  temper 
atnre.  As  a  tilack  hole  formed  from  collapse  iud<s'<|  emits  sm  h  a  (  hennal  Ibis  We 
inter  that  a  rnllaiising  black  hole  is  a  wave  packet  tunned  fiom  a  sni>erposition  of 
eigenstates  If)  wiii<h  contain  ai\  adirunon  component  witli  tin'  siinie  weight  tis  in 
thermal  ('(piilibi inm.  Wi'  (Inis  write 


lf)  =  l/y.//.)+e,xp(-..l/S)l.A). 


(T)) 


(b  a  classical  single  hlack  bob'  configuration  cun'  may  associate'  inanv  distinct 
classical  achronon  ccmligmations.  In  the  shell  model,  for  instance',  tlic'it'  arc'  intinitc-lv 
many  clislmct  classical  matter  c  cinliguralions  of  the  same  total  mass  m.  I'lic'  argnmc'nl 
is  liowc-vei  nmcli  more  gc-tn'ral  and  inlinite  cpiantiiiii  cb-geiic'iac  y  of  tin'  ai  liroiicm  is  a 
direct  consccpn-mc  of  tin'  iidiniti'  linn'  dihilioii.  Indeed,  tin'  llannilonian  is 
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of  the  form 


II 


triatfct*  — 


J  Ilrn  )  d  X 


(3G) 


and  all  its  cigeiivaluos  ai'('  squaslied  towards  zero  l>y  the  Scliwarzschild  time  dilation 
factor  thus  gfun-rating  an  infinite  iunnh<-r  of  orthogonal  zero  energy  modes  on 

top  of  the  original  achronon. 

'I'lie  infinity  of  zero  energy  modes  around  any  haekground  implies  an  infinite 
degeneracy  of  achroiions  of  given  mass  and  thus  an  infinity  of  distiin  t  <iuantum  black 
hole  states  of  the  same  mass  differing  by  the  achronon  component  of  their  wave; 
function.  This  infinite  degeiuiracy  of  the  quantum  frlack  hole  provides  the  reservoir 
from  which  are  taken  the  finite  number  of  “surface”  quantum  states  exp  4/4  counted 
by  the  area  entropy  4/4  lran.sferai)le  reversibly  to  outside  matter. 

Hxc(q)t  lor  providing  a  rational  for  th<‘  large  but  linit<‘  testable  entropy  of 
the  black  hole,  aclironon.s  do  not  modify  the  behaviour  of  large  macroscopic  black 
holes.  However  wln-n  their  mass  is  r<-dnced  by  evaporation  ami  approaches  the  Hlanck 
mass  the  harrier  disappears  and  (piantum  superposition  I'omplelely  mixi's  the  two 
components.  Of  course,  this  means  that  both  the  description  in  terms  of  semicla.ssical 
configurations  and  of  tumnding  disaitpt.'ars.  What  roinains  however  as  a  conseipn  nee 
of  unitarity,  is  the  infinity  of  distinct  orthogonal  quantum  states  available  which  have 
no  counterpart  in  the  finite  number  of  decaytid  slates.  'I'lie  rpiantum  black  hole  ha.s 
become  a  |ilanckon'^,  that  is  a  I’hinckian  mass  i>bjecl  with  infinite  degeneracy.  In 
terms  of  Kq.(  14),  tliis  means  that  in  a  a.syinplolieally  flat  Iraekgioniid,  the  integration 
constant  of  the  Irlack  hole  entropy  ('nn,  is  inliniU'.  As  diseu.ssr'd  in  tlie  introduction, 
tills  means  that  in  sucli  a  liackgroiind  agi'iierie  planekon  cammt  ilecay  nor  Ix'  formed 
in  a  finite  time. 

'fills  conclusion  however  is  coiitiiigeiif  upon  tlie  validity,  at  the  qualitative 
level,  of  our  senii  classical  a|)proach.  Tlie  main  question  is  wliellier  or  not  the  qiiiin- 
tnm  hackreactioii  of  the  matti-r  on  th<‘  nietrie  renu)v<-s  the  iiifiniti-  degeneracy.  An- 
swi’riiig  it  reipiires  fnrtlier  analysis. 

Finally',  it  is  ol  interest  to  iioU-  tliat  the  plaiickoii  solution  to  tlie  unitarilv 
problem  jiosed  by  the  evaporating  black  hole  wouhl  have,  at  a  iimdameiital  level, 
far  reaching  iiii|)hcatioiiN  on  flic  spectrum  of  quantum  gravity.  'I’lie  opening  at  the 
I’lanck  siz<-  of  an  infinite  inimher  of  slates,  an  uiiavoidalile  i onseipieiice  of  tlie  e;^ 
isti'iice  ol  pianckons.  may  appear  as  a  liorrcmloiis  I'oiiiplir  atioii  wliirli  l  oiild  make 
(piantum  gravity  definitely  uiimanagealilc  luit  hopefully  the  (di  verse  may  be  tru' 
Indeed  pianckons  sluiiild  make  (piaiitmii  gravity  ultraviolet  linite.  I'lic  llilliert  space 
of  (ihysical  states  available  to  ma<  idM  ii|iic  observer  must  lie  orttiogonai  to  the  iiilinile 
set  of  slates  describing  I’lanckian  bound  states.  Tin'll  wave  luiiclioii  at  I’hiiickiaii 
scales  where  planekon  conligliratioiis  are  coneeiitraled  are  therefore  expected  to  be 
vanishingly  small.  In  this  way,  pianckons  would  provide  the  ropiired  short  dislam c 
ciit-olf  for  a  consist  nt  field  theoretic  description  of  <piaiilmii  gravity  within  our  uni 
verse  while  leaving  .le  largest  part  of  its  information  eoiitent  hidden  at  the  I’laiick 
scale. 
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An  operational  formulation  of  quantum  gravity  applicable  within  our  universe 
and  based  on  convcnitional  four  dimensional  gravity  might  thus  well  be  within  reach. 
Nevertheless,  the  .sudden  widening  of  the  spectrum  of  physical  states  at  the  Planck 
.scale  and  the  relative  scarcity  of  states  which  describe  large  distance  physics  suggi'st 
that  a  fully  consistent  theory  cannot  be  formulated  in  terms  of  only  lotig  range 
(luantmn  fields  (including  the  metric),  and  a  larger  scheme  may  be  required  to  cope 
with  the  infinite  amount  of  information  relegalcil  to  the  Planck  scale. 
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Black  Holes  and  Information  Loss  in  2D  Dilaton  Gravity 
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ABSTRACT 


The  theory  of  dilaton  gravity  coupled  to  conformal  matter  proposed  by  Callan  et 
al.  is  quantized.  An  attempt  is  made  to  interpret  the  resulting  picture  of  quantum 
effects  in  terms  of  Hawking  radiation.  The  question  of  information  loss  is  also 
addressed  briefly. 


There  axe  three  mam  reaponsea  to  Hawking’s  original  observation*  that  tlic 
semi-classical  calculation  of  quantum  effects  around  a  black  hole,  led  to  its  evapo¬ 
ration  via  thermal  radiation,  aad  the  corresponding  loss  of  information  tliat  went 
into  the  hole. 

a)  Pure  states  evolve  into  mixed  states.  This  is  Hawking’s  position.  “ 

b)  The  black  hole  does  not  evaporate  completely.  A  remnant  which  stores  all 
the  information  is  left  behind.  This  is  the  position  advocated  by  Aharanov,  Casher 
and  Nussinov.’ 

c)  The  radiation  is  not  exactly  thermal.  There  are  subtle  correlations  ■which 
code  the  information.  This  is  the  position  first  advocated  by  Page'' . 

The  first  of  these  entails  a  radical  reformulation  of  quantum  mechanics  and 
in  particular  one  looses  the  co.unection  between  symmetry  and  conservation  laws.‘ 
One  should  probably  show  that  more  conservative  options  are  comphdely  ruled  out 
before  accepting  such  a  radical  re'vision  of  the  foundations  of  quantum  mechanics. 
The  second  has  the  problem  that  it  leads  to  a  an  infinite  degeneracy  of  states.  The 
third  alternative  is  the  most  conservative  but  ii  is  yet  to  be  demonstrated  even  in 
a  toy  model. 

The  tlieory  of  dilaton  gravity  coupled  to  conformal  matter  propo.scil  by 
Callan,  Giddings,  Harvey,  and  Strominger*  (CGHS)  is  in  fact  a  toy  model  in  two 
dimensions  within  which  one  may  hope  to  gain  some  understanding  of  these  issues. 
In  this  talk  Pm  going  to  discuss  the  quantization  of  the  CGHS  theory  and  it.s  phys¬ 
ical  implications.  This  talk  is  based  on  the  papers  of  reference  7.  Similar  work  h:us 
been  done  by  Bilal  and  Cailan®.  (The  discussion  of  ADM  and  Bo.udi  mas.srs  in  tlie 
last  few  paragraphs  of  this  paper  has  been  revised  in  accordance,  with  reforcnce  11.) 

The  CGHS  actiou  is  givea  by 

5=^1  d  a^r-^*(R+  l(V^)N  4A')-i^(Vm  (1) 


191 


192 


In  the  above  G  is  the  2d  metric,  R  is  its  curvature  scaJar,  ij>  is  the  dilaton  and  the  /' 
are  N  scalar  matter  fields. 

The  quantum  field  theory  of  this  classical  action  may  be  defined  at, 


2=  f  ish.i.t] 

J  [VoLDiJJ.] 


(2) 


Now  let  us  gauge  fix  to  the  conformal  gauge  g  =  and  rewrite  the  measures 
with  respect  to  the  fiducial  metric  g.  Following  the  work  of  David  and  of  Distler 
and  Kawai*,  we  may  expect  the  action  to  get  renormalized,  except  that  unlike  in 
their  case  the  renormalization  will  bt  dilaton  dependent  (since  the  coupling  is 
Thus  in  general  we  may  expect  the  gauge  fixed  path  integral  to  be  written  as 


where  ^ 

ffl  =  j  +  Ri(X)  +  T(X)1.  (4) 

■S(t,c,s)  is  the  Fadeev-Popov  ghost  action,  and  we  have  written  {4i,p)  =  X**.  Note 
that  all  the  measures  in  Eq.  (3)  are  defined  with  respect  to  the  2d  metric  g  and 
that  in  particular  the  measure  [dX**]  is  derived  from  the  natural  metric  on  the  space 

||ax„lp  =  /  d’<7y2:3G„„SXe^X^ 

The  only  a  priori  restriction  arises  from  the  fact  that  the  functional  integral 
for  Z  in  Eq.  (3),  must  be  independent  of  the  fiducial  metric  y,  as  is  obvious  from 
the  expression  Eq.  (2)  for  it.  i.e.  we  must  have 


<r±±  +  t±±>=o,  (5) 

and  <  T+.,  +  >=  0.  The  latter  is  equivalent  to  the  p  equation  of  motion.  In 

addition  we  must  have  the  integrability  conditions  for  the  above  constraints,  i.e. 
that  they  generate  a  Virasoro  algebra  with  zero  central  charge.  This  requirement 
is  equivalent  to  the  condition  that  the  beta-function  equations  for  G,$,  and  T  arc 
satisfied.  Thus  we  must  have, 

+  1  (0) 
=  -n  +  4G*'‘^5,.»a„»  -  +  .  ■ . ,  (7) 

/).r  =  -2Vj,'r  +  4G''‘'a„*0„T-4r-l-...,  (8) 

where  R  is  the  curvature  of  the  metric  G,  These  equations  have  to  be  solved  under 
the  boundary  conditions  that  in  the  weak  coupling  limit  (e’*  <<  l)  we  get,  (com¬ 
paring  Eq.  (4)  with  the  classical  CGHS  action  in  the  conformal  gauge  witli  tlie 
conformal  anomaly  term  added) 


=  GVp  =  4e-’*,  G,,,  =  2«,  ♦  = -e"’* -f /tp,  T  = (9) 

The  (renormalized)  field  space  metric  may  be  parametrized  as, 
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=  -8e-=*(l  +  h(^))d^^  +  8e-’'‘(l  +  hW)dpd<i,  +  2/«(l  +  h)dp^,  (10) 

where  h,h,  and  h  are  0(^*).  If  we  are  going  to  consider  only  0(e’'^)  effects  then 
we  should  certainly  set  h  to  zero.  But  even  if  we  consider  the  renormalization 
functions  h  and  h  to  ail  orders,  it  is  consistent  to  Jimit  ourselves  to  the  class  of 
quantum  versions  of  the  COHS  theory  which  have  S  =  0,  provided  that  we  satisfy 
the  beta  function  equations.  This  corresponds  to  confining  ourselves  to  theories  in 
which  the  field  space  curvature  Ti  =  0.  In  this  case  we  can  transform  this  metric 
to  Minkowski  form.  Putting  y  —  p-  +  i  /  d^~^*h(ii>)  and  x  =  J  P{4i)  = 

+  Tiy  4.  Kc’*(l  +  h)]i,  we  have  dt^  =  ~^dx^  +  indy'‘.  Then  demanding  that  we 
recover  the  CGHS  *  given  in  Eq.  (9)  in  the  weak  coupling  limit  wc  find  the  unique 
solution  i  =  Ky  from  the  first  beta  function  equation,  and  substituting  in  the  second 
beta  function  equation  we  get  k  =  The  third  beta  function  equation  together 
with  the  boundary  condition  that  we  get  the  CGHS  value  for  T  in  the  weak  coupling 
limit  then  gives  T  = 

Introducing  rescaled  fields,  X  =  2^J^x,  Y  =  v/SJsfj/,  we  then  have  the  func¬ 
tional  integral, 

Z  =  j[dX][dY\[df\[db][dc\e‘^^-''‘'''f'*‘^‘‘‘'’',  (11) 

where, 

s  =  -^j  (12) 

Now  the  transformation  from  ^  to  X  is  singular  if  P{<fi)  has  a  zero. But  llieru 
is  a  whole  class  of  functions  ft  and  A  for  which  this  is  not  the  case  (the  simplest 
example  being  ft  =  0,S  ==  -fe’*  so  that  in  Eq.  11)  the  integration  range  goes  over 
the  whole  real  line  and  we  have  (by  slightly  generalizing  the  arguments  givem  in 
reference  10)  an  exact  conformal  field  theory  as  is  required  by  the  general  covariance 
of  the  original  theory.  The  equations  of  motion  for  X,Y  coming  from  Eq.  (12)  can 
be  solved  in  terms  of  four  arbitrary  chiral  functions.  Indeed  they  arc  the  same 
solutions  as  the  classical  CGHS  ones  the  quantum  anomalies  being  hidden  in  the 
relation  between  X,Y  and  <t),p.  By  a  coordinate  choice  two  of  the  functions  can 
be  set  to  zero  so  that  in  this  conformal  frarac(which  I  will  call  the  Kniskal  frame) 
one  has  X  -  -Y  -  -^^(u  -  A’<7+(t“)  where  u  =  «(<r+) -f  u_(ir‘  ).  To  be  explicit 
consider  the  case  d)  discussed  at  the  end  of  the  last  section  (ft  =  0,  ft  =  then 

X  =  and  r  =  V^0. 

In  the  weak  coupling  limit  (;’*  <<  l)  we  have  from  the  solution  for  X,Y  and 
the  above,  the  classical  solution  c~'‘*  =  e"^*’  =  u- V<T+cf“,  which  exhibits  tbe  classical 
(black  hole  type)  singularity  on  the  curve  where  the  right  hand  side  vanishes,  But 
the  singularity  is  in  the  strong  coupling  region  where  we  have  to  usi-  the  si  l  oug 
coupling  expansion  (from  the  second  line  of  the  above  equation  for  X)  X  ~  \/^l«Tl0  - 
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Then  we  have  from  the  solution  for  X,Y,  ^  k“'(u  -  A^ct+<7-),  and  p  ~ 

ig-2«-'(u-AV+<T-)  'j'jjg  metric  (e^'’)  is  clearly  non-singular  at  the  classical  singularity. 

The  u±  are  fixed  in  terms  of  the  ghost  and  /-matter  stress  tensors  by  the 
constraints  Eq.  (5),  (for  a  detailed  discussion  see  the  third  paper  of  reference  2).  To 
proceed  one  has  to  make  an  assumption  about  these  stress  tensors.  In  order  to  be  as 
close  as  possible  to  the  original  Hawking  calculation*,  I  assume  that  in  a  preferred 
coordinate  system  which  is  asymptotically  Minkowski  (  which  is  the  natural  frame 
to  choose  at  null  past  infinity  Ij)  the  expectation  value  of  the  matter  stress  tensor 
is  zero.  This  still  leaves  an  ambiguity  in  the  ghost  influx.  Choosing  the  latter  to  be 
constant  and  equal  for  both  left  and  right  movers,  and  transforming  to  the  Kruskal 
frame  by  taking  into  account  the  conformal  anomaly  (Schwartz  derivative  term), 
and  using  the  constraint  equations,  we  get  u+  =  o+  -(-  -  a(£r+  -  o-J')ff(cr+  -  )  - 

^logl(T+l,  u_  =  a_  +  b-tr-  -  ^logl(T“|,  where  JV  =  JV  +  <»  -  26.  Here  a  is  an  arbitrary 
parameter  characterizing  the  ghost  influx.  Perhaps  the  most  natural  choice  is  to  put 
a  =  26  and  we  jliaJl  do  so  in  the  following.  With  a-b-O  one  has  the  quantum  analog 
of  the  static  black  hole  solutions  of  dilaton  gravity.  The  step  function  term  comes 
from  assuming  (as  in  CGHS*)  tliat  the  matter  falls  in  the  form  of  a  shock  wave.  It 
is  trivial  to  gcnerali^.e  this  to  more  general  configurations  of  infalling  matter.  So 
u±  =  f)  =  0,  a  ^  0  corn  ..ponds  to  a  dynamical  solution  describing  collapse  to  a  lilack 
hole  and  Hawking  radiation. 

One  may  now  derive'^  an  expression  for  the  ADM  and  Bondi  iniLsses  of  thi;se 
configurations  following  an  argument  of  Regge  and  Teitclboim‘“. 

Badm  =  yH[ij'(a)Ay  -  AK'IT^.  (13) 

In  the  above  g  reflects  the  freedom  in  the  choice  of  conformal  frame  and  is 
zero  in  the  Kruskal  frame. 

For  the  static  solutions  one  finds  from  this  that  the  ADM  mass  is  zero.  In 
the  c.'ise  of  the  dynamic  solutions  one  gets  an  ADM  mass  in  these  coortliuates  that 
is  equal  to  the  energy  of  the  infalliug  matter  Mo  —  AoerJ.  Thus  the  ADM  mass  in  fact 
satisfies  a  positive  energy  theorem.  However  the  frame  appropriate  to  an  observer 
outside  the  horizon  is  related  to  the  frame  <t  by  5*  =  =  -(c'-'*”  -  f;.  In 

this  frame  one  gets  for  the  dynamical  solution, 

E^dm  =  Mo  +  J  In  (l  +  -t-  §A.  (14) 

Thus  we  have  an  infinite  value  for  the  energy  in  these  coordinal.es.  It  should 
be  noted  that  the  corresponding  classical  solution  has  a  finite  mass  cipial  to  flu; 
incoming  matter  energy.  Thus  the  infinite  value  is  a  consequence  of  the  qu.antuin 
radiation. 

One  may  now  calculate  the  Bondi  mass  (i.c.  the  mass  left  over  after  radiation 
for  a  light  cone  time  <r~)  to  get 
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^Bondii^) 


Afo-gln(l  +  ^^'  ) 


N  X 
24  (1  +  ) 

N  X  1 


24(1  + Ae-^*'-) 


(15) 


For  any  finite  value  of  one  gets  an  infinite  value  reflecting  the  fact  that  the 
ADM  mass  is  infinite.  However  at  a  "  -» oo  one  finds  that  the  energy  left  behind  is 
equal  to  the  incoming  matter  energy  Afo.  This  somewhat  peculiar  conclusion  seems 
to  be  forced  upon  us  by  the  conformal  invariance  of  the  two  dimensional  theory. 
Since  the  collapsing  mass  Mo  is  left  behind  it  might  seem  that  the  model  supports 
the  remnant  scenario’.  However  this  is  the  total  mass  of  the  original  collapsing 
matter  and  the  bath  of  radiation  was  there  ab  initio.  Thus  it  is  not  really  possible 
to  draw  any  conclusion  for  a  situation  that  one  might  obtain  in  four  dimensions, 
where  one  is  not  forced  by  conformal  invariance  to  start  with  an  infinite  bath  of 
radiation. 
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ABSTRACT 

The  duality  found  by  Aharonov  and  Casher  for  topological  phaaes  in  the  electto- 
magnetic  field  is  generalixcd  to  an  arbitrary  linear  interaction.  Thi-s  providc.s  a 
heuristic  principle  for  obtaining  a  new  solution  of  the  field  eciiiations  from  a  known 
solution.  This  is  applied  to  the  general  relativistic  Sagnac  phase  shift  duo  to  the 
gravitational  field  in  the  interference  of  mass  or  energy  around  a  line  source  that  lues 
angular  momentum  and  the  dual  [>lnise  shift  in  the  interference  of  a  spin  around 
a  line  mass,  The.se  topological  phases  are  treated  both  in  the  linearized  limit  of 
general  relativity  and  the  exact  solutions  for  which  the  gravitational  sources  arc 
cosmic  atring.s  contaitung  tor.sion  and  curvature,  which  do  not  have  a  Newtonian 
limit. 


0.  Introduction 

As  is  well  known,  some  of  Yukir  Ahaionov’s  most  famous  contiibutions  con¬ 
cern  toiKjlogical  phns(\s  due  to  the  clectroningnetic  field.  It  is  thrreforr;  fitting  on 
this  occasion  of  his  sixtieth  birthday  for  me  to  present  him  with  some  observations 
concerning  these  phases,  which  grmeralize  naturally  to  the  gravitational  field.  In 
particular,  I  shall  examine  the  duality  between  the  Aharonov-Bohm  (AB)  phase  [1] 
and  the  phase  shift  in  the  interference  of  a  magnetic  moment  in  an  electric  field  [2] 
which  was  found  by  Aharonov  and  Casher  (AC)  [3].  I  shall  show,  by  means  of  the 
linearized  limit  and  an  exact  solution  of  the  gravitational  field  equations,  that  both 
these  phases  have  gravitational  analogs  and  they  satisfy  this  dinJity. 

In  section  1,  I  shall  Irricfly  sunniiarize  the  phase  shifts  in  the  interference 
of  a  charge  and  a  magnetic  dijiole  (at  low  energies)  due  to  the  electroumgnetie 
field.  These  phase  shift.s  reveal,  n-spectively,  (/(I)  and  .S'(/(2)  gauge  field  aspects  of 
the  electromagnetic  field.  But  these  two  aspects  are  not  inilependent;  The  .S'fT'k) 
connection  which  gives  the  dipole  idiuse  shift  depend.s  on  the  electric  .and  magnetic 
fields  suid  us  such  are  derived  from  the  electromagnetic  connection  that  gives  the 
f/(l)  AB  phase  shift.  It  is  nevertheless  amusing  to  .see  a  charged  particle  with  a 
magnetic  moment,  .such  as  an  electron,  interacting  with  an  electromagnetic  field  as 
if  it  is  a  t/(i)  x  5f/('2)  gauge  field.  Two  topological  phase  shifts  due  to  electric  and 
manetic  fields  corre.sponding  to  Iw'o  1/(1)  subgroups  of  SU('l)  will  be  reviewed.  The 
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duality  between  one  of  these  and  the  AB  phase,  found  by  AC,  will  be  generalized 
to  an  arbitrary  interaction  in  section  2.  I  shall  formulate  a  duality  principle  which 
states  that  any  two  dual  phases  are  equal  under  certain  conditions. 

The  gravitational  phase  shifts,  obtained  in  section  3,  arc  special  cases  of  the 
phase  shifts  obtained  previously  [4,  5]  due  to  the  coupling  of  the  nias.s  and  spin  to 
the  gravitational  field.  The  key  to  the  analogy  with  the  electromagnetic  phase  shift.s 
is  that  the  mass  or  energy  plays  the  role  of  the  electric  charge  and  spin  the  role  of 
the  magnetic  dipole  in  the  electromagnetic  field.  The  gravitational  phase  shifts  are 
the  same  as  due  to  the  pliase  shifts  of  a  Poincare  gauge  field.  The  translational  and 
Lorentz  aspects  of  the  Poincare  group  are  respectively  analogous  to  the  U(l)  and 
Sf/(2)  aspects  of  the  electromagnetic  field,  mentioned  above. 

If  gravity  contains  torsion,  as  v'ill  be  assumed  here,  the  connection,  which 
gives  the  phase  shift  of  the  spin,  is  independent  of  the  metric  or  the  vierbein,  whicli 
gives  the  phase  shift  due  to  the  mass  or  energy- momentum .  Therefore,  these  twt) 
aspects  arc  then  complementary,  unlike  in  the  electromagnetic  case  in  which  the 
S'[/(2)  connection  depends  on  the  i/(l)  connection  as  mentioned  earlier.  The  electro 
magnetic  field  and  its  sources  of  course  must  satisfy  the  Maxwell’s  equations.  It  is 
well  known  that  the  solenoid  which  produc<‘,s  the  AB  phase  shift  is  a  solution.  Sim¬ 
ilarly,  the  gravitational  field  and  its  sotirces  must  satisfy  Einstein’s  field  (;quations 
or  a  suitable  generalization  of  it  to  include  torsion.  Fortunately,  an  exact  solution 
corresponding  to  a  spinning  cosmic  string  with  angular  momentum  and  mass,  which 
is  the  analog  of  the  solenoid  with  a  coaxial  line  charge  in  the  electromagnetic  case, 
can  be  obtained  everywhere  including  the  interior  of  the  string. 

There  is  a  topological  general  relativistic  Sagnat;  phase  [4]  which  chqrends 
on  the  energy  of  a  particle  oiitsidc  the  string  and  the  flux  of  torsion  inRid(!  the 
string  produced  by  its  spin.  This  is  analogous  to  the  AB  phase.  Tliere  is  anothiu 
topological  pha.se  which  depends  on  the  spin  of  the  particle  and  the  flux  of  curv!it\ire 
inside  the  string,  produced  by  its  mass.  This  is  the  dual  of  the  former  phase.  I  shall 
show  that  this  pair  of  (.lual  phases  satisfy  the  duality  principle  formulated  in  soc.tion 
2. 


1.  Topological  and  Geometrical  Phases  Due  to  the  Electromagnetic  Field 

For  simplicity,  consider  the  non  relativistic  Hamiltonian  of  a  charged  particle 
in  an  electromagnetic  field 

// =  ^(l>  -  cA)’ +  (1.1) 

where  e  and  m  are  the  charge  and  mass  of  the  particle  and  /!„  =  (/iu.a,)  =  (.■!□, -yi') 
is  the  electromagnetic  potential  repre.senting  the  f/(l)  coiincction  due  to  this  field’*'. 

*  Units  in  wliicU  tlm  vnlucity  of  lij^iit  c  —  I  will  be  used  tliroiigliont. 
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As  is  well  known,  (1.1)  predicts  the  Ahfironov-  Bohm  (AB)  effect  [1],  This  is  the 
electromagnetic  pluisc  difference  between  two  interfering  coherent  beams  which  arc 
entirely  in  a  multiply  connected  regioi.  in  v'  ich  the  field  strength  is  zero.  The 
phase  factor  that  dctermine.s  the  electromagnetic  shift  in  the  interfering  fringes  is 

‘ic  ^  (1.2) 

where  the  closed  curve  C  passes  through  the  two  interfering  wave  functions,  and 
encloses  a  region  in  which  the  field  strength  is  non  zero.  Consequently,  this  phase 
shift  is  constant  as  the  beams  arc  varied  in  the  outside  region  in  which  the  field 
strength  is  zero,  which  makes  this  effect  topological.  Conversely,  the  experimental 
observation  of  this  phase  shift  may  be  used  to  infiu  that  the  electromagnetic  field 
is  a  U(i)  gauge  field  (6,7). 

Consider  now  the  interaction  of  a  neutral  magnetic  dipole,  such  as  a  neutron, 
with  the  electromagnetic  field  which  at  low  energies  is  described  by  the  Hamiltonian 
[2,3,8,91 

/f  =  ^(l>--rA‘.9r)’ +7-4/5*.  (I..1) 

where  ■,*/;')  in  terms  of  the  electric  field  E  and  the  magnetic 

field  B,  Sic,k  -  l,2,:i  are  the  sjjin  components  which  generate;  the  .Sf/(2)  spin  group. 
For  a  spin  1  i);i.rticle,  the  magnetic  moment  /i  =  i"-.  This  interaction  is  like  that  of 
an  isospui  with  an  SU{’i)  Yang-Mills  field  |8,9,10|. 

The  phase  shift  du('  to  both  electric  and  magn(;tic  fields,  in  the  interference 
of  a  neutral  dipole  such  as  a  neutron,  was  obtained  by  means  of  an  explicit  jilane 
wave  solution  (2).  This  result,  of  course,  ai)plies  also  to  the  more  general  sit\iation 
wh(;n  the  iuteifering  wa\'e  fuuetious  are  locally  approximate  plane  waves  so  that 
the  WKll  approximation  is  valid.  Hence,  the  phase  shift  is  determined  by  the  non 
abelian  phase  factor 

<fc  =  /'cxp(-^  £  d/Sr.la;''),  (1,4) 

where  P  denotes  (lath  ordering,  and  C  is  a  closed  curve  consisting  of  unperturbed 
trajectory  [S].  Hence,  <!)(,  is  an  el(;ment  of  6’t/(2),  and  this  ];)iase  shift  is  like  tin; 
phase  shift  due  to  an  ,S'(/(2)  gauge  fiehl  [5,G,11]. 

The  special  ■  ise  when  the  two  waves  interfere  around  a  line  charge  was 
considered  by  AC  (3).  In  this  case,  du‘  =  0  ainl  the  electric  field  i.v  and  therefore  = 
(ijhE’  fall  off  inversely  as  the  distance  from  the  line  charge.  It  follows  immediately 
from  (1.4)  that,  if  the  spin  is  polarized  parallel  to  the  line  charge,  then  this  phase 
shift  is  topological  in  the  sense  that  it  <lo(;s  not  change  when  the  curve  C  surrounding 
the  line  cliarge  is  deformed.  However,  the  Yang-Mills  fii-ld  strength  ot' d,,*  is  non 
vanishing  outside  the  line  charge,  wliich  makes  this  effect  fundamentally  dilferent 
from  the  AD  effect  in  which  the  «;lectromagnetic  field  strength  =  0  along  the 
beams.  But  if  tin;  line  charge  is  in  the  3-direction  then  /•');„  =  ().  That  is  the  field 
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strength  corresponding  to  the  U{\)  subgroup  of  the  spin  5(/(2)  generated  by  S3  is 
zero.  So,  for  this  subgroup,  this  phase  shift  is  like  the  AB  effect. 

Another  topological  phase  shift  experienced  by  the  dipole  i.s  the  following: 
The  wave  packet  of  a  neutron  or  an  atom  is  split  into  two  coherent  wave  packets, 
one  of  which  enters  a  cylindrical  solenoid.  The  homogeneous  magnetic  field  of  the 
solenoid  is  then  turned  on  and  is  then  turned  off  before  the  wave  packet  leaves  the 
solenoid.  Then  there  is  a  phase  shift  even  though  there  is  no  force  acting  on  the 
neutron.  This  phase  shift,  which  is  easily  obtained  from  ^1.4),  is  due  to  /Iq*  = 
Hence,  this  phase  shift  is  due  to  the  scalar  potential  of  the  gauge  field  of  the  1/(1) 
subgroup  of  the  spin  SLf(2)  group  generated  by  the  component  of  S  in  the  direction 
of  B.  At  the  suggestion  of  Zeilinger  [12]  and  the  author  [8j  this  experiment  was 
performed  for  neutrons  [13]. 

The  general  case  of  the  jihase  shifts  for  a  jjarticle  that  has  charge  and  mag¬ 
netic  moment  interacting  with  an  electromagnetic  fiehl  was  studied  before  [8,9]. 
I  shall  restrict  here,  for  simplicity,  the  special  ca.se  of  the  particle  being  a  Dirac 
electron  with  “g-factor”  being  two.  Its  Hamiltonian,  at  low  energies  in  the  inertial 
frame  of  the  laboratory,  is 

//  =  ^(P  -  cA  -  +  eA„  +  (1.5) 

This  Hamiltonian  is  like  as  if  the  electron  is  interacting  with  a  6’t/(2)  x  f/(l)  gauge 
field  represented  by  the  gauge  potentials  A*  and  A.  Note,  howm'er,  tlie  factor  5  in 
front  of  A*  compared  to  (1.3).  This  is  due  to  the  Thomas  precession  undergone  by 
the  electron  when  it  accelerates  in  the  electric  field  [2,9]. 

2.  The  Duality  of  AC  and  Its  Generalization 

Tlie  major  now  contribution  of  AC,  wliich  is  not  contained  in  any  earlier 
work,  is  the  recognition  that  the  phase  shift  due  to  the  lino  charge  is  “dual”  to  the 
AB  effect  due  to  a  solenoid.  I  .shall  now  give  a  precise  statement  of  this  duality 
which  would  be  general  enough  to  apply  to  other  interactions  as  well, 

SupiJo.se  that  an  infinite  uniform  solenoid  is  situated  along  the  z-axis  of 
a  Cai'tcsiau  coordinate  system.  A  charge  of  strength  c  is  taken  slowly  [vroiuid 
the  solenoid  along  a  circle  in  the  r!/-j)hine  with  its  center  at  the  solenoid,  which 
is  assumed  to  have  negligible  r.ro.s.s-seclion.  The  .solenoid  may  be  regaided  ns  a 
magnetized  medium  with  a  constant  magnetic  moment  per  unit  length  rapud  to  M, 
say,  which  is  p.arallel  to  the  j-  axis.  The  AB  ])hase  shift  actinired  by  the  charge 

where  E  is  a  cross-section  of  the  solenoid,  B  is  the  magnetic,  field  inside  the  solenoid, 
and  Af  =  |M|. 
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Now,  (iividu  the  solenoid  into  slices  each  of  hei)i;hl  kt  hounded  by  cross- 
sections  that  are  parallel  to  the  irj/  plane.  The  magnetic  moment  of  each  slici-  is 

;i  =  M«.  (2.2) 

The  linearity  of  Maxwell’s  equations  imply  that  the  plnise  shift  is  linear  in  the  sense 
that  (2.1)  is  the  sum  of  the  pliiLse  shifts  due  to  the  influence  of  each  slice  of  the 
solenoid  on  the  charge.  Consider  a  slice  whose  center  is  at  r  =  Z.  Then  taking  the 
charge  around  the  circle  mentioned  above  is  equivalent  to  ker-ping  the  charge  fixe<l  at 
t  =  -Z  and  taking  the  slice  of  magnetic  moment  /i  =  |;i|  around  the  same  circle  in  the 
xy-  plane.  The  phase  shifts  acquired  in  both  process«;s  are  the  siune.  This  has  been 
shown  using  space-time  translation  and  Galilei  invariance  of  the  Lagrangian,  for 
the  special  raa.'  of  charge-dipole  int<Taction  (3)  and  using  Lorent  invjiri.-uire  for  the 
general  ca.se  of  an  arbitrary  interaction  f9|.  Now  do  this  for  each  pairwise  interaction 
between  the  charge  e  and  each  slice  with  magnetic  moment  ft.  Then,  as  we  account 
for  all  slices  from  i  =  -|  .x>  to  :  =  -ec,  in  the  new  situation,  whii  b  will  be  called  the 
dual  of  the  original  situation,  tbeie  are  charges  from  i  =  -oc  to  z  =  -too  along  the 
z-axis,  and  the  magnetic  moment  /i  <  ircles  around  this  line  charge.  Each  chargi'  e  is 
contained  in  an  interval  of  height  ht,  and  may  Im-  assumed  to  be  spread  uniformly 
in  that  interval.  Therefore, 

<■  -  M(.  (2  2) 

where  A  is  tlie  charge?  per  unit  length.  It  follows  that  the  magnetic  moment  which 
circles  around  this  line  charge,  with  its  direction  parallel  to  thi’  z-axis,  ac<iuires  a 
pha.se  shift  equal  to  given  by  (2.1).  From  (2.2)  ami  (2.3), 


for  these  two  dual  situations.  Using  (2.2),  (2.1)  may  be  rewritten  as 

M  ■-  I'J.r,} 

h 

This  pha.se  shift  may  also  be  indc'iieinlently  derived  using  (1.4)  and  tin*  eh-clric  held 
of  a  line  charge  obtained  by  solving  Maxwell’s  equations. 

The  above  Jirgumeut  may  In-  generalized  to  the  cfi.s«-  when  the  cliarge  goes 
around  an  arbitrary  closed  curve  r(()  which  may  or  may  not  enclose  the  solenoid. 
Then  relative  to  one  of  the  above  inentionisl  slices  at  say  Z  =  (O.O.Z)  this  curve  is 
r(i)  -  Z.  Therefore,  in  the  duiJ  situation  the  slice  with  magnetic  moment  p  niove.s 
around  the  closed  cu'-ve  -r(()  +  Z  relativ*-  to  the  charge.  So,  if  the  charge  is  placed 
at  -Z,  the  slice  goes  around  thi?  chwii  curve  -r(().  By  doing  this  for  I'ach  pairwise 
interucthm  between  tlie  charge  and  the  fixed  magnetic  inoim?nt  of  each  i.f  the  slices 
into  which  th(?  solenoid  is  divided,  1  obtain  the  dual  situation  in  which  a  iiiagni’tic 
dipole  of  strength  ;i,  and  ilirection  |)arallel  to  the  z-axis,  movers  arounil  the  closed 


I 
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curve  -r(t)  with  a  line  charge,  whose  charge  per  unit  length  is  A,  along  the  j-axis. 
Also,  since  this  interaction  is  invariant  under  parity,  the  same  phase  shift  is  obtained 
for  the  situation  obtained  by  parity  transforming  about  the  origin.  This  corresponds 
to  the  magnetic  moment  moving  around  the  original  curve  r(i)  traveled  by  the  charge 
when  in  the  presence  of  the  solenoid. 

Now  the  statement  that  the  AB  phase  shift  is  topological  may  be  expre.=sed 
as  follows:  If  the  curve  r{i)  goes  around  the  solenoid  n  times,  n  =  0,  3, ...,  then 

the  phase  shift  acquired  by  the  charge  going  around  tliis  curve  is  independent 
of  the  shape  of  this  curve.  {Topology  has  to  do  with  integers.  So,  a  topological 
phase  shift  should,  strictly  speaking,  be  expressed  in  terms  of  integers.)  Then  the 
curve  -r((),  which  is  tlic  parity  transform  of  the  original  curve,  goes  around  tlie 
line  charge  n  times  in  the  dual  situation  also.  Therefore,  tlie  pliase  shift  acquired 
in  the  dual  situation  is  nAiJ,  independent  of  tlie  shape  of  this  curve.  Hence,  the 
latter  phase  shift  is  also  topological.  This  may  also  be  seen  from  tlie  fact  that 
the  expressions  (2.1)  and  (2.5)  lor  tl :,.sc  phase  shifts  are  independent  of  the  shape 
of  the  curve  traveled  by  the  particle.  But  notice  tliat  the  argument  above  wliicli 
establishes  the  equality  of  phase  sliifts  in  the  two  situations  that  arc  dual  to  each 
other  does  not  assume  that  tlie  pliase  shift  is  topological,  it  is  valid  for  the  phase 
shift  due  to  any  interaction,  wliicli  may  or  may  not  be  topological.  Also,  the  above 
duality  can  be  generalized  to  tlie  ease  of  the  cliargc  moving  around  a  closed  curve  C 
and  acquiring  a  phase  in  the  field  of  an  arbitrary  distribution  of  dipoles,  each  liaving 
the  same  magnetic  moment  in  both  d  action  and  magnitude.  A  little  thought,  by 
considering  each  pairwise  interaction  of  the  charge  and  cacli  dipole,  shows  that  in 
the  dual  situation,  in  which  the  dipole  moves  along  the  parity  transformed  curve 
with  the  charges  in  tlic  parity  transformed  positions  of  tlie  dipoles  of  tlic  original 
situation,  tlic  same  pliase  is  acquired  by  tlie  dipole.  Again  u.sing  the  invariance  of 
this  interaction  under  parity,  it  is  concluded  that  the  same  phase  sliift  is  obtained 
when  the  dipole  travels  the  original  closed  curve  C  witli  tlie  charges  in  the  positions 
of  the  dipolc.s  in  the  original  situation  [9].  Tliis  argument  may  be  gciieralized  to  an 
arbitrary  linear  interaction,  but  tlie  interaction  needs  to  be  invariant  under  parity 
for  the  last  step  to  be  valid.  The  equality  between  tlie  two  phases  in  the  two  dual 
situations  will  be  called  the  duality  principle. 

This  duality  principle  enables  us  to  obtain  from  the  known  phase  shift  due 
to  a  line  source  a  new  pliase  shift.  Alternatively,  if  botli  phase  shifts  are  known 
then  this  princijile  may  be  nsed  heuristically  to  olitain  a  new  solution  of  the  field 
equations  from  the  old  solution  that  gave  tlie  old  phase  shift.  For  example,  suppose 
we  know  the  magnetic  field  of  a  solenoid  and  the  AB  phase  shift  [1]  of  a  charge 
due  to  it,  and  the  phase  shift  of  a  magnetic  moment  due  to  a  general  electric  field 
[2].  Then  according  to  the  duality  principle,  the  phase  shift  in  tlic  situation  dual 
to  the  AB  effect  in  which  a  charge  is  interfering  in  tlie  electric  field  E  is  due  to  a 
line  charge  is  the  same  and  is  given  by  (2.5).  Then  using  the  result  for  the  phase 
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shift  of  the  magnetic  moment  due  to  B  implied  by  (1.4),  and  the  axial  symmetry, 
E  =  where  p  is  the  distance  from  the  line  charge,  p  is  a  unit  vector  in  the  radial 
direction  and  A  is  the  charge  per  unit  length.  Thus  E  of  a  line  charge  is  obtained 
without  solving  Maxwell’s  equations.  In  the  next  section,  I  shall  apply  this  general 
argument  to  phase  shifts  produced  by  gravity. 

3.  Topological  Phase  Shifts  in  the  Gravitational  Field 

It  is  well  known  that  the  mass  and  the  spin  angular  momentum  in  a  gravi¬ 
tational  field  are,  respectively,  analogous  to  the  charge  and  magnetic  moment  in  an 
electromagnetic  field.  Therefore  the  analog  of  the  AB  effect  for  gravity  is  the  phase 
shift  Aijic  acquired  by  a  mass  going  around  a  string  that  has  angular  momentum 
(analog  of  the  solenoid).  The  dual  situation  then  is  a  spin  going  around  a  string  or 
a  rod  having  mass  only,  and  acquiring  a  phase  Then  :xccording  to  the  general 
argument  in  section  1,  if  the  field  equations  are  linear, 

A<I>'g  =  A^c.  (3.1) 

The  actual  values  of  A<t>a  and  A^(;  depends  on  the  gravitational  theory  used 
to  compute  them.  I  shall  study  these  phase  shifts  in  the  following  theories:  A.  New¬ 
tonian  gravity,  B.  linearized  limit  of  Einstein’s  theory  of  general  relativity,  and  C. 
The  Einstein-Cartan-Sciama-Kibble  (ECSK)  theory  of  the  gravitational  field  with 
torsion  [14],  In  all  three  cases  (3.1)  will  be  shown  to  be  satisfied.  The  differences 
between  these  phase  shifts  provide  a  way  of  distinguishing,  in  principle,  between 
these  theories,  although  in  practice  the  predicted  effects  are  too  small  for  realistic 
experimental  tests  at  the  present  time. 

A.  Newtonian  Gravity 

In  this  case,  only  the  mass,  not  the  angular  momentum,  acts  as  the  source 
of  gravity  and  is  acted  upon  by  gravity.  Therefore,  both  A<t>u  and  are  zero. 
Hence,  (3.1)  is  trivially  satisfied. 

B.  Linearized  General  Relativity 

Consider  now  the  low  energy  weak  field  limit  of  general  relativity.  Write  the 
metric  as  j,,,,  =  i;,,,,  +  7,,„,  where  7„„  <<  1.  In  this  subsection,  all  terms  which  arc 
second  order  in  will  be  neglected.  On  writing  the  well 

known  linearized  Einstein  field  equations  arc 

(3.2) 

in  the  gauge  defined  by  =  0.  I  neglect  stresses  so  that  we  have 

T>=0.yj,=0,i,j=:.1.2,3.  (3.3) 

Consider  now  a  particle  with  mass  m  and  intrinsic  spin  5  at  low  energies.  In 
the  stationary  situation,  a  coordinate  system  may  be  chosen  so  that  7^^  a’'e  time 
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independent.  Then  the  acceleration  due  to  gravity  is  g  =  -  jVioo  and  the  ‘Coriolis’ 
vector  potential  is  70  =  -{701,702.703),  a.s  can  be  seen  easily  from  the  geodesic  equa¬ 
tion.  The  ‘gravi-  magnetic  field’  H  =  V  x  70  =  2fl,  where  fl  is  the  angular  velocity  of 
the  coordinate  basis  relative  to  the  local  inertial  frame.  To  couple  the  spin  to  the 
gravitational  field  introduce  the  vierbein  and  its  inverse 

+  (3.4) 

which  satisfy  (3.20)  and  (3.22)  below.  The  latin  indices,  which  take  values  0, 1,2,3 
may  now  be  lowered  and  raised  using  the  Minkowski  metric  and  its  inverse  t)"*. 
It  then  follow  hat  the  Ricci  rotation  coefficients  are  given  by 

^fink  ~  2 (4‘xi.o  T>,«i*)'  (3'3) 

where  ,a  denotes  partial  diflercntiation  with  respect  to  z”. 

The  phase  shift  in  interference  due  to  the  gravitational  field  may  be  obtained 
in  the  present  approximation  by  taking  the  low  energy  weak  field  limit  of  the  pliase 
sliift  obtained  in  reference  5.  In  particular,  the  jihasc  shift  due  to  spin  alone  i-. 
obtained  by  parallel  tran.sporting  the  spin  wave  function  by  acting  on  it  by  the 
operator 

=  Pexp^-y^  =  Poxp  ^7,ia..5‘'*<fz'']  ,  (3.C) 

where  the  integral  is  along  the  unperturbed  classical  traj<  ctory  with  P  denoting 
path  ordering,  and  5‘o,  which  generate  Lorentz  transformations  in  s])iu  space,  are 
related  to  the  spin  vector  S"  and  the  4-  velocity  v‘  by 


(3.7) 


with  all  components  being  with  re.speet  to  the  vierbein.  The  subsidiary  condition 
S'ca  =  0  is  assumed  liere. 

Rewrite  (O.G)  :is 


is  =  /'exp  jf  i7o..^5'■‘d(  -~£  i7.„,,?“‘</x'|  . 
The  first  integral  iii  the  exponent  of  (5.8')  is 

4-  jf  “7o.,,S'-'d(  =  (g  X  S  V  -  SI  S)dt. 
The  second  integral  of  (3.8')  is  approximately 

^  ^  g  X  S  •  dr. 


(3.6') 


(38) 


(3.9) 
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Combining  these  results,  (3.6)  reads 


4^  =  i-'cxp 


—  2^  g  X  S  ■  dr  4-  ^  ^  n  •  Sdt 


(3.10) 


The  precession  represented  by  the  hvst  term  of  the  exponent  in  (3.10)  corresponds  to 
the  interaction  energy  -n  ■  S  =  -  is  ■  H  in  the  Hamiltonian.  This  may  be  understood 
from  the  fact  that  when  we  transform  to  a  frame  rotating  with  an  angular  velocity 
n  relative  to  the  loeal  inertial  frame,  the  spin  that  is  constant  in  the  inertial  frame 
obviously  rotates  with  angular  velocity  -fl  relative  to  the  new  frame  [15].  The  ratio 
7  of  the  magnetic  moment  to  spin  introduced  in  section  1  for  the  electromagnetic 
interaction  is,  for  a  particle  with  charge  e  and  mass  in,  7  =  where  j/  is  the 
gyromagnctic  ratio.  For  the  gravitational  field,  the  principle  of  equivalence  implies 
that  the  ‘charge’  density  equals  mass  density.  Therefore,  j  =  1  and  e  =  m.  Hence,  7 
5  and  the  ‘gravi-  magnetic  moment’  /la  =  |S,  consistent  with  the  above  interaction 
energy. 

Equations  (3.2)  subject  to  (3.3)  arc 


=  SirCTo,. 

These  arc  like  Miutwell’s  eq\;ati(ms  in  the  Lorentz  gauge,  and  may  be  solved  in  the 
same  way.  Consider  the  sjiecific  case  of  an  infinite  uniform  hollow  cylinder  of  radiu.s 
Po  and  mass  per  unit  length  p  rotating  about  its  axis  with  angular  momentum  per 
unit  length  J  parallel  to  the  axis  of  I  he  cylinder  along  the  z-axis.  This  is  analogous 
to  a  rotating  charged  cylinder  in  electromagnetisni.  So,  on  defining  r  =  (x',!^,**), 
p  =  (x',1^,0),  and  p  =  l/i|,  the  sohition  exterior  to  the  cylinder  (p  >  po)  is  ohlaine^d  to 
he 

40'  4G 

7uo  =  7ii  ~  7rj  =  733  =  logp,7o  =  - -5-J  x  r  = - J  x  p,  (3.11) 

P  P 

where  p  is  a  unit  vector  in  the  direction  of  p.  The  solution  in  the  interior  to  the 
cylinder  is 

4G  4G 

7ud  =  7n  =  7i2  =  733  ~  'lG/ilog/10,70  =  --f’’  ^  = - ^  P-  (•'* 

Po  pI 

Suppose  at  first  iliat  7  =  (I.  Thou,  from  (3.1 1),  U  =  U  and  g  =  -^p.  Consider 
the  interference  around  the  cylinder  of  a  particle  whose  sjiin  is  polarized  in  the 
x^-dircction  with  the  axi.s  of  the  cylinder  lying  along  the  x-*-  axi.s.  Then  the  jihase 
sliifl  due  to  the  cou])ling  of  spin  to  curvature  [13,16]  is  obtained  from  (3.10)  to  he 

2  !  G 

A^u  =  -  jjT  g  X  S  -  dr  = -Sir— p5.  (3.13) 

This  iihiise  shift  is  iiide]ieijdent  of  C  and  is  tljerefore  topological. 

Consider  now  the  dual  situation  that  is  coii.structed  as  follows.  Divide  the 
cylinder  into  small  segments  of  length  H.  The  mass  of  each  .segment  is  in  ^  pi(. 
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In  performing  the  duality  operation,  each  segment  is  replaced  by  a  segment  whose 
spin  is  the  same  as  S  and  the  particle  is  replaced  with  another  particle  with  mass 
m.  Then  the  cylinder  has  angular  momentum  per  unit  length  J  =  Therefore, 


m 

u 


S 

J' 


(3.14) 


So,  in  the  dual  situation,  the  mass  m  is  interfering  Eiround  the  cylinder  with  angular 
momentum  per  unit  length  3,  which  is  a  gravitational  analog  of  the  AB  experiment. 
Prom  (3.11),  the  phase  shift  due  to  J  is  the  Sagnac  phase  shift  [4] 


A  7c 


-fa  -  lir  -  — Sir— mj. 

h 


(3.15) 


It  follows  from  (3.13),  (3.14)  and  (3.15)  that  (3.1)  is  satisfied, 

I  shall  now  dcsciibe  the  gravitational  analog  to  the  topological  phase  shift 
of  the  neutron  due  to  the  magnetic  field  described  towards  the  end  of  section  1. 
Suppose,  in  a  neutron  or  atomic  interference  experiment  each  of  the  two  interfering 
beams  passes  along  the  axis  of  each  of  two  identical  very  massive  cylinders,  One 
of  the  cylinders  rotates  as  the  wave  packet  of  each  neutron  enters  the  cylinder  anel 
stops  rotating  before  the  neutron  leaves  the  cylinder.  Then  from  (3.12), 

^Vxyor.-i^J.  (3.18) 

i  Pa 


Suppose,  for  simplicity,  that  the  spin  of  the  neutron  or  atom  is  polarized  along  the 
axis  of  the  cylinder.  The  first  integral  in  (3.10)  would  be  the  same  for  both  btmras. 
Therefore,  the  phase  shift  between  them  is  given  by  the  second  integral  of  (3.10) 
due  to  the  rotating  cylinder  to  be 

=  (3,17) 


on  using  (3.16),  where  r  is  the  time  .spent  by  the  neutron  inside  tlie  hollow  cylinder, 
assuming  that  the  time  intervals  during  which  the  rotation  of  tlu;  cylinder  is  turned 
on  and  off  is  negligible  compared  to  t.  As  in  the  electromagnetic  case,  the  phase 
shift  (3.17)  is  not  accompanied  by  a  force,  apart  from  transient  effects  when  the  field 
is  turned  on  and  off  which  occurs  also  for  the  AD  effect  due  to  the  scalar  potential 
[1].  Hence,  (3.17)  is  a  topological  phase  shift. 

It  is  interesting  that  A't*  ub.  lined  here  by  parallel  transport  witli  respect 
to  the  gravitational  connection  is  analogous  to  how  the  electromagnetic  phase  shift 
experienced  by  the  dipole  was  obtaincil  by  parallel  transport  with  respect  to  a  corre¬ 
sponding  connection  [8,9].  The  three  gravitational  phase  shifts  obtained  above  using 
(3.10)  and  (3.15)  are  the  low  energy  weak  field  limit  of  the  phase  shifts  obtained 
previously  using  Dirac’s  equation  [5].  However,  these  phase  factors  correspond  to 
the  tentative  Hamiltonian 


-2Sxg)>  +  m^-i3.H, 


(3.18) 


in  the  sense  that  they  may  be  derived  from  this  Hamiltonian.  Ttii-s  is  a  generalization 
of  the  Hamiltonian  foimd  by  DeWitt  [17]  to  include  spin.  One  way  of  confirming 

(3.18)  is  to  directly  take  the  low  energy  weak  field  limit  of  Dirac.’s  equation,  which 
will  be  studied  in  a  future  paper. 

C.  General  Relativity  with  Torsion 

The  phase  shift  in  general  relativity  may  be  obtained  from  the  action  on  the 
wave  function  of  the  gravitational  phase  factor  [18] 

<bc  =  Pexphi  (c/P.  +  (3.19) 

where  C  goes  through  the  i  hiring  beams.  Here,  and  M*a,a,l)  -  0, 1,2,3  arc 
the  translation  and  L.orcntz  I  formation  generators  which  generate  the  Poincare 
group  that  acts  on  the  Hilbert  :q)acc.  Then  and  have  the  interpretation  of 
the  gauge  potentials  of  a  Poincare;  gauge  field.  In  jm  interferometry  experiment  the 
two  beams  need  to  b<;  brought  together  by  means  of  mirrors  which  gives  rise  to  the 
Thomas  precession  [19],  which  will  be  treat<!d  elsewhere  (20). 

It  was  .shown  by  means  of  the  WKB  approximation  of  Dirac’s  eejuation  that 

(3.19)  determines  the  gravitational  phivse  [5,18].  Thi.s  may  also  be  realized  for  a 
particle  with  arbitrary  spin  as  follows;  The  Lorentz  part  of  (3.19)  ensures  that  the 
wave  packet  is  jjarallel  transported  infinitesimally,  while  it  acquires  a  phase,  which  is 
a  good  approximation  for  the  locally  approximate  plane  wave  being  considered  here. 
To  find  the  plnise  accpiired  due  to  en(;rgy  monientum,  note  first  that  c„“  depends  on 
the  ob.server.  A  Lorentz  transformation  of  the  observ<;r  results  in  tran.sfornuag 
as  a  contravariaut  vector  in  the  index  a  while  P,  transforms  as  a  covariant  v(;(;tor. 
Suppose  that  a  particle;  is  in  a  state  |V'  >  that  is  apirroximately  an  eigenstate  of  Pa 
with  eigenvalues  Tin;  fact  that  the  gravitational  phase  is  observable  along  an 
open  c\rrv(!  implies  that  the  “wave  vector”  s  is  observable  [21,22].  R.eqniring 
that  the  correspondraice  betwct;n  n,,  and  is  (I  - 1)  implies  that  c,,”  is  a  non  sing\ilar 
matrix.  Therefore,  it  has  an  inverse  s'L: 

(3.20) 

Hence,  jj„  =  The  Casimir  oi)eialor  tp* /’„/’►  of  the  Poincare  gro\ip  has  a  definite 

value,  say  ;iP,  for  the  given  particle.  Therefore, 

~  =  in’,  (3  21) 

\  .ere  j/'"'  h  is  a  non  singular  matirr.  Its  inverse  defines  a  p.seudo 

’in.aiiniau  metric  of  Lorentzian  signature  on  space-time.  On  using  (3.20), 
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Thus  the  definitcnes:  cjf  the  miiss  (which  may  be  zero)  ensures  the  definiteness  of  the 
phase  that  depends  un  c^“  oven  for  open  curves.  In  this  way  the  space-time  metric 
is  deduced  from  the  gravitational  phase  corresponding  to  the  translational  part  of 
(3.19)  which  is  observable  along  an  open  curve.  Conversely,  the  metric  determines 
the  latter  phase  to  be  observable  along  an  open  curve. 

The  field  strength  or  curvatiire  of  this  Poincare  gaiige  field  is  obtained  by 
evaluating  (3.19)  for  an  infinitesimal  clo.S(;d  curve  C: 

<5>c  -  1  -  (3.23) 

using  the  Poincare  Lie  algebra,  whore 

Q"  =  dc" -1- u-j  A  c*  (3.23) 

is  the  torsion  and 

li“i  t  Aui%  (3.2r)) 

is  the  linear  curvature. 

Comparison  of  (3.19)  with  (1.2)  and  (1.4),  and  (3.23)  suggest  that  then; 
may  he  topological  phase  shift.s  due  to  interference  of  cohenuit  beams  that  (mclo.se 
a  region  that  contains  curvature  and  torsion,  but  which  are  zero  along  the  beams. 
Such  an  example  is  provided  by  the  cosmic  string  whose  metric  exterior  to  the  string 
is  given  cylindrical  coordinates  as  [23,  24,  25). 

(/.V-’  (,il  i />, 4)’ <1<^5  -  dz''',  (3.2r.) 

where  a  and  fl  constants.  Tluai  the  metric  satisfn.'.s  (3.22)  for  the  following 
orthononnal  co-frame  field  {e“)  adapted  to  the  above  coordinate  sy.stem: 

c°  =  <!l  -I  —  dp,c^  =  apdi^.c^  =  dz.  (3.27) 

The  connection  coeffir.icnt.s  in  tins  basis  are  e  =  0,  for  all  o.t.n  except 

for 

(3.2H)) 

it  follows,  on  u.sing  (3.24)  and  (3.25),  that  Q"  -  0,  =  0  outside  the  string.  The 

scattering  cross  .section  of  particle.s  with  <l((finite  energy  in  the  above!  geometry  has 
been  obtained  befon!  [2G]. 

In  the  appendix  it  is  .shown  that  this  solution  may  he  extend(;ii  to  an  interior 
solution  tliat  lia-s  imifonii  eiurrgy  and  spin  densities  and  which  generate  curvature 
and  torsion  according  to  the  ECSK  etpiations  [14].  The  'instants  «  and  (i  are  then 
determined  by  matching  the  inhu’ior  and  exterior  solutioii.s  to  be 


0=1-  =  iOV, 


(3.29) 
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where  /i  is  the  mass  per  unit  length  and  J  is  the  angular  momentum  per  unit  length 
due  to  the  intrinsic  spin  density  inside  the  string. 

If  C  is  a  closed  curve  around  the  cosmic  string  then  from  (3.19), 

=  rxp  ^-i  ^  -i  ^  /’t  +  dx^  ,  (3.30) 

using  the  fact  that  Ci^'^Pq  commutes  with  the  other  terms  that  occur  in  (3.30).The 
first  exponential  is  a  time  translation  second  is  a  spatial  Euclidean  transformation. 
Hence,  if  (3.23)  is  valid,  then  the  time  translation  would  correspond  to  torsion  being 
non  zero  inside  the  string.  Suppose  that  the  surface  of  the  string  is  given  by  p  =  po, 
where  pa  is  a  small  constant.  Then;  substituting  (3.27),  (3.28)  into  (3.30),  and  using 
(3.23),  the  flux  of  torsion  through  a  cross-section  E  of  the  string  is 

y  Q"  =  2!r/?,y  ft'j  =27r(1-o)  (3.31) 

This  is  independent  of  the  piu  ticular  geometry  inside  the  string  so  long  as  51  is 
“infinitesimal”  so  that  (3.23)  i.s  valid.  In  particular,  (3.31)  is  easily  verified  for  the 
solution  in  the  aiipendix,  indepewlently  of  the  value  of  p_,  u.sing  (A. 12),  (A. 15)  and 
(A. 16). 

For  simplicity,  consider  a  circular  interferometer  with  constant  radius  r  >  po 
in  a  plane  normal  to  the  string,  with  its  center  on  the  axis  of  the  string.  It  may 
be  a  superconducting  interferometer,  e.  g.  a  superconducting  ring  interrupted  by 
a  Jo  I'phson  junction,  Or  it  may  be  an  electron  interferometer,  or  a  wave  guide, 
such  as  an  optical  fiber,  at  one  point  of  which  is  the  beam  splitter  that  splits  a 
beam  into  two  which  travel  in  opposite  senses  and  interfere  at  a  mirror  that  is  at 
another  point  in  the  interferometer.  The  interferometer  does  not  rotate  relative  to 
the  distant  stars,  which  may  be  ensnred  by  requiring  that  telescopes  rigidly  attaclucd 
to  this  interferometer  arc  focused  on  the  distant  stars. 

The  phase  .shift  may  be  obtained  using  (3.30)  with  C  along  integral  curves 
of  p"  which  lie  on  a  2  dimensional  submanifold  <r  with  constant  i  and  p  =  r.  Hence, 
C  may  be  chosen  to  be  along  a  circle  iiround  with  constant  t.  Suppose  E  is  the 
energy  of  the  wave  function  which  is  assumed  to  be  con.stant  in  time  at  the  beam 
splitter.  Then  it  is  con.stant  everywhere  along  the  beams.  Therefore,  in  this  WKB 
approximation,  the  magnitude  of  the  momentum  p  =  (£’  -  m’)'^’  is  also  a  constant 
along  the  beam.  By  taking  into  account  tin;  Fcrmi-Walkcr  transiiort  of  vectors 
associated  with  \<p  >,  in  (3.30)  may  be  replaced  by  the  spin  operator  in  the 
present  coordinate  bivsis  (19).  The  spin  is  iissumed  to  be  polarized  in  the  z-d.'rection, 
i.  c,  It/c  >  is  an  eigenvector  of  S’h  with  eigenvalue  S/h. 

Now,  the  thi'cce  operators  in  (3. -30)  couiinute  with  one  ancjthcr  and  their 
actions  on  \ili  >  give  rise  to  thic  following  topological  phase  shifts;  (i)  The  general 
relativistic  Sagnac  phase  shift  [4]  is  obtained  from  the  fir.st  factor  to  be 

AJif  =  ~  j _  (3.32) 
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where  E  is  a  2-surface  spanned  by  C.  (ii)  The  phase  shift  due  to  the  coupling  of 
spin  to  curvature  [5]  which  is  obtained  by  the  second  factor  in  (3.30)* 

Ms  = 2)r)  =  -  (I).,'!:!) 

The  phase  shifts  (3.32)  and  (3.33)  are  expressed  as  flux  integrals  of  torsion 
and  curvature  because  they  could  have  iJso  been  obtained  from  (3.19)  which  de¬ 
pends  only  on  the  affine  connection.  (The  torsion  and  curvature  fluxes  contained 
in  (3.32)  and  (3.33)  a.rc  the  same  as  (3.31)  which  is  independent  of  the  particular 
geometry  interior  to  the  string  onsidcred  here.)  It  follows  that  these  phase  shift.?  arc 
independent  of  the  shape  of  the  interferometer  enclosing  the  string  and  therefore 
may  be  called  topological. 

I  shall  now  show  that  the  above  topological  effects  satisfy  the  principle  of 
duality  formulated  in  section  2.  Consider  first  tiie  Sagnac  effect  on  a  i^article  with 
energy  E  due  to  the  spinning  string  will),  angid.rr  momentum  per  unit  length  ./. 
This  is  like  the  AD  effect  due  to  a  solenoid.  Divide  the  string  into  small  segments  of 
length  61.  The  spin  of  each  segment  is  .S'  -  J6(.  In  performing  the  duality  operation, 
each  segment  is  replaced  by  a  segment  whose  muss  is  the  same  as  E  and  the  particle 
is  replaced  with  another  particle  with  spin  S.  Then  the  solenoid  has  been  replaced 
by  a  rod  with  iiuiss  per  unit  length  /(  =  j}.  Thendore, 


- 

l‘~J 


(•'(.S-t) 


Conversely,  if  (3,34)  is  valid  then  the  two  situations  ir.ay  be  obtained  from  each 
other  by  performing  the  duality  operation.  Hence,  try  the  duality  princip'c,  the 
phase  shifts  for  the  two  situations  .should  be  e<pial.  Iiukssl,  the  phase  shifts  (3.32) 
and  (3.33)  which  w(S'e  derived  without  paying  iuiy  attention  to  the  duality  principle 
ore  equal  if  and  only  if  (3,34)  is  valid. 

This  illustrates  also  again  how  the  duality  iirinc.ipli^  may  be  used  to  obtain 
the  phase  shift  for  the  dual  situation:  From  (3.32),  we  may  obtain  (3.33),  or  vice 
versa,  on  u.sing  (3.34).  Even  though  tin;  general  relativistic  eipiations  are  in  general 
non  linear,  the  equations  that  are  solved  in  the  ap])eudix  to  oljtain  the  i;xact  solution 
are  sll  linear,  so  that  there  must  be  diiality  iu  the  pre.sent  cixse  according  to  the 
general  argument.s  of  section  2.  If  this  duality  is  assumed  then  a  new  gravitational 
sohition  may  lie  obtained  from  an  old  .solution  both  in  the  present  case  and  in  the 
low  energy  weak  field  ease  con.sidered  earlier,  similar  to  how  this  was  done  in  the 

*  The  ])ha&c  ahiUs  (3.32)  and  (3.33)  iiiiiy  be  evaluated  usiuK  the  line  integral  outKidc  the  strinR  using 
(A.IG)  or  the  surface  integral  inside  the  string  using  (A. II).  In  (3.33),  has  been  subtraeted  from  the 
line  integral  to  remove  the  purely  cooidiii.vte  elTret  due  to  the  rotation  of  by  27r  as  one  goes  around  C, 
consistent  witii  tlie  tJau.ss-ltonnet  theorefn. 
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electiomagnetic  case  at  the  end  of  section  2. 

4.  Concluding  Remarks 

As  already  incntioiicd,  the  AB  effect  shows  that  the  field  strength  is  insuf¬ 
ficient  to  describe  the  electromagnetic  field,  wherciis  the  phase  factor  (1.2),  wliich 
is  called  a  iioionomy  transformation  because  it  parallel  transports  around  a  closed 
curve,  adcquaticly  describes  tlie  field.  More  generally,  for  an  arbitrary  gauge  field, 
the  holonomy  transfonnetions  are  of  the  form  (1.4),  with  now  being  the  corre¬ 
sponding  vector  potential.  The  fact  that  these  are  sufficient  to  doterniine  ttic  field 
uniquely  is  shown  by  the  following  theorem  (27);  Given  the  Iroicnomy  transforma¬ 
tions  (2)  for  picce-wi.se  difforcntiable  curves  whicli  bcgiii  and  end  at  a  given  point 
ill  space-time,  the  gauge  potential  A,/  may  be  reconstnicted,  am'  it  i.s  then  uniipie 
up  to  gauge  transformations. 

But  since  tlie  set  of  sucli  curves  form  an  infinite  dimensional  manifold  L,  tlie 
corresponding  operators  (2)  have  a  groat  deal  of  rednudancy.  Indeeil,  tlie  gauge  field 
in  space-time  may  lie  reconstructed  from  a  iniiiimal  .set  of  these  o])crators  defined  on 
a  four  dimensional  snlnuaiiifold  of  L  [7].  This  is  mathematically  cciuivaleiit  to  work¬ 
ing  with  the  gauge  jioteutial  defined  in  a  iiaiticular  gauge  on  tlie  four  dimensional 
space  time.  Theiofore,  once  the  redundancy  in  the  loop  space  L  has  been  removed, 
there  is  no  advantage  to  using  the  liolomuiiy  transformation  (2)  as  ojiposed  to  the 
gauge  potential  in  a  partieular  gauge. 

It  follows  that  in  (luanti'/ing  the  elec.troiiiuguelic  or  more  general  gauge  lii'lds, 
one  must  q.iautize  the  gauge  potential  instead  of  the  field  strength.  Similarly,  the 
topological  effects  due  to  the  gravitational  field  deseribed  aliove  suggest  that  in 
quantizing  the  gravitational  field,  it  is  the  'gauge  potentials’  c,,"  and  M'‘„  which 
should  he  quantized,  and  tin;  metric  (3.22)  is  olitained  from  them  as  a  secondary 
Viu'iahlc  [2G,22].  However,  tlu-re  is  a  hriiaking  of  gunge  syiiiinetry  which  makes  c,," 
a  tensor  field  Instead  of  a  c.onueclioii  [22].  This  is  like  how  in  a  suiMTi  onductor  the 
t/(l)  gauge  syinnudry  is  .spontaneously  hroken,  which  makes  A„  a  covariunt  v(!ctor 
field  instead  of  a  connection. 

So,  it  may  well  he  that  in  the  (;arly  imiverse  there  was  the  full  Poincare  gang." 
symmetry  with  and  Af*,,  having  vaennm  <;xpoctation  value  zero  in  an  ajipropriate 
gauge.  As  a  resiilt  of  spontamxais  .symmetry  breaking  of  the  translational  ])art  of 
the  Poincare  group,  c,,"  may  have  ae<iuir<;d  a  vacuum  expect.atioii  value  eipial  to 
6^,“  eorresjjondiiig  t.o  the  Minkow.ski  geonu;tiy.  B\it  I  eiephiisize  tlnit  these  are 
speculative  remarks,  ami  need  jnstifieiition  by  a  detailed  theory. 
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Appendix:  Spinning  Torsion  String 

The  simplest  gravitational  field  equations  in  the  prc.sence  of  torsion  arc  the 
Einstcin-Cfurt  Idama-  Kibble  (ECSK)  equations  [14],  which  may  be  writtiai  in 
the  form  [29] 

ijqntf '  A  <2*  =  »]rGsij ,  {A  2) 

where  (,■  and  Sij  an-  3-form  fields  rcpre.senting  the  cncrgy-moiiKmtnin  and  spin  den¬ 
sities.  I  shall  no\  'btain  an  exact  solution  of  these  etpiations  for  the  interior  of 
the  cosmic  string  which  mateh<;s  the  exterior  solution  (3.2C).  This  will  then  give 
physical  and  geometrical  meaning  to  the  piuaineter.s  a  and  0  in  (3.2G),  This  solution 
will  be  different  from  earlier  torsion  .string  solutions  [31]  that  have  static  interior 
metrics  matched  with  exterior  metrics  which  are  different  from  (3.20). 

The  /)  and  x  coordinates  in  the  interior  will  be  chos<-n  to  lx-  the  distances 
measured  by  the  metric  in  these  directions.  Since  the  exterior  solution  has  symme¬ 
tries  in  the  t,0,  an<l  t  directions,  it  i.s  reasonabh!  to  .suppo.se  the  same  for  the  interior 
solution.  So,  all  funetions  in  the  interior  will  be  funi  tions  of  p  only.  Reciniring  also 
simplicity,  I  inaki'  the  following  ansatz  in  the  interior: 

0'>  =  »(/))</(  +  itpjp  =  /{pW.O^  =  d:,w'\  k{i>)d4'  =  -w';,,  (A  .'!) 

all  other  components  of  w'h  being  zero,  and  ih’  Suppose 

also  that  the  energy  density  <  and  .si)in  density  </,  jxdarized  in  the  ;-direi  tion,  are 
constant  and  c<irrespond  to  a  classical  Ihiicl  at  ii'sl.  1.  e. 

(„  =  <(/'  A  «■'  A  (/■'  -  .  /(x)'V  A  d<j>  A  dz , 

Sfj  --  ~«i,  -  <r(l'  AH'  AO'  —  a  J{ii)di)  A  difi  A  dz ,  (A. 4) 

the  other  components  of  .s.^-  heiiig  zero.  In  terms  of  the  components  of  the  emagy 
monientum  and  ,si)in  tensors  in  the  prestnil  basis,  this  means  tlnvt  I",,  -  (  .r  constant 
and  »‘’ij  =  o-  =-  Constant. 

It  is  a.ssuined  that  there  i.s  no  surface  energy-momentum  or  spin  for  the  string. 
Then  the  metric  must  satisfy  the  junction  conditions  (3()|,  which  in  the  pri'Sent  case 
are 

fhtfl-  ^  ftcclci  --  (A. .7) 

where  K„it^  =  4  Qn^„  -  Qu-ii)  is  i-he  conUnsion  or  the  defect  tensor,  |(  and 

|_  refer  to  the  limiting  values  ics  the  boundary  of  the  string  is  appi\)aciie<l  from 
outside  and  inside  the  string,  rc-spectiv<rly,  and  tin;  hat  denotes  the  comcspoiidiug 
coordinate  component. 
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Substitute  (A. 3),  (A. 4)  into  the  Ciirtnn  equations  (A.2).  The  (i,j)  =  ((),'2), 
(0,3), (2, 3)  eqs.  arc  automat iciilly  satisfied.  The  (i,j)  -  (0, 1),(1,3),(1,‘2)  e<js.  yield 

l'{p]  “  Hr)  -  (I.  »'(e)  =  u.  n'ip)  =  H7ra<7f(/>),  (A .0) 

whore  the  prime  denotes  dilferentiatioii  with  respect  to  fi.  Tlu^rcfore,  tlie  coutiimity 
of  the  metric,  (eq,  (A. 5))  implies  that,  since  ii  =  1  at  the  boundary,  ii(/d  “  1  every¬ 
where.  Now  substitute  (A. 3),  (A. 4)  into  the  Eiiivtein  equations  (A.l).  The  i  =  0  cq. 
yields 

t-'(/j)  = -87rGt/(/.).  (/1.7) 

The  i  =  1,2,3  equations  yield,  res|)eetiv('ly 

I;' 

1,  =  0,(l.  =  (l.t.)  =  — A<V  A</(^  =  -<»"  Afl'  A0\  (yl  .K) 

n/Tl » 

using  (A. 7).  Ileiu'e,  From  (A.G)  and  (A. 7), 

;"(/>)  t =  0.  (/I.!)) 

where  /!•  —  (8irf,’<)“ In  order  lor  iheii^  not  to  he  a  metrical  “cone”  singrdarity 
at  /)  =  0,  it  is  necessary  that  ifi  —  /aW  near  p  -  0.  Hence,  the  solution  of  (A. 9)  is 
lip)  ~  A,  Then  from  { A.O),  l'(c)  -  and  reeptiring  ii(())  =  0  to  avoid  a  r.onii'al 

singularity,  ii(/>)  =  ♦-  -ce.sJ;^  .  'J'his  gives  tlur  metric  in  the  interior  of  the 

string  to  he 

f/.S^  r=  j^(h  I-  r'(T/l  C"  -  ll/l^  —  /I  sill^  ^ ^  —  l/j'^ ,  (/1.U)) 

The  only  non  vanishing  lomiuaients  of  curvature  and  torsion  are 

O"  =  Hir<  I'rT/M  aiu  j  )  </c  A  (/7',  /t'*^  n  — .‘tin  (—)  ilp  A  ittf)  —  It^ , ,  (^h  1 1 ) 

\0*/  /'* 

1  apply  now  the  junction  <'oiidilions  (A.f)),  which  will  show  that  /;  is  dis¬ 
continuous  across  thi'  liouudary.  Denote  the  values  of  (i  for  the  houmhiry  in  the 
internal  and  external  coordinate  sy.stems  hy  /)_  and  /q  ri-speelively.  ,',From  (3.22) 
and  (A. 10),  3,-^  and  are  respectively  eiaitiiiuous  ilf 


/t  -  ^1  —  ro.s— , 


n/)(  . via - 


The  remaining  nielric  eoellieieul'i  are  eleaily  eonlinuous.  O'he  only  non  '/.ero  eontor- 
siou  terms  which  enter  into  (A  5)  are  ohlaiiual  from  (A. 11)  to  he 


-  -'‘"I 


i(Tf)  ♦  ain  — ,  K j  :•  -  •  (87r(’ifT)‘^/i  ♦**  (  I  —  rr;s-—  j  .sin 

r*  \  V* ) 
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Using  (A. 13)  and(A.14),  it  can  now  be  verified  that  the  remaining  junction  condi¬ 
tions  (A. 5)  are  satisfied  provided  a  =  cos^.  The  mass  per  unit  length  is 

p  S  (l  -  ^  (A,15) 

where  E  is  a  cross-section  of  the  string  (constant  l,z).  Therefore,  0=1-  ^G^i.  The 
angular  momentum  per  unit  length  due  to  the  spin  density  is 

Hence,  from  (A. 12),  p  =  AGJ.  The  Sagnac  phase  shift  obtained  earlier  is  therefore 
Ai^  =  F/I\  where  T  is  the  fiux  of  Q°  through  E.  In  the  special  case  when  torsion  is 
absent,  which  in  the  ECSK  theory  means  that  spin  density  is  zero,  (3  =  0,  and  the 
above  solution  rcduci-s  to  the  exact  static  solution  of  Einstein’s  theory  found  by 
Gott  [32]  and  others  [33],  whose  linearized  limit  was  previously  found  by  Vilenkin 
[34],  After  this  work  was  compl<-t<!d  1  learned  that  Tod  [35]  has  studied  torsion 
singularities  using  affine  holonomy  and  the  ECSK  equations  aualogou.s  to  the  present 
approach. 

Note  added  in  praufs:  The  phas(!  shift  due  to  spin  in  the  interference  around  a  rod  and 
a  cosmic  string  ha.s  also  been  stiulied  by  B.  Reznik  (PhD  thesis,  Tel  Aviv  Univ., 
1994,  and  preiuint  to  be  publi.shed  in  Phys.  Rev.  D),  by  iising  the  contribution  to 
the  Lagrangian  due  to  the  gravitational  inU'iactioii  energy  U  =  j  This 

amounts  to  treating  gravity  as  a  s|)in  2  field,  coinjiared  to  the  present  geometric 
ai)proach  which  begins  with  tin?  full  general  relativistic  theory.  However,  the  aljove 
tnentioned  paper  assumes  that  7'“'  in  the  rest  friune  of  the  particle  is  the  curl  of 
spin  <leu.sity,  wdiich  is  then  boosted  to  the  lHl)oratory  frame.  This  assumption  cor¬ 
responds  to  setting  the  ‘gravi-  magnetic  inoiiKUit’  /if  equal  to  the  spin.  This  diifers 
from  the  result  in  section  3  of  tin'  iireseut  pajier  that  /if  is  half  the  spin  in  accor¬ 
dance  with  the  principle  of  eipiivaleuce.  The  latter  re.siilt  lmplie,s  that  7’“‘  in  the 
rest  frame  is  half  the  curl  of  spin  density.  Then,  integrating  by  parts,  it  is  easy  to 
.show  that  the  Lagrangian  for  a  particle  with  ma.ss  rn,  velocity  v  and  spin  S  in  the 
laboratory  frame  is 

L  =  —  (/  =  ^mv'  -  ■  7o  -t  7v  ■  S  X  g  -I-  •  H 

This  confirms  the  Hanhllouian  (3.18)  of  the  jiresont  paper,  klso,  the-  present  paper 
studies  ;ui  additional  .sjiiii  interaction  repri:seuted  by  the  last  term  of  (3.18).  And 
this  gives  rise  to  the  new  topological  idiase  shift  (3.17). 
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Abstract 

Many  quantum  and  classical  fields  arc  known  to  be  influenced  by  disorder. 
Anderson  Uansition  of  the  Schrodinger  field  is  a  remarkable  example  of  such  a  disorder 
effect.  In  this  article  we  will  discu.ss  the  effects  of  disorder  on  gravitation.  The  general 
relativistic  (GR)  gravitational  field  is  a  specially  important  case;  because,  this  problem 
has  not  yet  received  much  attention  and  disorder  has  to  be  introduced  in  a  frame 
independent  geometric  manner.  Furthermore,  the  GR  equations  arc.  non-linear.  Since 
gravity  itself  acts  as  a  source  of  gravity,  non-linear  self-coupling  is  expected  to  cau.se  the 
gravitational  field  to  be  more  sensitive  to  disorder.  Hence,  any  cffccLs  due  to  a  random 
.source  distribution  will  amplify  or  “pile  up”  and  encourage  localization. 

In  this  paper,  wc  propo.se  a  simple  model  of  a  gravitating  system  with  random 
disorder.  Di;  olcr  is  inUoduced  through  a  stochastic  generating  function.  The  affine 
parameter,  t,  for  the  out  going  null  geodesics  is  calculated  and  observed  to  lengthen  with 
the  increase  in  disorder,  Wc  interpret  this  as  a  slowing  down  in  the  propagation  of 
gravitational  field  and  (as  in  the  ca.scs  of  other  disordered  fields)  due  to  localization.  Wc 
argue  that  iocaliz.ation  must  have  been  important  in  the  early  universe;  when,  due  to 
thermal  and  quantum  fluctuations,  space  lime  was  very  strongly  disordered.  In  such  a  GR- 
localized  era  the  cosmological  .scale  factor,  S(l),  will  be  diffusive  and  slow.  Our 
calculations  show,  in  general,  S  ~  where  7>  2.  This  random  walk-like  field 
propagation  will  cffcclivcly  increase  the  value  of  the  Newtonian  constant  G  that  can 
render  the  graviuuional  interaction  to  be  strong  enough  to  produce  the  nucicalion  sites  for 
primordial  matter.  Wc  reason,  such  random  condensation  could  have  been  responsible  for 
the  observed  inhomogcncity  of  the  matter  distribution  in  the  present  day  universe. 


1.  Introduction 

A  system  is  said  to  be  ordered  when  it  has  some  symmetry;  random  breaking  of 
symmetry  causes  the  system  to  be  disordered.  Many  new  phenomena  arc  known  to  result 
from  disorder.  The  problem  of  random  transitional  symmetry  breaking  in  a  one 
dimensional  phonon  field  was  first  reported  by  Dyson*.  About  a  decade  later  Anderson 
considered  a  disordered  electronic  system^^.  Since  that  time,  pariicularly  after  Anderson, 
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many  researchers  have  considered  the  case  of  disorder  in  both  classical  and  quantum 
fields^’’^. 

In  this  article  we  will  consider  the  general  behavior  of  all  types  of  disorder  induced 
localization  phenomena  with  the  goal  to  understand  the  peculiarities  of  the  gravitational  field 
localization.  In  particular,  in  the  following  sections  we  will  briefly  review  the  classic  work 
by  Anderson  on  the  localization  of  electron  waves.  Later,  the  physical  process  of  back  and 
multiple  scatterings  in  a  strongly  disordered  system  will  be  described.  Finally  the  results 
from  our  model  for  gravitation  with  random  disorder  and  the  dynamics  of  a  “GR-locali2ed” 
universe  will  be  discussed. 


2.  The  Anderson  Problem 

Anderson  studied  the  non-relativistic  Schrodinger  field  of  an  electron  in  a  random 
potential  (disordered  crystal)  lattice.  He  reasoned  that,  in  the  absence  of  perfect 
translational  symmetry  the  electronic  eigenstates  would  not  follow  the  Block-theorem. 
Hence,  the  wave  vector  k  would  cease  to  be  a  good  quantum  number  and  the  wave 
function  <I)  would  not  belong  to  a  unique  wave  vector.  Further,  for  strong  enough 
disorder  the  wave  may  be  localized  in  space.  Anderson  determined  that  the  envelope  of 
such  a  localized  state  is  peaked  about  its  localization  center  and  decreases  rapidly  away 
from  that  point.  The  probability  of  finding  a  localized  electron  rapidly  approaches  zero,  as 
a  function  oi'  the  distance  from  its  center. 

Quantitatively,  the  problem  consisted  of  two  parts:  the  introduction  of  disorder  in  a 
mathematically  tractable  fashion  while  retaining  the  essential  physics  and  the  definition  of 
a  calculable  parameter  that  measured  the  effect  of  disorder  on  the  field.  The  first  part  was 
answered  by  modeling  the  unperturbed  medium  as  a  perfectly  spaced  lattice  of  uniform 
square  well  potential  field  V(x)  of  depth  equal  to  Vq.  On  this  lattice,  a  random  potential 
W(x)  was  superposed.  The  width  of  the  random  distribution  was  W,  as  shown  in  Fig.  la. 
For  the  second  part  Anderson  proposed  using  the  value  of  D(W,R),  the  quantum  diffusion 
coefficiei,:.  D(W,R)  is  a  measure  of  localization;  that  is,  the  absence  of  diffusion  to  an 
infinitely  distant  point  is  the  criterion  of  complete  localization.  He  showed,  for  sufficiently 
strong  disorder,  i.e.,  WA^o  bigger  than  a  critical  value  A*,  (the  exact  valm  of  A*  being 
geometry  and  model  dependent)  D(W,R)  — v  0  as  R  — >•  “>. 

This  is  behavior  is  known  as  the  Anderson  transition.  At  this  transition,  an 
electronic  system  undergoes  a  rapid  change  from  some  states  localized  to  all  states 
localized.  This  is  a  cooperative  effect  brought  about  by  the  coherent  interference  from  all 
parts  of  the  system.  In  practice,  interference  from  the  local  regions  is  dominant;  that  is, 
constructive  scatterings  from  the  local  sites  arc  conducive  to  extended  states.  On  the  other 
hand,  locally  destructive  interference  or  back-scatterings  cause  localization.^  In  the 
Anderson  phase,  disorder  is  strong  and  electron  transport  is  absent.  Figure  lb  shows  the 
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extended,  non-Blcx;k  type  electronic  wave  functions  and  Fig.  Ic  shows  a  localized  wave 
function. 


Figure  1 .  (a)  Periodic  Potential  Eq  with  applied  random  potential  W. 

(b)  Non-Block  type  extended  electron  wave  function. 

(c)  Localized  wave. 


Note  that,  becau.se  oJ’  coulomb  attraction  between  the  electron  and  the  positive  ion 
cores,  the  electron  is  trivially  expected  to  be  attached  (localized)  to  the  lattice  points.  The 
first  unexpected  quantum  mechanical  result  was  that,  despite  the  scatterings  from  the  zero- 
point  vibrations  of  the  latiice,  the  electronic  states  are  extended.  Furthermore,  this 
behavior  is  independent  of  the  value  of  the  lattice  constant.  In  the  early  years  of  the 
twentic'h  century,  the  effects  of  .scattering  due  to  zero-point  vibration  was  a  much 
V  or'  ted  question.  The  pursuit  for  evidence  of  zero-point  scattering  was  a  moti'  afion  for 
niaiiy  '  ray  diffraction  experiments:  in  crystals  and  low  temperature  resistance  studies  in 
\  -e  r  atals  As  lower  and  lower  temperatures  were  achieved  the  research  on  resistance 
ex  ,  m  lily  led  lo  the  uiiexpsccted  and  startling  discovery  of  superconductivity. 

The  question  of  lattice  spacing  was  answered  much  later  by  Mott.  Starting  with  the 
■  l!  state  of  extended  wave  eigenfunctions,  Mott  showed  that  as  the  lattice  constant  is 
u  .lased  the  electron  will  minimize  its  energy  by  forming  a  bound  state  with  a  positive 
core.  This  will  collapse  the  wave  function  into  a  hydrogenic  orbital  and  result  in  a  metal- 
insulator  transition.  Confinement  costs  kinetic  energy  but  in  the  low  density  (large  lattice 
spacing)  limit,  potential  energy  becomes  the  determining  factor  for  the  ground  state 
configuration. 


Another  related  transition  was  discussed  by  Wigner.  The  Wigner  crystallization 
(localization)  Iso  takes  place  in  the  low  density  limit  but  does  not  require  a  lattice.  This 


behavior  is  possible  even  in  a  urnicrm  positive  background  of  u  “jcllium”  and  is 


primarily  due  to  the  coulomb  correlation.  There  is  some  influence  of  exchange  or  Pauli- 
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princip!il  which  tends  to  keep  the  electrons  away  from  each  other.  Although,  all  three 
transitions  relate  to  the  change  from  bound  to  extended  states,  in  the  Mott  and  Wigner 
cases  the  underlying  cause  is  the  (classical)  coulomb  interaction.  The  reni.irkable  aspect  of 
the  Anderson  phenomenon  is  that  it  is  due  to  (the  translation)  symmetry  breaking. 

The  understanding  of  the  electronic  properties  of  disordered  systems  have  resulted 
in  many  advanccs.*^"^  In  the  last  ten  years  or  so,  these  considerations  have  been  extended 
to  many  quantum  and  non-quantum  fields.  For  instance,  localiration  has  also  been 
reported  for  the  classical  Maxwell  (KM)  field.^ 

It  has  been  observed  that,  in  suitably  prepared  disordered  dielectric  media  and  over 
some  restricted  frequency  range,  electromagnetic  radiation  can  be  localized.  For  such  a 
medium,  many  transport  properties  such  as  microwitvc  propagation  has  been  shown  to 
txjcomc  slow  and  diffusive.^  However,  the  localization  criterion  for  vector  waves  such  as 
the  EM  field  is  de[)endent  on  the  details  of  the  particular  .situation,  Another  auison  for  the 
difference  between  the  electrons  and  photons  is  that  the  electron  can  be  bound  to  a  lattice 
site;  however,  the  dielectric  function  of  a  medium  has  to  be  positive  and  real  at  all  points, 
so  a  photon  cannot  fonn  a  locally  bound  slate.  In  this  context,  becau.se,  of  the  universal 
attractive  nature  of  gravitation,  the  GR  problem  is  at  the  opposite  limit  IVom  the  photon 
case. 


3.  Physical  Description  of  Localization 

Even  in  a  uniform  material  medium  light  propagates  with  a  speed  less  than  its 
speed  in  vacuum.  So  what  is  so  special  about  localization?  To  make  tlic  distinction  cleiu  let 
us  discuss  tlic  EM  problem  in  some  details. 

Any  medium  has  a  substructure  which  makes  it  different  from  vacuum.  This 
structure  may  he  due  to  atoms  or  “grains”  which  affect  (scatter)  the  incident  field.  In  a 
“weak”  medium  the  density  (p)  of  these  grains  is  smtill  From  one  .scatlercr  to  the  next  the 
field  propagates  almost  freely  witii  a  speed  equal  to  c,  just  as  in  vacuum.  However,  by 
Huygens  principal  all  the  fields  prixluced  by  all  the  .scatters  superpo.ses  and  gives  rise  to  a 
net  field  F(R,t).  In  absence  of  absorption  the  amplitude  of  F  at  position  R  remains  the 
same  as  it  would  be  in  vacuum  but  F(R,t)  acquires  a  change  of  pha.se,  6<)),  proportional  to 
the  displacement  R.  This  6<t)  is  in  addiiinii  to  the  phase  increase  due  to  the  "distanee  effeet" 
contribution  in  vacuum.^  Hence,  the  effective  wavelength  ,X,  (the  distaiice  the  field  would 
require  to  travel  for  the  total  phase  to  undergo  a  full  cycle  or  Atj)  =  2::)  is  shorter  in  the 
medium  than  the  wave  leng.li  in  vacuum. 

Clearly,  there  are  several  length  scales  of  the  medium.  In  the  weakly  interacting 
limit  only  three  arc  ini|)ortant:  R(t).  the  radius  of  the  wave  front  (spherical  in  an  assumed 
isotropic  medium);  the  mean  free  path  /;  and  X.  In  this  limit,  R  »  f  »  X.  For  scales 
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much  larger  than  ^  and  t  the  medium  may  be  treated  as  a  continuum  and  the  net  effect  is 
described  by  the  refractive  index  n;  where  n  =  Xo/X.  The  wave  propagates  uniformly  at  a 
constant  rate.  In  a  time  dt,  the  displacement,  dR,  is  given  by  the  linear  relation: 

dR  =  c*xdt  13.1] 

where,  c*  =  X  v  =  c/n,  v  is  the  frequency,  and  c*  <  c.  This  is  the  description  of  slow 
but  constJint  rate  of  propagation  in  a  uniform  medium. 

To  understand  localization,  the  coarse  graining  of  the  effective  medium  model 
described  above  needs  to  be  relaxed.  The  problem  has  to  be  treated  with  a  finer  mesh  by 
including  two  additional  lengths,  <  r  >  and  4.  The  average  intergrain  distance,  <  r  >  - 
(p  I/d)  where  d  is  the  Euclidean  space-dimension  and  p  is  the  density.  The  grains  form 
clusters  in  the  medium.  The  correlation  length,  is  a  measure  of  the  typical  cluster  size. 
Also,  ^  represents  the  scale  length  of  disorder  in  the  medium.  At  points  separated  by 
distances  larger  than  ^  the  medium  is  uncorrclated.  The  length  I  is  inversely  dependent  on 
the  scattering  cross  section  (Z)  and  p.  Hence,  it  represents  the  scale  of  interaction 
between  the  field  and  the  medium.  In  the  unifomi  effective  medium  limit  described  above 
<  r  >  and  q  do  not  play  any  role  becau.se  ,  !^«  <r>«L 

Disorder  effects  are  strongest  and  localization  is  possible  if  X  and  t  are  all  of  the 
.same  order  but  X  ~  (.  <\.  With  localization,  the  nature  of  wave  propagation  is 
qualitatively  different!  In  this  case  i  is  small  and  the  field  propagates  in  a  random  walk. 
Under  this  condition,  the  net  distance  traversed  by  the  wave  per  unit  time  becomes 
progressively  slow.  Ihopagation  slows  down  as  the  wave  moves  away  from  the  source. 
In  other  words,  the  term  "speed  or  rate  of  propagation"  becomes  ill-defined  as  dR 
becomes  a  sublincar  function  of  dt,  i.c., 

dR -- c*(dt,dR)  X  dt .  13.2) 

The  "speed"  or  the  factor  c*  decreases  with  R;  becau.se,  in  each  region  of  radius  R,  there 
are  N  ~  p  X  (R^l)  scaiterers  and  the  number  of  scattering  increases  with  R.  A  large  number 
of  these  scatterings  are  strong  enough  to  send  the  wave  back  into  a  region  already 
traversed.  Many  back  and  forth,  zigzag,  random  walk  like  steps  are  required  to  make  a  net 
forward  displacement  of  the  wavefront.  Under  complete  localization,  even  after  an 
infinitely  long  time  the  wave  fails  to  airivc  at  infinity. 


4.  The  (Iravitational  Prubleni 

One  may  ask,  why  is  the  disorder  problem  of  any  interest  in  gravitation?  There  are 
two  reasons:  first,  gravitation  is  one  of  the  most  pervasive  interactions  in  nature  and  is 
known  to  have  wavelike  solutions,  so  it  is  reasonable  to  investigate  gravitational 
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localization.  Second,  at  some  early  epoch  in  the  history  of  the  big  bang  universe  the 
quantum  and  thermal  fluctuations  of  space-time,  radiation,  matter  distribution  must  have 
been  highly  non-uniform  and  randomly  disordered.  Such  conditions  could  have  produced 
localization  of  these  fields.  The  consequence  of  such  a  possibility  may  need  to  be  included 
in  the  proper  description  of  the  early  universe. 

The  question  we  pose,  is  what  happens  to  the  gravitational  field  for  a  random 
distribution  of  energy  and  matter?  The  formulation  of  this  disorder  problem  in  gravitation 
is  rather  subtlr.  Some  of  the  difficulties  arise  from  the  tensor  chai  acter  of  the  gravity  field. 
Further,  the  requirements  of  the  principle  of  equivalence  or  the  symmetry  under  coordinate 
transformations  also  need  to  met.  Namely,  matter  at  any  position  influences  the 
geometry  at  that  position;  however,  the  apparent  geometry  can  be  transformed  away 
(along  a  line)  by  a  suitable  choice  of  a  free-fall  coordinate  system.  Hence  in  GR  the 
problem  of  random  distribution  of  sources  has  to  be  posed  in  a  frame  independent 
manner. 

Notice,  even  though  over  a  small  region,  (~l/g,  where  g  is  the  determinant  of  the 
metric)  the  effect  of  any  one  of  the  geometric  patches  can  be  gauged  or  transformed  away, 
the  global  effect  of  all  these  contributions  is  non-zero,  litis  is  a  key  relationship  among  all 
non-local  phenomena  and  give  rise  to  Aharonov-  Bolim  type  effects. 


5.  A  Model  For  Random  Gravity 

As  an  example  of  a  disordered  gravitational  problem,  wc  consider  a  random 
perturbation  imposed  upon  the  general  relativistic  background  of  a  stationary,  axially 
symmetric,  line  mass.  This  choice  of  a  highly  symmetric  model  is  motivated  by  analytic 
considerations  and  computational  ease  but  is  not  essential  for  this  discussion. 

We  investigate  the  effects  of  disorder  by  means  of  a  “generating  function”,  A(r,t). 
This  statistical  functioii  A(r,t)  will  introduce  disorder  through  gn- component  of  the  metric 
tensor  and  hence  into  the  equations  of  motion.^''®  Because,  in  the  absence  of  disorder  the 
stress-tensor  vanishes  (except  on  the  axis),  in  presence  of  disorder  we  will  requite  this 
condition  to  remain  true  on  the  average.  That  is  <strcss-tensor>  =  0,  where  <  >  denotes 
the  ensemble  average  over  all  the  replicas  of  the  distribution. 

Wc  consider  null-radial  outgoing  geodesics.  Wc  thus  start  with  a  metric  given  by 

ds^  =  [1  +  A(r,':)]  r'  (dr  ’)2 

+  f'  (2  +  2m)d^  +  f  '2nid22_  f-  ( 2ni2  +  2m)  (dr)  2  [5.  1  a| 


Wuci'c  i'  '  is  il'iC  radial  dtstance  froin  iiie  axis,  f  is  illc  time  coordinate,  ifi  is  il'ic  azimuth 
angle,  z  is  the  axis  coordinate,  and  m  is  related  to  the  mass  parameter  (mass  per  unit  length 
as  measured  at  infinity).  We  assume  that  the  generating  function,  A(r,'r),  depends  only 
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upon  r  and  t  and  that  it  is  differentiable  in  these  variables.  A  is  partitioned  into  a  non- 
stochasdc  and  a  stochastic  part,  as  follows; 

A(r',0  =Ao+a(r',r)  [5.1b] 

The  average  of  A  is  positive  and  is  represented  by  Aq.  The  stochastic  part  is  a(r'  ,t) 
which  is  a  random  function  with  negative  and  positive  values  but  of  zero  mean.  The 
absolute  value  of  a(r',f)  is  assumed  to  be  smaller  than  that  of  Aq.  With  this  stipulation,  the 
matter  or  source  is  held  positive  everywhere  although  it  has  a  random  perturbation  above 
and  below  its  average.  Alternatively,  we  may  argue  that  the  mass  of  the  source  only  makes 
sense  at  infinity  and  as  long  us  the  integral  of  a  is  less  that  1,  there  is  no  problem  of 
negative  mass. 

For  any  given  A(r',/)  the  terms  1+Aocan  be  rescaled  to  unity  with  the  new  radial 
distance  given  by  r  .  In  terms  of  the  now  rescaled  coordinates,  r  and  t,  Eq.  1  a  can  be 
expressed  as 

d.s2  =:  []  +ii(r,t)\r  (2m2  +  2m)  (^r  )2 

+  r  (2  +  2in)d^  +  r^2nidz2_  r  ( 2m2 ^  2m)  (d/)  2  [5,  jc] 

In  the  rest  of  this  paper  only  these  rescaled  space  time  variables  r  and  t  will  be 
utilized.  For  atiy  particular  realization,  the  mixed  Einstein  tensors  arc: 

Cirf  =  O.Gfl  =  -  i  ja.ixri  -2m2-2m-l)]^Gi‘  =  -  ^  |  a.r  X  H  -  2'"^  -  2>n  -  1)|, 

G22  =  \  Ia,u  \  a, ,2  4  x  H  -  2m2  -  2m ),  and 

O33  =  [ni  a,r  +  ’■  a.r  +  \ a.ti  a,t2  4  | a,r  m2l  K - 2m^  - 2m -  l)_ 

For  this  geometry,  these  are  also  the  “physical  components”  of  the  stress  tensor.  The  null- 
radial  geodesics  are  given  by 


d2r 

d2/ 


4 


f(m2+m)^Jj^ 


4  <(a,r  4  a,,)> 


=  0, 


1  .‘5.  2  I 


where  T  is  an  affine  parameter. 

The  ensemble  averaging  of  Eq.  2,  is  chosen  independent  of  r  and  t  such  that 


<Gr^>  =  <Gi>>  =  0. 


We  can  also  make  <G22>  =  <G33>  =  ()^  provided  the  generating  function  satisfies 
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a,u  =  5  ^a.i)^  -  ^  a-r.  [53] 

Eq.  53  is  the  choice  for  the  outgoing  geodesies.  Under  these  conditions  we  can 
choose  the  ensemble  such  that  <a,r  +  a,(  >  =  a  is  a  positive  constant  for  r<  rcritical- 
Forr>rcriUcal  we  take  the  ensemble  average  to  rapidly  approach  zero. 


6.  Localization  Parameter  for  Gravitation 

To  calculate  the  effects  of  disorder  a  suitable  “test”  i  :u-ametcr  has  to  be  defined.  In 
the  electronic  problem  discussed  earlier,  Anderson  chose  the  diffusion  coefficient  as  the 
measure  of  localization.  In  the  GR-problcm,  we  propose  the  value  of  the  affiite  parameter  x 
along  out-going  null  geodesics  to  be  the  fiduciary  quantity.  The  ratio  of  x  between  two 
events  with  disorder  and  the  x  for  the  same  two  events  in  absence  of  disorder  is  close  to 
unity  for  no  localization.  This  ratio  is  larger  than  one  for  weak  localization  and  will  diverge 
for  strong  localization.  Similarly  we  use  the  differences  A(x)  =  |x(a)-x(a=0)|  and 
lA(x)/x(a=0)]  as  measures  of  localization.  A(x)  is  small  for  extended  (non-loealized)  stales 
and  large  for  the  localized  states. 

The  null  geodesics,  which  include  both  light  and  gravity  waves  in  this 
approximation,  are  given  by 


”  +  “(m^ +  a  =  0.  16.1] 

d^r  '  [^dr^ 

The  font!  of  the  solution  to  tiq,  4  depends  upon  the  size  of  a  as  compared  to  r.  We  can 
best  examine  this  by  first  considering  the  case  of  a  =  0.  In  that  case  there  is  no  disorder 
and 

X  =  —  +  c2  [6.2] 

p  X  c  I 


where  p  =  1  +  2(m2  +  m)  and  cl  and  c2  are  arbitrary  constants.  We  will  set  cl  =  1  and 
c2  =0  for  simplicity. 


For  a  >  0,  and  letting  i|  -  1  4(in2  +  in),  we  define 


fi)  = 


[6.3] 


Then  I'or  r  <  r„. 
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9±1  C 

,  =  J 

o 


q  2a 


X  2q  (1  -  X)  2  dX 


This  integral  is  just  the  incomplete  Beta  function  of  arguments  ’  2  ^ ' 

For  X  >  Xq, 


9±> 

T  =  X 


n2aj 


[6.4] 


[  Betaf^,^)4- 


/. 


(I  +  -)  -  - 

(\  -  X)  ^  dX  ].  [6.5] 


Wc  have  numerically  calculated  the  difference  A{%)  and  the  behavior  of  for  q  =  2 
and  a  from  0.0  to  0.05  in  the  range  of  0  <  r  <  5,  is  shown  in  Fig.  2.  The  critical  value 

for  a  =  0.04  is  To  =  5  and  for  a  =  0.05  occurs  at  r  =  4.47.  As  the  figure  shows,  the  i 
needed  to  reach  any  given  location  (r)  rapidly  becomes  larger  as  the  magnitude  of  disorder 
(a )  is  increased. 
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Conversely,  r  rapidly  decreases  for  a  given  t  if  a  ^  0  as  compared  to  a  =  0.  This  would 
correspond  to  a  retardation  of  either  light  or  gravif  itional  waves.  We  have  also  calculated 
the  value  of  this  difference  over  an  extended  ranj  ,e  of  r  for  a  =  0.4.  The  dependence  of 
A(t)  for  a  fixed  value  of  a  (a  =0.4)  and  q=2  is  shown  in  Fig.  3 

As  can  been  seen  from  Figs.  2  and  3,  a  radial  null  geodesic  is  retarded  by  the 
presence  of  a  random  source  (as  compared  to  zero  disorder).  This  behavior  is  reminiscent 
of  the  slowing  down  of  localized  particles  and  fields.  The  electronic  and  EM  -localization 
properties  can  be  measured  in  the  laboratory;  but  terrestrial  gravitational  fields  arc  40 
orders  of  magnitude  weaker.  So,  GR-  localization  effects  may  be  observable  only  in  the 
cosmic  scale.  However,  the  non-linear,  self  coupling  not  included  in  the  above  calculation 
can  amplify  these  effects.  Even  for  photons  at  high  intensity  and  strongly  scattering  non¬ 
linearity  is  kno\,n  to  pnxluce  super  radiant  behavior. 


Figure  3. 


Aftine  pariimclcr  dilfcrcnce  for  (i  =  0.4,  q  ^  2. 


7.  Scattering  of  Gravitational  Waves  and  thr-  Kaylcigh  Cro.ss-Section 

ABeforc  proceding  further  we  make  a  number  of  observatitms.  All  modes 
(frequencies)  arc  not  equally  localizablc.-^  High  ircquency  short  wavelength  modes  lie  in 
the  geometric  optics  limit  and  behave  ballistically  with  little  interference,  I'or  Hong 
wavelength,  X,  the  gravitational  quadrapole^*^  scattering  is  dominant  and  the  .scattering 
cross  .section  Z(^)  is  given  by: 

JXX)~(X-6)  |7  1| 

Thi.s  l.'irge  inverse  power  law  behavior  is  similar  to  the  well  known  Rayleigh  cross-section 
in  the  dipole  scattering  of  light.  Tlie  gravitation<'il  cross-section  vani.shes  more  rapidly  with 
an  exponent  six  compared  to  the  fourth  power  for  light.  Hence,  back-scattering  and 
localization  will  be  strongest  over  a  window  of  frequency  with  intcmicdiatc  values  of 
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wavelengths  i.e.,  X.  ~  ~1<  ^  <  fcriti  i  =  fc  ,  where  4  is  a  measure  of  the  spatial 

correlation  length  of  the  distribution  function .  k(r,t) . 

8.  Cosmology  of  a  GR>LocaIlzed  Unlverst: 

In  the  primordial  explosive  models  for  the  universe  (such  as  the  big-bang),  the 
quantum  and  thermal  fluctuations  of  space-time  and  all  fields  must  have  been  highly  non- 
uniform  and  randomly  disordered  at  very  early  epochs.  A  detailed  general  relativistic 
calculation  including  the  non-linear  interactions  is  very  complicated,  so  it  will  not  be 
attempted  here,.  Instead  we  will  reason  in  the  big-bang  universe  disorder  may  have  been 
sufficient  to  induce  localization  of  the  type  discussed  above.'* 

Under  this  condition  as  in  any  random-walk,  time  evolution  will  be  determined  by 
the  random  fluctuations  and  not  by  inertia.  Propagation  will  be  limited  by  the  diffusion 
coefficient  D(R).  For  gravitational  propagation  in  a  “GR-localized”  universe  of  radius  R, 
D(R)  may  be  obtained  by  extending  the  scaling  theory  results,  i.e.,  ^ 


D(R)-ci;{fc)-*  +iR)-'] 


[8.1] 


In  Iiq.l8.  9],  c  is  the  speed  of  light  and  R  =  S{t)Ro,  where  S(t)  is  the  cosmological  scaling 
factor.***'  The  Einstein  relation**  for  D,  and  Eq.  [8.9|  may  be  combined  to  include  the 
effects  of  temperature  (T).  Hence,  the  dynamical  equation  for  S(t)  is  modified.  In  the 
Newtonian  limit,  with  D(S)  given  by  Eq.  18.9]  it  follows  that 


d^it)>_(^  p  2 

dt  "3  ■ 


[8.2] 


Eq.[8. 10]  shows  that  the  rate  of  cosmological  expansion  is  controlled  by  the  two 
factors  D  and  T.  Paradoxically,  an  increase  in  the  temperature  slows  down  the  expansion. 
This  is  a  manifestation  of  the  fluctuation-dissipation  theorem  and  is  physically  due  to  the 
increase  in  the  frequency  of  scattering  at  higher  temperature.^  Let  us  investigate  two  time 
regions.  At  very  early  times  when  R<rc.  Eq.I8.10]  goes  to  the  limit 


dt  ■  3  R„kT 

During  this  period  the  expansion  rate  ■<:S>  -  t’^,  with  Y  =  4  .  At  later  times  S  increases 
and  R  >  Tc  and  the  rate  of  expansion  is  given  by 


d<S(t)> 

‘  d  t  '  ■  3  rckT 


<S>-2=0 


This  epoch  has  anexpansion  rate  with  y  =  3.  Both  of  these  values  (4  and  3)  of  the  exponent 
Y  arc  higher  than  the  value  (2)  of  the  classical  Brownian  motion  expansion  rate  exponent. 
Either  case  represents  "critical  slowing  down”  reminiscent  of  critical  behavior  observed  at 
phase  transitions. 
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Tliese  rates  are  much  slower  than  that  predicted  in  the  conventional  non-disordercd 
cosmology.  Such  gradual  expansion  must  have  held  the  hot  primordial  matter  close 
together  for  a  period  longer  than  has  been  previously  anticipated.  This  retardation 
effectively  increases  the  strength  of  the  gravitational  interaction  G  in  the  primordial 
medium.  Strong  interaction  could  have  helped  the  matter  condense  and  precipitate  at 
randomly  distributed  nucleation  sites.  Such  precipitation  in  condensation  cells  where  the 
effective  G  was  large  may  have  created  the  structures  and  non-uniform  distribution  of  the 
matter  presently  observed  in  the  universe. 
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ABSTRACT 


We  point  out  that  in  two-paiticle  Oown-Conveisiou  c>.periinenls  tbe  photon  pair  is  cicaled  in 
an  entangled  state,  v/hiefa  leads  to  multipatticle  interreience,  as  seen  in  roincidence  counting 
between  tbe  pairs.  We  note  that  tbis  type  of  coherence  is  <  .fferent  Bom,  and  incompatible 
with,  standard  single-particle  inleifetencu. 


First,  I  would  lik  Y  homage  to  Yakir  Aharonov,  ard  congratulate  him  both  on 
his  birthday  and  on  thi  uderful  symposium,  which  is  worthy  of  the  occasion.  1  had  a 
friend  who,  on  his  sistietli  birthday  toasted  himself  with,  "Well,  I'm  halfway  there!",  and  I 
wish  to  Yakir  the  same  optimism  and  promise  of  continuing  youth  and  productivity  it 
implies. 

This  talk  should  be  seen  as  a  sort  of  addendum  to  the  talks  by  Profs.  Ray  Chiao  and 
Anton  Zeilinger  at  this  symposium.  They  both  talked  of  the  wonderful  esperiments  that 
have  been  performed,  and  are  yet  to  conre,  with  parametric  down-conversion.'  I  am 
merely  going  to  examine  the  production  process  in  the  light  of  the  superposition  principle, 
in  order  to  show  that  superposition  with  many  particles  is  even  richer  than  it  is  for  one 
particle. 

In  the  down-conversion  process,  a  single  photon  hits  a  non-linear  crystal,  and  two 
photons  emerge.  Inside  the  crystal,  energy  and  momentum  are  conserved,  which  correlams 
the  momentum  of  the  product  photons.  By  placing  a  screen  on  the  side  of  the  crystal  where 
the  photons  are  emerging,  one  can  put  pinholes  so  placed  as  to  guarantee  that  the  emerging 
photons  have  the  correct  momenta  to  satisfy  the  conservation  criterion.  We  shall  make  a 
simple  model  of  this  process  that  ignores  the  dynamic  details,  and  only  considers  the 
waveiilx  features  consistent  with  superposition  and  the  uncertaintly  principle.^'^ 

To  this  end,  consider  the  total  momentum  of  the  photons  as  zero,  to  within  the 
uncertainty  pnnciple,  as  guaranteed  by  the  size  of  the  crystal  and  the  placement  of  the 
pinholes.  So  the  two  photons  wi:!  wi'.srge  on  opposite  sides  of  the  crystal,  each  pass 
through  two  pinholes,  and  then  impinge  on  a  screen,  as  shown  in  Fig.  (1).  In  an  actual 
experiment,  the  screen  is  usuallv  replaced  by  a  beam-splitter,  where  photons  arc  shunted 
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into  one  of  two  particle  detectors.  But  this  is  a  complication  that  does  not  affect  the  physics 
we  arc  considering. 


Fig.  (1).  A  simple  model  for  two-particle  down-conversion. 

The  perfect  geometry  to  the  center  of  the  pattern  i.s  indicated  by  dashed  lines. 
The  solid  lines  represent  the  actual  paths  from  ()  to  S  and  S'.  Tlie  position  t)l 
O  is  given  hy  (x,y),  and  of  S  and  S'  by  s  and  s'. 


The  amplitude  a(O.S)  for  photon  1  to  go  from  tlie  source  point  C)  to  the  .screen  point  S 
will  be  proportional  to 

u{0,S)~  + 

From  the  diagram,  we  see  that 

/,  ={D-sy  -H}  ~l-esl2,  + 

-l-eyll-x,  l^  ~l  +  9y/2-x. 

Thus, 

(4  +  y). 

si,'  c  .  Sii  'i'.cily,  the  amplitude  a(0,S')  for  photon  2  to  go  from  O  to  the  point  S' 

on  tile  other  screen  will  be 

-  cos-^ls'  +  y), 

since 

(  ~l-es'/2,  Ij'  ~l  +  (k'/2, 
i;~l-»yl2  +  x,  l'~l  +  ey/7  +  x. 

Tills  leads  to  a  result  for  the  amplitude  to  detect  both  a  photon  at  S  and  one  at  S'  in 
coincidence.  It  Ls 
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.  fA/3  ^  ^  . 

a(S,S')  =  ^^^cJxdycos^(s  +y)cos^(.<!  +  v) 

-  coS'X'S  ws^s',  A  «  A/6, 

~  cos-j-(.'!  -  s'),  A»X/6. 

The  limit  A  «  A/6  represents  a  point-like  source  (much  smaller  than  the  fringe  spacing  at 
the  screen),  and  is  the  usual  criterion  that  must  be  satisfied  to  sec  fringes  from  a  single 
source.  From  a  source  larger  than  this,  the  fringes  at  the  semen  will  wash  out.  In  our  case, 
such  a  small  source  v,rill  create  two  independent  diffraction  patterns  at  the  two  screens,  so 
that  we  will  have  each  photon  leaving  the  source  and  acting  independently  of  the  other. 
However  in  the  limit  A  »  A/6,  for  a  diffuse  source,  one  sees  a  correlated  two-particle 
interference  pattern.  One  secs  the  two-particle  pattern  by  having  one  detector  at  point  S  at 
one  screen  and  the  other  detector  at  point  S'  at  the  other  screen.  If  one  sits  at  point  S  and 
varies  S',  one  will  have  a  sinusoidal  counting  rate,  P(s,s')--la(.S,S')l2;  varying  with  s', 
which  has  a  100%  visibility.  In  this  ca.se  if  one  counts  a  single  particle,  say  at  S,  without 
simultaneously  detecting  the  other  particle,  one  will  find  no  diffraction  pattern.  The 
probability  of  detecting  a  single  particle  at  S  is  independent  of  s,  since  in  this  ca.se 

P(.\)  =  j  riv'|o(.5,S')|’  =  const. 

The  interference  only  iKcurs  in  two-particle  coincidences. 

There  is  a  simple  phy.sical  reason  for  this  result,  which  is  truly  quantum-mechanical. 
Normally,  for  single  particle  diffraction  from  a  source,  through  a  pair  of  pinholes  to  a 
screen,  one  knows  the  po.sition  of  the  source  accurately.  This  is  due  either  to  the  source 
itself  being  smalt,  or  through  the  ujic  of  leases  to  position  it  at  infinity,  so  that  the  wave 
fronts  at  the  two  slits  ate  correlated.  This  cmis.sion  from  an  effective  point  source  produce, s 
a  diffraction  pat  wm  at  the  viewing  .screen.  In  our  case  of  two-particle  diffraction,  neither 
particle  by  itself  forms  a  diffraction  pattern,  but  the  very  fact  that  one  of  the  particles  strikes 
the  .screen  at  a  particular  point  .S  implies  a  certain  knowledge  about  the  source.  It  .says  that 
the  source  is  most  probably  located  at  a  po.sition  O  such  that  the  difference  in  the  two  patli 
lengths  from  O  to  S  is  a  multiple  of  the  wavelength,  so  that  they  are  in  phase.  Thus  tlic 
very  fact  that  one  particle  lands  at  S  .sets  up  a  virtual  lattice  of  probable  positions  for  the 
source.  This  in  turn  will  produce  a  diffraction  pattern  for  the  other  particle  at  the  other 
screen.  .So  aldnmgh  either  particle  can  land  anywhere,  once  one  has  done  so,  it  is  closely 
correlated  to  whete  the  other  particle  Ls  likely  lo  land. 

(Ine  can  also  get  some  insight  into  the  proce,s.s  by  considering  the  emission  in 
momentum  space.  For  a  laige  .source  one  has  A  for  the  transverse  si/e  of  the  source  (in  the 
y  direction).  This  implies  that  Sp^~hlA,  and  since  for  a  large  .source,  A  »  A/6,  this 
says  that  the  angular  spread  of  the  cniiiu-.d  photon  is  tp  ~  Si>^/ p  ~  hi  A  +  hi  X  «9.  So  the 
angular  spread  is  loo  larrow  to  encompass  both  slits.  'I'hc  photon  goes  thr.)ugh  one  slit  or 
the  other  and  there  can  be  no  interference  between  the  two  paths.  (In  the  other  hand  this 
very  narrowness  guarantees  that  if  photon  1  goes  through  the  upper  slit,  then  plutton  2  will 
go  through  the  lower  slit,  and  vice  versa.  So  the  two  photons  are  eoi  rehited  and  the  wave 
function  will  he 

¥~m,\-k),y\-k\\k),). 

an  entangled  stale.  On  the  other  hand  if  the  .source  is  very  small,  we  will  have  <p  »  6,  so 
that  one  cannot  tell  which  ,slil  photon  I  will  enter  and  there  will  be  iiileifcrenee  between  the 
two  slits.  Tliis  .same  lack  of  definition  of  the  beam  guarantees  that  one  also  cannot  correlate 
the  slit  for  photon  1  with  that  for  photon  2.  and  .so  one  will  gel  two  independent  onc- 
particlc  inlerterence  patterns. 
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Tile  lesson  we  leam  from  all  this  is  that  there  i';  a  complementarity  between  one-and 
two-particle  interference."*  If  one  is  present,  it  excludes  the  possibility  of  the  other.  One 
either  has  correlated  coincidence  counts  between  the  particles  and  an  entangled  state  to 
describe  them,  or  one  has  independent  interference  patterns  I'or  the  separate  particles,  and 
one  describes  them  by  a  product  state. 

As  a  fmal  note,  we  mention  a  three-particle  source.  The  importance  of  threc-particlc 
sources  arc  that  they  are  needed  to  create  GHZ  stales,  to  lest  Bell's  Theorem  without 
inequalities.^  Here  three  particles  are  emitted  in  a  plane.  If  they  arc  identical  particles, 
momentum  and  energy  conservation  says  that  they  will  be  emitted  at  120*’  with  respect  to 
each  other,  each  with  the  same  energy.  Apain  we  will  assume  they  are  emitted  at  some 
point  O  within  a  source  of  size  A  in  each  dimension,  and  they  land  the  points  S,  S',  S",  at 
their  respective  screens.  The  source  is  again  taken  to  have  coordinates  x,  y,  a.s  in  Fig.  (2), 
and  the  amplitude  for  landing  at  S,  S'  S",  will  be 


Fig.  (2).  The  three- particle  interferometer. 

(a)  The  perfect  geometry  ;  (b)  The  actual  source  point,  O.  and  .screen 
detection  points  S,  S',  and  S",  defined  similarly  as  in  Fig.  (1). 


a(S,S'.5")  ~  J  ^^^tirdya(O,5)a(O,5')fl(0,S") 

~co.sf(i  +  j'+j"),  A  »  2-/0, 

-COS-^^JCOS-^, s' COSTS'",  A«2./0. 

So  once  again  we  see  that  for  large  A,  we  have  an  entangled  stale,  this  time  between  the 
Ihree  parades,  and  in  thi:;  ca-se  there  i.s  neither  single  particle,  nor  even  two-particle, 
coherence.  Also  for  small  A,  as  before,  the  three  particles  produce  independent  product 
amplitudes  .showing  one-particle  interference,  but  no  multi-particle  correlations. 
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Abstract 

An  example  of  (piaiituiii  non  loiality  is  presented  (“inaKie  dodei  aliedra” ) 
wliiili  illustialos  lloll’s  Llii'oreni  without  prohaliililies.  A  selieiiie  is  then  put 
forward  for  the  ohjective  reilnetion  of  tlie  <|iiaiituin  stale  vector  wlii’ii  too  lai);c‘ 
displac.enieiit.s  of  mass  are  Involved  in  a  superposition  hetween  two  quaiiliiin 
states.  In  tliis  scheme,  the  reduction  lime  is  roughly  the  reciprocal  of  the  grav 
ilalional  self  energy  of  the  difference  of  the  two  iiiiiss  distrihutioiis,  measured 
in  alisolul.e  units. 

It.  is  a  phuLsvire  to  he  alile  to  pay  iiiy  respru-ts  to  Yakir  Alinronov  in  honour  of 
his  (lOl.li  Irirtlnlay.  I  shall  briefly  desc.riht^  two  irhuis  lliat  have  to  ilo  witli  that 
sulijer't  -  ijuanium  niKckanics  ■  whie.h  h.is  eiiKage.il  so  nnic.li  of  liis  attention,  ami 
to  whii’.h  he  has  made  so  many  surprising  am!  profound  conl.rihntions.  'I’lie  first 
is  an  exami)le  that  illustrates  oiii'  of  the  theory’s  most  iin/./.ling  feal.mcs:  ipnaituiu 
(Bell)  non-loi’ality,  without  prolndnlities.  The  seeoml  ri'pri'sentn  a  ni'W  angle  on  the 
measurement  problem . 

1  Magic  Dodecahedra 

f  hav(^  de.serihed  this  non  locality  example  seveiid  times  elsewlime  so  it  will 
not  he  necessary  to  give  more  than  a  very  brief  outline  of  what  is  involved.  The 
system  consists  of  two  atom;,  of  spin  d/2  which  are  initially  inoduced  in  a  conihined 
stale  of  spin  0  and  then  slowly  separated  to  a  ppeal  rli.sl.ance  from  one  aiiolhei 
witliiint  distml)iiig  their  individual  .sjiins.  Measurements  are  suh-sequently  inaile  on 
the  two  atoni.s  individually,  each  me;isurement  being  of  a  partimd.ii  yes/no  kind  and 
corresponds  to  one  of  20  jrossihle  ilirec.tions  in  siiaee:  those  which  are  represented  by 
tile  vertices  of  a  legiiku'  dodecahedron,  as  measured  out  from  the  ceiitie.  Tims,  we 
imagine  two  widely  .sejmral.ed  Imt  parallel  oriented  regular  dodi'cahedra  (which,  for 
dramatic  effect,  we  can  lie  miagineil  as  being  liere  on  earth  and  on  a  planet  orhitiiig 
rt  Ceiitnii,  respectively),  eaiJi  of  wliich  has  a  spin  2/2  atom  at  its  ceiitri'.  Mach 
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nii;iis<ircnioiit  would  b<!  di^fincd  liy  (dioosiiig  on<;  of  th<‘  vertices  of  one  dodecahedron 
and  ascertaining  wlM'ther  the  lunount  of  its  central  iit<ini’s  spin  in  that  direction  - 
i.c.  the  m  value.,  in  that  direction  -  hiis  the  particular  value  1  /2.  If  this  is  foinid  to 
he  so,  then  this  is  the  answer  “yes”;  and  one  envisages  that  a  hell  rings,  indicating 
that  the  mesisureinents  on  that  particular  atom  hav<!  conu'  to  an  end.  If  the  value 
1/2  is  not  obtained  (“no”),  then  the  thnn:  possible  state.s  (namely  3/2,  -1/2, 

-3/2)  are  combined  without  disturbing  the  phase  relations  hetw<;en  them,  and  thi; 
measurement  is  reiieated  in  some  other  direction. 

For  example,  we  could  envi.sage  performing  the  measurement  with  a  Stern- 
C(a-lach  typ<^  of  apparat\is,  oriented  apjnopriately  in  .he  chosen  dins-.tion,  and  where 
only  unr.  of  the;  hmr  dill'erent  beams  (the  one  corresj)ondiug  to  m—  1/2)  is  (examined, 
yielding  the  “ye.s”  answer  (bell  ringingl  if  the  atom  is  found  in  that  beam.  Oth- 
erwi.se,  by  approiiriate  nwersing  of  the  magnetic  Helds,  the  thixs'  rtMiiaining  beams 
are  brought  togcd.her  without  dist\uhing  their  ndative  phiises.  An  exactly  siniihri' 
.spin  nKSisiU'cmenl  i.s  then  peaforined  in  some  other  direction,  corie.siiooding  to  a 
difi'eisait  viati'.x  of  the  d<j<lecahadron,  and  so  on. 

There  are  just  two  dillerent  |)rop<a  ties  that  we  shall  inv.d,  eoueerning  the  results 
of  the  joint  measur<mients  of  this  tyi)e  that  ciiu  Im-  perforuKsl  on  the  two  atoms  by 
inysidf  her(^  on  (auth  and  by  niy  eolUsigm’  Alfie  St.Uri,  on  (v-Centuri.  Tln^se  conci  rn 
secpiences  (jf  me.LSiirenumts  of  the  following  type.  One  of  tin-  vortices  of  the  diah’ca 
In'dron  is  .singleil  out  -  call  this  vertex  the  SliLlOCTEl)  one  ami  measniemenl,:;  an- 
performed  coi'r(5s[)ouding  to  the  thre<’  v(a'tic<!s  of  the  dod(s’ah(ah'on  that  an^ 
to  tlu'  SFLKCTED  one  (but  not  in  the  direction  of  the  .SELECTED  one  itsi  lfl.  It 
may  be  asc.ertaim'd  thal,  tin-  “ye.s”  eigenst;.  'S  of  tlasse  three  measuri’ments  ar<'  all 
oHlunjimal  to  one  anothei',  and  it  follows  that  the  three  ine.'i.suiements  ner.e,s.sa.rily 
(■.iniiin.uiv,  so  it  makes  no  diH'erence  in  which  onli'r  the  three  iire  performed,  We 
dediice  the  lii'st  of  the  two  i)i()|ierti<'s  that  W(^  shall  mssl: 

(1 )  If  Uri  and  1  liap[)en  to  SEI.ECIT  diumi: Iriadly  oiipiinilr  vei  tires  on  our 
ri’s])ective  dodecnlu'dra.,  then  the  bell  rings  for  one  of  my  measurements 
if  and  only  if  it  rings  for  Uri’s  diametrically  opposite  loeasorement,  I  his 
bi'iiig  ii  respective  of  wlictln’c  it  rings  on  the  liist,  .seeoml,  or  tliiril  of  the 
measnreioents  adjacent  to  onr  .SELECri'EI)  vi'rtices. 

I’lic  second  inoiierty  is  a  little  liacder  to  asei'claiu,  althoogli  (liis  can  be  done 
without  furtlicc  explicit  cah'idalioii  (cf.  i-ef.  1  for  details): 

(2)  If  Uri  iiiid  1  liappeii  to  SELEC'l'  c.orrc.ipinidiiiii  vertiees  on  oiii  n- 
s])<-etive  rludeea.hedra,  then  tlie  l)ell  must  ring  for  at  least  one  of  the  six 
measureinents  that  w<'  jjiopo.se  to  nia.ke. 

If  we  are  to  assume  tliat  the  l)ell  ringings  are  ileterniined  ;n  i-oi  <ling  to  some 
kind  of  local  lildden  varialile  theoi  v  or,  simi»ly,  that  what  liiip))eus  on  o Oeutnri 
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is  completely  independent,  in  the  ordinary  classical  way,  of  the  ine:isurenients  that 

1  choose  to  make  here  on  earth,  then  wc  can  qtiickly  deduce  three  things  concerning 
the  results  of  measureineiits  on  iny  own  dodecahedron  alone: 

(a)  Each  vertex  of  my  dodecahedron  is  preassigned  as  either  a  bell  ringer 
(colour  it  WHITE)  or  as  silent  (colour  it  BLACK),  irresiiective  of  the  or¬ 
dering  in  which  the  mciisurements  ar«!  made  adjacent  to  any  SELECTED 
vertex. 

(b)  No  two  next- to  adjacent  vertices  can  be  both  bt:ll-ringer.s  (WHITE). 

(c)  The  six  vertices  adjacent  to  one  or  other  of  a  jiair  of  opposite  vertices 
cannot  be  all  silent  (BLACK). 

It  is  a  nice  combinatoriiJ  exerci.se  to  show  that  no  colouring  of  the  verticils  of 
a  dodecahedron  WHITE  or  BLACK  is  po.s.siblc,  according  to  the  lades  (b)  .lud  (c). 
This  shows  that  the  a.ssuniption  of  chissical  indepeiulence  between  the  atom  here 
on  Oiii  th  and  the:  atom  on  n-Centuri  must  be  false  -  assuming  that  the  expectations 
of  standard  <iiiauttun  theory  arc  maintained.  In  Einstein’.s  terminology,  there  i.s 
a  “spooky  action  at  a  di.stance”  Iretween  tlw,  results  of  the  measurements  on  t.lie 
spin  .'3/2  atoms  that  Uri  and  I  might  choo.se  to  make.  For  earlier  examples  of  Bell 
non-locality  without  probabilities  see^“'‘,  and  the  review  article  by  Brown'";  ;dso 
for  residts  that  can  be  adajited  to  give  non-local  examples  of  this  nature. 

2  The  Role  of  Gravity  in  Quantum  State  Reduc¬ 
tion 

I  have  frequently  arguexl  the  Ciuse  tliat  the  plienomenon  of  state  vc:ctor  reduction 
must  be  a  real  pliysieal  effect  of  some  kind,  and  not  just  an  illu.sion,  or  a  property  of 
consciou.s  ol), servers,  or  just  sonu!  tricky  matter  of  finding  tin:  rig;ht  "interjjretation" 
of  the  (luaiitum  formalism.  Moisxwer,  I  have  maintained  that  the  physics  that  is 
involved  must  be  something  in  which  the  eirecLs  of  gravity  ar-e  crindal  (cf.  also  '  '*“‘^). 
Of  course,  it  is  clear  that  there  arc  many  differing  vie.wpoints  with  regard  to  this 
phenomenon,  and  I  shall  certainly  make  no  serious  attemiA  to  convert  anyboily. 
The  motivations  that  underlie  my  own  approach  are  various,  but  I  believe  that  a 
number  of  independent  arguments  can  be  given  in  favour  of  a  fundamental  role  for 
gravity  in  tpiantum  state  reduction  . 

For  me,  one  of  the  strong«sit  comes  from  the  sttidy  of  the  space-tune  singularities 
in  the  big  bang  and  black  hole.s.  As  a  fimdamcutal  ingreclient  to  the  .second  law 
of  thermodynamics,  it  is  necessary  that  the  big  bang's  singularity  must  have  been 
enormously  constrained  to  such  aii  extraordinary  precision  tliat  only  one  part 
ill  (at  least)  K)'"  ^  of  the  available  phii-si’  space  was  marie  use  of.  (Very  likely, 
the  precision  is  considerably  greater  than  this,  rlepending  upon  the  actual  baryon 
content  of  the  univer.se  the  jirecision  Iniing  infinite  for  a  spatially  infinite  universe, 
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This  figure  is  CHleiihiteti  on  the  basis  of  the  Ockeiisteiu-  Hawking  formula  for  black 
hole  entropy,  assuiuiug  a  total  baryon  content  of  al)Out  10’*“.  The  iiei-essity  of  thi.s 
kind  of  piv^c.i.sion  i.s  not  removed  by  inflation”*.)  It  is  this  enonnons  eoii.straint  on  the 
gravitational  degrees  of  fr»;edom  in  the  early  uiiivena;,  together  with  the  fact  that  the 
singnlai'ities  of  blarf:  holes  -  or  of  jui  all-einhraeing  big  crunch  -  seem  to  lu;  .suljject 
to  no  constraint  at  all,  that  gives  us  the  j)ow<;rful  second  law  of  therinodyuainics 
in  the  form  that  we  know  it.  The  structnrt:  of  .space-time  singiilarities  is  generally 
iu'.r.<;pted  to  he  a  (piantuin  gravity  effect  -  or  at  least  an  effect  of  whatever  tlu^  correct 
miion  of  qrrantuni  theory  with  gravitational  theory  might  be.  Since  tlu;  initial  and 
final  typi-s  of  singularity  seem  to  need  to  have  such  gros.sly  different  structures,  this 
strongly  indicates  that  whatever  this  quaiituni-gravity  union  might  turn  out  to  be, 
it  must  la;  a  time-asynmietric  theory.  Tlu;  indications  are,  therefore;,  that  something 
more  than  just  the  standarel  time-symmetric  pr<M'e<lur«;.s  of  unitary  evolution  nmst 
be  involved;  the  time  asymmetric  ]>heiu>ineuon  of  quant\nn  state  rednetiou  nmst 
also  be  jjart  of  this  entiri;  unified  jricture. 

It  is  possihh;  to  be  more  exidic.it  about  this  link  between  the  tinii'  asymmetry  of 
space  time  singularities  and  that  of  the  reiluction  procedure'”''”’,  l)ut  I  have  no  wish 
to  reiasit  the  arguments  in  detail  here.  The  ess<;ntial  point  i.s  that  the  comi)licated 
high  entropy  singularities  of  gravitational  collapse;  serve  to  “alrsorb  information”, 
causing  an  (;ffective  rr.diLc.tiun  in  jrhase-siiace  voluirw;.  Over  the  totality  r)f  all  possible 
states,  thi.s  must  be  pre(;isely  balanced  l)y  a  corresponding  i;flecl.ive  mcrca.ii:  in 
phase-spac(;  volume  that  re.sults  from  an  indeterminacy  in  the  evolution  of  physical 
syst(;rns.  This  indeterminacy  is  argued  to  Ire  that  which  is  arises  in  stale-vector 
reduction.  (The  phas(;-spac,(;  volunu;  increases  becan.s<',  in  effect,  when  tin'  slate  gets 
r(;(lueed  there  ar(;  several  (lilh;rent  alt<;rnativ<;  ouliints  for  (;ach  input;  wh(;r'eas,  given 
tin;  output,  there  is  generally  only  one  plausible  input  that  need  In;  considered.)  It 
i.s  tliis  necessary  balance  l)<;tw(;en  thesi;  two  s(;<;mliigly  disparate,  jiarts  of  physics 
that  t(;llH  us  that  thi;se  two  parts  of  ]»hysics  must  actually  be  one  and  the  sanu;. 
Thus,  not  only  is  the  structure  of  .si>ace  time  singularities  and  conseijuently  also 
the  second  law  of  thermodynamics  a  (piautum  gravity  i;ir(;c.t,  but  lio  also  nmst  be 
tin;  very  process  of  quantum  state;  r(;<luctiou. 

I  have  argtU'.d  <;:iili<;r  that  state  reduction  .shotihl  In'  somi;thing  that  c.omi's  about 
wh<;n  sirace-times  would  have  to  In-  .superposed  which  differ  “too  much”  from  one 
another,  in  tin;  sense;  that  the;  eliffe;re;ne;e’  lH;twe'cn  the-  ,spae-e;-times  is  of  the  eu'der 
of  “<m<;  graviton”  or  moi'i;  (ser  nature'  abhors  sujn-rpeisitions  be;twe'i;n  Mdiicieiitly 
ilillere;iit  spae-e;- time  ge;e)me;tries).  1  have  neiw  e-.e)me;  tee  the;  e;e)ne  lusie)n  that  we'  .she)\ilel 
ne)t  n;garel  this  me;asure;  eif  elifleie;ne'4;  as  re;pre'se,'nting  semie'thing  absedeite;  feer  whie’.h 
eiuantum  line;:ii  seiin'i'iiositions  woidd  be;  fbrbielele'ii  whe;n(;ve;r  this  vahie  is  ('xce(;eie;el. 
Hathe;r,  we'  shemlel  e'.onside'.r  that  the;re;  is  a  rate  at  whie'b  r(;eluction  occurs,  tliis 
rale'  being  large'  te)r  siiiice;  time;s  that  eliffe:r  by  a  liirge;  amemnt,  iinel  .'amdl,  wlu'ii 
the'  spae'e'-time;.s  ele)  neet  elifle;r  much.  Thus  the'.ie;  is  tei  be'  an  iiistiibility  inve)lve;el  in 
spiice;  time;  Hupe;rpe)sitieins,  giving  :i  kinel  eif  Ualf-lifr.  feu  the;  supe;rpe)se;el  stiite;,  that  is 
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of  the  order  of  the  reeiprecfil  of  the  jippropriiite  iiw^iisme  of  the-  di(Fereii<'e  hetweeii 
the  superposed  states. 

What  is  this  measure  of  diifereiieeY  In  a  recent  article'^',  I  gave  some  ratlua- 
tenuous  motivations  for  a  mtiiisure  of  dilfercnc^;  lM!twe«!n  th<!  two  weak  ipiasl-static 
gravitational  fluids  that  are  associated  with  two  different  Newtonian  niiiss  distri- 
Imtions.  This  c;ui  be  reformulated  as  the  yravitaiional  Milf-ciicri/y  of  the  iliffv.r- 
c.ncr.  between  the  two  mass  distrib\itions.  The  present  ju'oposal,  then,  is  to  take 
this  self-energy  E,  measured  in  PlancJcian  units  (i.e.  the  ah.toluti:  units  for  which 
G  =  e  =  h  =  1).  Then  E~^  gives  sonndhiug,  in  Planckian  units,  that  is  of  the  ord<;r 
of  the  iimt  that  the.  superposition  piirsists  btffore  it  reducers  to  that  givern  by  iritlwrr 
one  mass  distrilmtion  or  the  other.  That  is  to  say,  i5“'  is  roughly  a  half-lifer  feir  tlier 
supcrpeised  state  to  direray  into  oner  state  eer  ther  either. 

Therrc  is  a  particular  aelvantager  in  a  vierwpeiint  e>f  this  nature  that  ■  r  met  sharetl 
by  nu>st  other  preejiersals  fen  “reriilislier”  epiantuin  stiiter  reeluction  (sm  h  as  that  eif 
Ghirurdi,  Hindni,  anel  Werberr'*'’).  In  ther  eraser  of  an  unstable'  jeartie'le',  there'  is  idwiivs 
an  iiucertainty  in  the  mass  of  ther  particle-,  this  emererrtiuiity  (iii  units  for  whieli 
h  =-  c  =■:  1)  being  eif  the  ensler  of  ther  rec.ipreeeral  eif  the  lifetime,  Tims,  feir  any  state'- 
rerduetion  preicerss  eif  the  generral  kiiiel  that  I  am  jiropeisiug  he-ri',  we-  I'xpect  sinner 
kind  of  mass  ernergy  uui  errtainty  that  is  iuherrerut  in  the  supei'iiosi'd  .state'.  With  the' 
presernt  proposal,  this  uuirertainly  would  haver  to  her  of  ther  samer  orderr  as  the'  self- 
irnerrgy  in  the  gravitational  fierhi  eif  ther  elilfe'i'e-iie'er  be-twi'e'ii  the'  two  mass  distribiitioti 
unde'r  consielerriition.  This  serif  ernergy,  according  lei  erlassieral  general  relativity,  is  not 
well  elerlinerel  -  or,  at  le'aiit,  it  is  not  le>erali’/,ablir  in  a  e'oeirilinale'  inelependent  way. 

In  classieral  generral  ri'hitivity,  this  is  iui  iuherrernt  firaluri'  of  the'  thi'ory.  Ther 
([uantity  7'„(,  that  occurs  In  Einsterin’.s  ereiuation  7f„(,  —  l/27i’.e/„|,  Sn'l„i,  ili'.se'ribirs  all 
ther  ernerrgy  of  nuifftT,  but  it  doers  neit  elirerirtly  taker  iiitei  iie'e'imiit  the'  eni'igy  in  the' 
gravitatiiniid  lielel,  That  energy  is  non-local,  anil  cannot  bi'  me  aningfully  assigniril 
ii  locid  miriusurir  of  ile'iisily.  Tims,  therrer  is  iii'  teriisor  eimintity,  inili'i>e''iili'nt  of  iroor- 
ilinate  erlioierir,  whie'h  elersirribers  tliis  irni'igy.  Ne'Vi'rlhirlerss,  gravitational  lii'lil  i'ni'r(';y 
is  “riral”,  in  the'  .si'iisir  that  it  must  be  takcrii  into  iiirc.omit  in  physii'Jil  ])i'oc.i‘r;ses,  siii'h 
iis  the-  (|)ositivi')  erni'rgy  that  i.s  I'Jirrie’il  away  in  ther  form  of  giiivitietioiiiil  rii.dlii.tion 
from  a  ilonbli'  ni-utrou  stm  sysli'in,  in  the  (ne-gative')  e'linlribntion  to  I, he-  total  imi.s.s 
of  a  ererlirstial  hoely,  such  as  Jnpite'r,  irwing  to  its  gravitiitiomil  se  lf  i  nirigy.  Ilowi'vi'r, 
ther  mass  irnirrgy  in  graviUilion  is  a  fnuihuiii-iitally  sli]>perry  eimintity,  wliii  li  cannot 
be-  merainngfidly  loi  ali/,e'il. 

A  firiiturer  of  ther  pri'.serat  proi)o.s;il  for  epiantinji  state  leriiuctioii  i.s  to  take'  ail 
vanteige  of  this  slippirrinirss  in  orilirr  to  i-vaeler  an  ernerrgy  ])rohlirm  that  si'erms  to  bi' 
an  irssi'ntied  feature'  of  :my  moderl  of  stater  reribiclioii  in  which  tlnit  proi  i'ss  is  tiiken 
to  her  a  “leral”  pherniinitrnon.  Ilicsiciilly,  if  “eiiiantiiin  jmnps"  :ivi'  l.'iki'ii  to  be'  real, 
them  tiler  maiiS  ernergy  ilistribiitioii  in  a  sy.sterm  underrgoe's  loc.al  violations  of  eiie'igy 
eronserrvation  whirn  the'  jumps  occ.eir.  In  ther  euigiiial  leriinirtiem  sirbi-mir  ilni'  to  Ghi 
rareli,  llinnni,  and  Webirr^^  (GliW),  for  erxain]>lir,  therrer  is  ii  small  enerrgy  viohitioii 
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involved  in  th(^  “hits”  Unit  eiTect.  the  rednctiou  procxisK.  One  of  the  physical  iiigr<;- 
diciits  of  the  present  fic.lusue  is  that  there  is  the  poteutiiil  possibility  ol  dovetailing 
one  of  these  miergy  problems  with  the  other  -  that  of  classical  general  relativity 
with  that  of  (piaiitum  state  rednetion  -  so  that  a  consistent  overall  scheme  may  be 
obtained.  At  the  time  of  writing,  however,  I  have  not  worked  out  tin'  details  of  how 
this  dovetailing  is  fidly  t.o  take  place.  It  should  be  pointisl  out,  moreoV(;r,  that  the: 
gravitational  vmiant  of  the  GRW  schmne  put  forward  by  Didsi'^  Inis  considerably 
more  serious  energy  problems  than  the  original  GRW  se.henu:  to  the  extent  that 
it  is  in  gross  eoiilliet  witli  oh.servation,  as  Wiis  pointed  out  by  Ghirardi,  Grassi,  and 
Riniini^^.  These  three  authors  suggested  a  modilieation  that  removed  this  ohsor- 
vational  eonilie.t,  but  at  tin;  expeuse  of  introducing  an  ad  hoc  jjarameter  that  was 
not  jiresent  in  Didsi’s  proposal.  The  present  proposal  ilill'ers  from  that  of  Didsi, 
though  it  has  a  number  of  features  in  eominon  with  it.  More  details  will  need  to  be 
sorted  out  before  it  can  he  ascertained  whether,  within  the  scheme  of  ideas  that  I 
am  setting  forth  here,  one  can  construct  a  detailed  proposal  that  is  completely  free 
of  such  energy  prolilenis. 

In  tin'  meantime,  w<'  can  at  least  examine  the  orders  of  magnitude  that  arise  with 
the  present  scheme.  Let  us  first  take  note  the  v.-dui'.s  of  .some  of  tin'  standard  pliysii-al 
units  in  terms  of  the  dimensionless  Plauckian  ones  (for  wliii'h  G  c  —  h  -  1): 

.second  -  l.'J  X  ly'-',  day  -  ;  l.C  X  year  -  5.9  x  1  ()'■*’, 
metre  0.3  X  ll)'*,  cm  0.3  X  10'*'*,  inic.ron  =  0.3  x  11)***, 
radiu.s  of  nuc.k'on  -  10**',  mass  of  imelcim  --  10"'*’, 
gram  —  4.0  x  10'*,  erg  -  5.2  x  10  '*  *,  degree  Kelvin  -  4  x  10"*'*', 
density  of  water  — -  2  x  10""'*  . 

If  we  eonsider  a  unifonn  sphere  of  railius  u  and  mass  m  whose  state  is  gradu¬ 
ally  evolved  into  a  superpo.sed  stuU'  of  two  dilfereiit  loeation.s,  sejiarati'd  from  oin' 
another  by  a  distance  ('omparable  with  their  radius  a,  then  wi'  iliid  a  gravitational 
self  I'liergy  E,  for  the  dilfcrenci'  l)elwe.eii  tin'  two  mass  distributions,  whicli  is  the 
order  of 


F,  iii^/a. 

Thus,  according  to  tin'  [uoposal  1  mu  iiutting  forwmd,  thi.s  superposed  stale  is 
unstabk',  and  woidd  decay  into  the  state  in  whicli  tin;  .'ipln'is'  is  either  in  one  location 
or  in  l.ln-  other,  in  a  time  (half  lift')  that  is  of  the  geneiid  order  of 

T  -  rt/rn*. 

Ill  terms  of  tlie  dt'iisity  p  (assnmttd  uiiifonii)  and  ratlins  atif  the  sphere,  this  is  very 
itmghly 
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T  =  l/(10/>“a’'). 


Now  considur  various  oxaiuplus.  For  a  uuc.lcoii,  iissuiniii}!;  its  radius  to  bu  its 
Compton  radius 


T  =  10”Vl()-“  =  10" 

>  million  yeans. 

Since  ordinary  labonitory  experiments  take  place  in  tiiin;  seals^s  that  an^  much  less 
than  this,  there  is  according  to  the  prs'sent  schejue  no  danger  of  siny  discrs^piincy 
with  th(!  predictions  of  standiird  «inaiitnm  theory  for  a  (luantuni  .systinn  consisting 
of  just  a  few  nuclistr  particles.  In  particular,  the  residts  of  nmitrou  iuti-rference 
(!xperiinents  are  not  contradicUsl.  For  a  droplet  of  water,  of  radiiis  a,  we  had, 
approximately, 

T  lO'^'n  •' 


so  we  get,  very  roughly, 

T  10  days,  if  a  10  cm 

7'  —  10'  *  s(s’<)nds,  if  a  ■-=  10“'*  cm  -■  1  mic’ron 

T  10”'’  .s<!C(mds,  if  a  —  10'  *  cm. 

7'lms  we  se(!  that,  in  a  .scaise,  a  “tuniov<n”  from  jpiautnm  to  classii  al  ))eliaviour 

occurs  at  roughly  a  micron’s  .;<  ale.  These  ligures,  and  other  relate<l  oni's,  arc-  not  at 
all  unrcMuconahle.  Thccy  do  not  .seem  to  contradict  anything  obvious  about  cpnintuin 
(cr  classical  Ix-haviour. 

In  making  this  statement,  1  arn  taking  into  account  two  factors  f.hat  1  ha,ve  not 
mentioned  so  far.  Tine  iirst  is  that  in  tin-  above  e.stiinates  1  liavic  treated  the  Icodies  as 
uniftiria  ohjiccts,  and  not  as  compo.sisl  of  individual  atomic  jcarticles.  In  fact,  in  any 
ordinary  .situation  of  a  suiierpositioii  In-tween  two  ma.ss  dislriliutions,  one  of  which 
is  a  rigid  translation  <d  the  other,  thcc  granular  (atonde)  nalnicc  of  the  distribnlloii'c 
turns  out  not  to  he  important  iccr  the  cidculatiou  of  the  reduction  i  ai.e.  lint  we  c.aii 
also  (consider  a  dijf'r.mit  type  of  .situation:  where  we  have  a  sujierposition  of  two 
niiuss  distrihutions  which  do  not  dilfer  niacro.scopically  at  all.  Instead,  it  is  now  to 
he  their  s\d)nnci()sc,o])ie  coiistitnenls  that  are  located  diHereiitly  in  the  two  states. 
De])ending  n[)oii  the  nature  and  the  amount  of  movement  of  these  eonstit\u-nts,  we 
find  in  this  situation  that,  fur  an  eipnd  reduelion  rate,  the  total  size  of  the  iiiaterial 
that  is  involved  in  the  snjcerpositioii  would  tend  to  he  .soinewliat  larger  hnt  not 
enornionsly  larger  than  that  considered  ahove. 
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Secondly,  these  coriaidcrations  are  importaiit  when  reduction  occurs  because 
the  environment  becomes  entangled  with  the  quantum  system  that  is  under  study. 
Indeed,  according  to  the  present  proposal,  in  any  practical  situation  that  one  can 
easily  envisage  at  the  moment,  it  would  indeed  be  the  disturbed  environment  that 
effects  the  reduction.  Thus  we  obtain  nothing  different  from  the  conventional  picture 
of  state- vector  reduction,  in  which  it  is  the  “decohcrence”  caused  by  the  environment 
that  causes  the  reduction  except  that  now  the  reduction  must  be  considered  as  a 
real  physical  effect,  not  just  something  that  takes  place  “for  all  practical  purposes" 
(John  Bell’s  “FAPP”  ).  It  would,  no  doubt,  take  a  delicately  organized  experimental 
set-up  to  detect  any  differences  between  the  present  proposal  and  conventional 
quantum  mechanics.  Never  .heless,  differences  would  be  detectable  in  principle.  Oni; 
would  need  to  arrange  things  so  that  some  “large”  quantum  system  can  remain 
isolated  from  its  surroundings  for  sufficiently  long  that,  according  to  the  present 
scheme,  .state  reduction  should  take  place  spontaneously  within  that  tiiiie-scalc, 
entailing  a  loss  of  phase  coherence.  On  the  other  hand,  standard  qnautiiin  nus'hanic.s 
would  demand  that  such  coherence  would  be  maintained  for  as  long  as  tlu?  system 
remains  isolated. 

Finally,  it  should  he  remarked  that  these  considerations  leave  >is  a  k)ng  way  from 
an  actual  ilicury  of  gravitationally  induced  state-vector  reduction.  The  diflicuHi(,’s 
of  providing  a  colierciit  i)ict\ire  of  the  reduction  in  accordaiic<‘  with  the  priue.iple.s 
of  relativity  are  well  known,  and  wtrre  stressed  many  ytsus  ago  by  Yakir  and  his 
Colleagues'*'*. 
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A  NON-POLARIZATION  EPR  EXPERIMENT  :  OBSERVATION  OF 
HIGH-VISIBILITY  FRANSON  INTERFERENCE  FRINGES 


Raymond  Y.  Chiao,  Paul  G.  Kwiat,  and  Acphraini  M.  Steinberg 
Department  of  Physics,  University  of  California,  Berkeley,  CA  94720,  U.S.A. 


One  of  US  (R.  Y.  C.)  will  review  a  series  of  experimenis  recently  conducted  at  Berkeley,  including 
the  "quantum  eraser"  and  a  "dispersion  cancellation"  experiincnl,  and  culminaling  in  the  Franson 
experiment,  in  which  a  violation  of  a  Bell’s  inequality  for  energy  and  lime  by  more  than  16 
standard  deviations  is  implied.  We  conclude  that,  unlike  Yakir,  pho’''ns  do  not  possess  wcl 
defined  birthdays. 


1.  Introduction 


In  this  talk,  I  shall  briefly  review  the  Einstein-Podolsky-Roscn  (EPR)  “paradox”  1, 
and  then  describe  some  of  our  recent  experiments  at  Berkeley  in  light  of  this  so-called 
paradox;  (1)  the  “quantum  eraser”  2,  (2)  a  “dispersion-cancellation”  effect  in  two-photon 
intcrfercnce3,  and  (3)  the  Franson  experiment^,  5,  which  involves  the  nonlocai  interference 
of  photon  pairs.  Let  me  begin  by  stating  my  belief  that  there  is  no  true  paradox  to  El'R, 
since  there  are  no  genuine  cor.tradictions,  either  internally  in  logic,  nor  externally  with 
experiment.  (Perhaps  a  better  name  would  have  been  “the  EPR  effect.”) 

Tlte  EPR  effect  involves  the  interference  of  two  spatially  separated  particles  which 
are  generated  by  a  decay  from  a  common  source  S  in  the  following  geometry: 


(] 
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Particle  2 


Particle  1 


Figure  1.  EPR  experiment 
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The  two  particles  are  measured  by  means  of  analyzers  (Al,  A2)  and  detectors  (Dl,  D2),  In 
the  Bohm  version  of  the  EPR  effect^,  for  example,  a  spin-0  particle  decays  into  two  spin- 
1/2  particles  in  a  singlet  state 

1  Singlet)  1T|>  I  4.2>  -iT^)  Ui^). 

The  analyzers  Al  and  A2  are  Stcrn-Gc  polarizers.  Optical  versions  of  this  experiment 
performed  by  Freedman  and  Clauser,  ui.  by  Aspect  et  al,  used  photons  in  place  of  the 
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spin-1/2  particles,  and  linear  polarizers  (PI,  P2)  in  place  of  Stem-Gcrlach  polarizers'?.  8, 

^  0 

D2  P2  PI  D1 

Figure  2.  Optical  version  of  EPR  experiment 

The  coincidence  count  rate  as  a  function  of  the  relative  angle  between  polarizers  PI  and  P2 
is  a  measure  of  the  correlated  behavior  of  the  two  separated  particles,  Bell?  derived  an 
inequality  starting  from  two  very  general  and  seemingly  reasonable  notions  which  were 
intr^uced  by  EPR,  namely,  locality  and  reality.  This  inequality  is  violated  by  the  100%- 
visibUity  sinusoidal  fringes  predicted  by  quantum  mechanics,  however.  Most  importantly, 
experiments  reveal  a  sinusoidal  variation  of  the  coincidence  rate  in  agreement  with 
quantum  mechanics,  and  in  violation  of  this  inequality  (modulo  some  reasonable  auxiliary 
assumptions).  Therefore,  these  experiments  rule  out  all  local,  realistic  theories. 

Early  experiments  relied  on  the  correlations  of  the  polarization  (i.c.  an  internal 
degree  of  freedom)  of  the  particles,  whereas  the  Franson  experiment  relies  on  the 
correlations  in  the  energy  and  the  time  of  emission  (i.e.,  external  degrees  of  freedom)  of 
the  particles.  These  external  degrees  of  freedom  are  very  similar  to  the  momentum  and 
position  of  the  particles  considered  in  the  original  EPR  paper.  Since  the  predictions  of 
quantum  mechanics  are  so  strange,  it  is  critical  to  investigate  them  for  those  external 
degrees  of  freedom  as  well  as  for  the  internal  ones.  Rarity  and  Tapster  have  already  done 
so  for  momentum  and  positionlO.  We  have  recently  done  so  with  energy  and  time. 

2.  Entangled  .states 

Schrddingerll,  in  response  to  the  EPR  paper,  pointed  out  that  at  the  heart  of  these 
nonlocal  effects  is  what  he  called  “entangled  stat.  s”  in  quantum  mechanics,  i.e.  coherent 
sum:  of  product  states  which  are  nonfactoriiuble.  For  if  a  two-particle  wavefunction  were 
factoi  ^zablc. 


then  the  probability  of  joint  detection  would  also  factorize, 

\W^xi,  X2f  =  l2:(xi)pl;);(x2)|^ 

so  that  the  outcomes  of  two  spatially  separated  measurements  arc  independent  of  one 
ani'iher.  In  cases  where  quantum  mechanics  predicts  correlations  in  the  behavior  of 
distantly  separated  particles,  this  means  that  the  two-particle  state  cannoi  be  factorized  as 
above.  The  Bohm  singlet  state  mentioned  above  a  good  example  of  an  entangled  state, 
since  it  is  nonfactorizablc,  and  leads  to  correlations  in  j)olarization  measurements  on  remote 
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particles.  Though  each  particle  considered  individually  is  unpolarized,  the  two  particles 
will  always  have  opposite  spin  projections  when  measured  along  the  same  quantization 
axis.  For  different  choices  of  the  axes  lese  projections  are  incompatible  observables  and 
therefore  cannot  have  definite  values  siuinltaneously.  But  these  correlations  persist  even  if 
the  particles  and  their  analyzers  are  separated  by  space-like  intervals,  implying  the  existence 
of  nonlocal  influences.  Another  good  example  of  an  entangled  state  is  the  Slater 
determinant; 


V^i(xi)  yriCxi) 

¥o.(xi)  V'afe) 


which  predicts  correlatui  behavior  between  separated  fermions. 

In  OU1  experiments,  the  entangled  state  we  start  with  is  the  energy-entangled  state 
of  two  photons  produced  in  a  two-phofon  decay  process  known  as  parametric 
fluorescence.  The  Feynman  diagram  for  this  process  is 


Figure  3.  Two-photon  decay  from  one  photon 


and  the  state  of  the  two-photon  system  after  decay  from  a  parent  photon  of  a  sharp  energy 
Eo  is  given  by 

dEidEi  5  {Eo  -El-  E2)  A{Ei ,  £2)  1  £;  >  1  £2) . 

00 


1 7  photons> 


=1/ 


Instead  of  a  sum,  as  in  the  Bohm  singlet  state,  we  now  have  an  integral,  since  energy  is  a 
continuous  variable.  The  meaning  of  this  energy-entangled  state  is  that  after  the 
measurement  of  the  energy  of  one  photon  results  in  a  sharp  value  fij,  there  is  an 
instantaneous  collapse  to  the  state 


l£i>l£o-£i>  . 


This  effect  has  been  seen  in  an  earlier  expcrimcntl2^  in  which  tfeincidenccs  arc  recorded 
between  photon  which  passes  through  a  Fabry-Perot  filter  (to  measure  its  frequency, 
and  hence  its  energy,  with  finite  but  high  resolution),  and  photon  Y2,  which  passes  through 
a  Michclson  interferometer  (to  measure  its  width);  when  photon  Yj  is  detected  after  the 
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narrow-band  filter,  photon  Y2  collapses  into  a  wave  pacicet  whose  coherence  length  is  far 
greater  than  tliat  of  the  uncollapscd  state. 

3.  The  two-photon  light  source 

The  two-photon  decay  occurs  inside  a  crystal  with  a  nonlinearity  (we  used  a 
potassium  dihydrogen  phosphate,  or  “KDP,”  crystal)  by  the  decay  of  a  single  photon  Yq 
produced  by  an  ultraviolet  laser  (a  single-mode  argon  ion  laser  at  351  nm)  into  two  red 
photons  Yl  ^nd  Y2  near  702  nm,  in  a  process  known  as  “parametric  fluorescence”  or 
“parametric  down-conversion.”  This  process  is  the  reverse  of  second  harmonic  generation, 
in  which  two  red  photons  combine  to  form  an  ultraviolet  photon  at  twice  the  frequency. 
Energy  and  momentum  are  conseived  here: 


Eq  =  +  E2 

Po  =  Pi  •*  P2 


Yo 


nonlinear  ciystul 


I’igurc  4.  Feynman  diagram  for  parametric  down-conversion 


virtual  level 


virtual  level 


Figure  5.  Energy  and  momentum  conservation  for  parametric  down- 

conversion 


T!ie  parent  photon  Yq  is  called  the  “pump”  photon,  daugliter  photon  yj  is  arbitrarily  called 
the  “signal”  photon,  and  daughter  photon  Y2  the  “idler”  photon,’for  historical  reasons.  A 
rainbow  of  colored  cones  is  produced  around  an  axis  defined  by  the  uv  laser  beam,  but 
pairs  of  photons  on  opposite  sides  of  the  cone  are  always  correlated  with  each  other,  e.g., 
the  inner  “square”  orange  photon  with  outer  “squaic”  deep-red  photon,  etc. 


251 


deep  red 


Figure  6.  Cones  produced  in  parametric  fluorescence.  Matching  shapes 
represent  conjugate  photons,  while  each  ring  represents  a  different  color. 


The  two  “conjugate”  or  “twin”  photons  are  always  produced  essentially  simultaneously  in 
the  two-photon  decay.  They  have  been  observed  to  be  “bom”  within  tens  of  femtoseconds 
of  eac  h  other.  They  are  produced  in  the  entangled  state  of  energy  described  above.  Due  to 
the  fact  that  there  arc  many  ways  to  partition  the  energy  of  the  parent  photon,  each  daughter 
photon  has  a  broad  spectrum,  and  hence  a  narrow  wave  packet  in  time.  However,  due  to 
their  entanglement,  the  sum  of  the  two  down-converted  photons  have  an  extremely  sharp 
energy,  since  by  energy  conservation,  they  must  add  up  to  the  energy  of  the  parent  uv  laser 
photon.  Thus  the  difference  in  their  arrival  times,  and  the  sum  of  their  energies  can  be 
simultaneously  known  to  high  precision. 

4.  The  “Quantum  Eraser” 


We  have  used  this  nonclassical  light  source  for  u  “quantum  eraser”  experiment. 


'Fhe  idea  of  the  quantum  eraser  was  recently  di.scusscd  by  Scully,  Englcrt  and  Wiiltherl3  in 
connection  with  the  micromaser.  Here  I  present  a  simpler  version  of  this  idea.  Consider 
Young’s  two-slit  experiment  from  a  particle  viewpoint. 


Figure  7.  Young’s  two-slit  experiment 


The  reason  one  sees  interference  at  the  screen  is  that  one  cannot  know,  even  in  principle, 
which  path  (A  or  B)  the  particle  took  on  its  way  to  the  screen.  The  lack  of  this  “which 
patli”  infoimaiion  is  furmaivicnial  to  the  observability  of  iiiterference  fringes.  However, 
suppose  we  placed  two  circular  polarizer  ■■  of  opposite  .senses,  CPI  and  CP2,  in  front  of  the 
two  slits, 
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Figure  8.  Young’s  two-slit  experiment  with  circular  polarizers  CPI  &  CP2 

The  photons  which  have  passeui  through  these  circular  polarizers  arc  now  labeled  by  their 
polarizations,  so  that  by  measuring  their  helicities,  one  can  know  which  path  the  photons 
took  to  tlie  screen.  Hence  we  shall  call  these  polarizers  “labeled."  Since  we  now  have 
“which  path”  information,  the  interference  pattern  on  the  screen  disappears.  (Note  that  the 
center-of-mass  motion  of  the  particles  is  in  no  way  distuibed  by  the  insertion  of  the  circular 
polarizers,  so  that  this  scheme  is  very  different  from  Fcynman’sl‘4,  where  the  scattering  of 
a  particle  near  one  of  the  slits  uncontrollably  disturbs  its  center-of-moss  motion).  Now  let 
us  "erase”  the  “which-puth”  information  by  the  insertion  of  a  linear  polarizer  LP  in  front  of 
the  screen. 


"Labelers"  "Eraser" 


Figure  9.  Young’.s  two-slit  experiment  with  circular  and  linear  polarizers 

The  linear  polarizer  now  erases  the  handedness  of  the  photons,  which  served  as  their 
labels.  Since  “which  path”  information  is  now  no  longer  available,  the  interference  pattern 
is  now  revived. 

Tliis  particular  version  if  the  “quantum  eraser”  has  a  straightforward  classical-wave 
explanation.  Hcnc'-  we  decided  to  use  instead  the  nonclassical  two-photon  light  source 
described  above,  in  conjunction  with  the  Hong-Ou-Mandcl  (HOM)  two-photon 
intctferometcrl5,  to  demonstrate  a  “quantum  eraser’’  which  had  no  classical  analog.  In  this 
interferometer,  the  two  “twin”  photons  are  brought  back  together  by  means  of  mirrors,  so 
that  they  impinge  simultaneously  on  a  50/50  beam  splitter,  after  which  they  continue  on  to 
the  two  detectors  D 1  and  D2. 
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Figure  10.  Iloiig-Ou-Mandcl  interferometer 

The  coincidence  rate  recorded  by  these  detectors  is  observed  to  go  tlirougli  a  sharj)  dip  as 
the  patli  length  difference  between  the  two  photons  is  scanned  by  the  x-niotion  of  the  beam 
splitter.  The  width  of  this  dip  in  our  experiments  is  typically  tens  of  fcmtosccot'ds.  The 
narrowness  of  this  width  atlowr:  very  high  resolution  in  time-of-flight  comparisons 
between  tlie  two  photons.  In  an  experiment  we  have  recently  completed,  but  will  not  rep>’rt 
on  here,  we  have  useu  this  high  temporal  resolution  to  measure  the  time  it  takes  a  photon  to 
tunnel  across  a  burricrlS.  11. 

In  order  to  understand  this  interference  effect,  wc  shall  use  Feynman’s  rules  for 
interference;  List  all  possible  processes  leading  to  the  same  final  outcome.  Here,  the 
possible  processes  for  the  two  photons  at  the  beam  splitter  arc: 

(1)  Both  photons  arc  tratismitted;  the  outcome:  a  coincidence  “click”  of  D1  and  D2. 

(2) &(3)  One  photon  is  reflected,  the  other  transmitted;  tlvc  outcome:  no  coincidences. 

(4)  Both  photons  are  retlcctcd;  tlic  outcome:  a  coincidence  “click”  of  D 1  and  D2. 

Next,  draw  all  the  indistinguishable  “patlis,”  or  Feynman  diagrams,  leading  to  ihc  same 
final  outcome,  add  their  amplitudes,  and  then  take  the  absolute  siiuarc.  Here,  coincidence 
detection  processes  (1)  and  (4)  are  indistinguishable,  atid  thus  interfere: 


Figure  11,  The  two  indistinguishable  processes  leading  lo  coincidences 


Because  of  the  phase  faclm  of  i  in  the  reflection  amplitude  for  a  single  photon  relative  to  its 
transmission  amplitude  (this  is  a  consequence  of  time-reversal  synimciry  applied  to  the 
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behavior  of  a  single  photon  at  a  lossless,  symmetric  beam  splitter),  a  destructive 
i;  terfercnce  of  the  ‘'reflection-reflection’’  and  "transrnission-transinission”  probability 
amplitudes  occurs.  Hence  the  total  amplitude  for  coincidences  to  occur  is  (-1/2  -i-  1/2)  =  0: 
Coincidences  never  occurl  In  other  words,  the  two  photons  always  exit  the  same  port  of 
the  beam  splitter  whenever  the  path  length  difference  is  zero,  i.c.,  if  the  photons  arrive  at 
the  beam  splitter  simultaneously.  However,  proccs.scs  (1)  and  (4)  become  distinguishable 
if  the  photons  arrive  at  the  beam  splitter  at  different  times.  Hence  as  the  path  length 
difference  is  scanned,  we  map  out  the  shape  of  the  photon  wave  packets,  llic  width  of  tlie 
dip  is  therefore  a  measure  of  the  coherence  lengUi  of  tiic  single-photon  wave  packets. 

A  schematic  of  our  version  of  the  HOM  interferometer  is  the  shown  in  the 
following  figure: 


figure  12.  Huiig-Ou  Mandcl  iiiferferoiiietcr  (UCU  version) 


llic  mechanism  which  we  used  to  adjust  the  path  length  difference  is  the  “trombone  ami,” 
shown  in  the  above  figure,  consistimt  of  a  “trombone  prism,”  which  is  a  riglit-angle 
(Porro)  prism,  mounted  on  u  translation  stage,  to  reflect  one  of  the  jihotons  in  it  trombone- 
like  (or  optical  delay-line)  geometry.  Tln.s  is  a  technical  improvcnicnt  of  the  HOM 
interferometer  first  implemented  by  Rarity  and  Tap.stcrfil.  A  typical  coincidence  “dij)”  is 
shown  in  the  next  figure; 
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Figure  13.  Coincidence  rate  versus  trombone  prism  position 


Now  wc  come  to  our  version  of  the  “quantum  eraser”  experiment.  As  in  the 
simpler  Young's  experiments  described  cariicr,  we  use  polarization  as  a  means  of 
“labeling"  the  photons,  so  tliat  wc  could  keep  track  of  “which  patii”  each  photon  look.  Hie 
two  kWin  photons  emerge  from  our  nonlinear  crystal  witli  horizontal  Uncar  polarization.  Let 
us  arid  to  one  arm  of  the  interferometer  a  “labeler”  in  the  form  u  half-wave  plate  (IIWP), 
wi^'ch  can  rotate  lire  polarization  of  the  photon  to  vertical  polarization.  Tliis  clearly  enables 
us  in  principle  to  distinguish  which  path  this  photon  takes,  and  therefore  serves  to  give  us 
"which  patii"  information.  The  "erasers”  take  the  form  of  two  polarizers,  PI  and  P2, 
oriented  at  45  degrees  to  the  vertical,  in  front  of  tlic  two  detectors. 


If  tlic  erasers  were  removed  from  the  above  apparatus,  the  "which  path”  infonnation, 
which  we  could  in  principle  obtain  from  the  polarization  of  the  two  photons,  would 


256 


destroy  the  interference  pattern.  It  should  be  stressed  that  it  is  the  mere  possibility  of 
obtaining  “which  path”  information,  which  destroys  the  interference  pattern;  no  actual 
measurements  of  the  polarization  of  the  photons  after  the  beam  splitter  need  be  made.  In 
the  next  figure,  we  show  the  disappearance  of  the  coincidence  dip,  in  tltc  absence  of  PI  and 
P2,  as  we  rotate  the  fast  axis  of  the  half-wave-plate  towards  45'  with  respect  to  vertical,  at 
which  point  the  rotation  of  the  polarization  of  the  transmitted  photon  is  90",  which  makes 
the  intcrfeiing  paths  fully  distinguishable.  (Intermediate  orientations  of  tlie  half-wave  plate 
arc  also  shown). 
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Figure  15,  Coincidence  rate  vs,  trombone  prism  position  with  “labeler”  in 
setup,  but  without  “erasers” 


Now  we  put  in  the  erasers  PI  and  P2.  By  orienting  botli  of  tlicin  at  45'  to  the  veitical,  wc 
can  erase  the  "which  path"  information,  since  both  horizontally  and  vertically  polarized 
photons  end  up  polarized  at  45’  after  passing  through  these  polarizers,  and  we  lose  the 
ability  to  di.stinguish,  even  in  principle,  between  the  patlis  taken  by  the  photon.s.  The  result 
is  that  the  interference  pattern,  i.e.,  the  coincidence  dip,  is  now  "revived,”  as  shown  by  the 
data  represented  by  tlic  squares  in  the  following  (iguic: 
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Figure  16.  Revival  of  interference  after  erasure 


Note  that  tlic  presence  of  both  polarizers  PI  and  P2  is  necessary  to  perfonn  the  erasure. 
The  removal  of  cither  of  them  would  leave  one  of  the  photons  labeled,  carrying  enough 
“which  path”  information  to  totally  destroy  the  interference  pattern.  An  interesting  feature 
of  tills  experiment  is  that  one  can  change  the  coincidence  dip  into  a  coincidence  peak  (i.c., 
an  interference  minimum  into  a  maximum),  by  rotating  PI  lelativc  to  P2  until  one  is  at  445' 
and  tlie  otiicr  is  at  -45*.  llic  data  for  this  orientation  (along  witli  those  fur  an  intcrmcdiule 
orietitalion)  are  represented  by  the  diamonds  in  the  above  figure.  (We  have  also  checked 
that  the  ccnin  of  the  coincidence  dip  is  a  sinusoidal  function  only  of  the  relative  angle 
between  PI  and  P2,  which  Shih  &  Alley  .and  Ou  &  Mandel  have  already  observed  in 
connection  with  Dell’s  inequality  expcrimc<itsl9, 20).  Since  the  resulting  interference 
pattern  (dip,  peak  or  something  in  between)  in  tlie  end  depends  on  our  choice  of  the 
settings  of  PI  and  P2,  we  have  nicknamed  this  effect  the  “quantum  editor.” 

iTtcsc  effects  underline  tlic  f;ict  that  in  quantum  mechanics,  interference  only  occurs 
between  processes  which  could  not  be  distinguished  from  one  another  even  in  princijilc. 
Tliat  is,  the  final  state  of  the  entire  system  must  be  considered,  including  all  particles  which 
may  have  interacted  with  the  interfering  particle(s),  and  both  internal  and  external  degrees 
of  freedom.  While  this  fact  is  a  central  conipunent  of  standard  quantum  mechanics,  it  is 
often  neglected,  though  frequ'  ntly  without  ill  consequences.  It  is  crucial,  however,  for 
understanding  tlie  other  experiments  descnlxMl  below. 

5.  Dispcrsioii-cancellatiun  effect  in  two-photon  interference 

As  a  motivation  for  the  “dispcrsion-ciincellation”  experiment,  let  us  return  for  a 
moment  to  the  classical  problem  of  propagation  in  a  dispersive  medium.  We  know  that  the 
peak  of  a  classical  electromagnetic  wave  packet  propagating  through  a  piece  of  glass  will 
travel  at  the  group  velocity,  but  it  is  not  entirely  clear  that  one  can  interpret  this  classical 
wave  packet  as  if  it  were  the  “wavcfunction”  of  the  single-photon,  and  use  the  Born 
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imeipretation  for  this  “wavcfunction.”  If  this  interpretation  were  to  be  correct,  then  the 
plioton  would  most  likely  travel  at  the  group  velocity  in  this  medium.  However,  as 
Sommcrfeld  and  Brillouin  have  pointed  out2l,  at  the  classical  level  there  already  are  five 
kinds  of  propagation  velocities  in  a  dispersive  medium:  tire  phase,  group,  energy,  signal 
and  front  velocities,  all  of  which  differ  from  the  each  other  in  the  vicinity  of  an  absorption 
line,  where  there  is  a  region  of  anomalous  dispersion.  In  particular,  the  group  velocity  can 
become  “supcrluminal,”  i.c.,  faster  than  the  vacuum  speed  of  light,  in  these  regions.  If  the 
photon  were  to  travel  at  the  group  velocity  in  this  medium,  does  it  also  travel 
“superluminally”?  If  not,  then  at  which  of  these  velocities  docs  the  photon  travel  in 
dispersive  media?  (We  have  been  studying  these  questions  in  the  context  of  photon 
tunneling  times,  but  shall  not  discuss  them  here.) 

Modvated  by  the  above  quesdons,  we  did  the  following  experiment.  Let  us  remove 
all  the  polarizers  in  the  “quantum  eraser”  setup,  and  return  the  original  HOM 
interferometer.  Now  let  us  insert  a  piece  of  gta.ss  in  the  path  of  one  of  the  photons: 


X 
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Figure  17.  SimpliHed  llong-Ou>Mandel  schematic  with  glass  inserted 


This  glass  slows  down  the  photon  which  traverses  it,  and  in  order  to  observe  the 
coincidence  dip,  it  is  necessary  to  introduce  im  equal,  compensating  delay  in  the  other  arm 
of  the  interferometer,  by  adjusting  the  "Uombonc”  prism.  We  measured  tire  magnitude  of 
this  delay  for  various  samples  of  glass  and  were  able  to  determine  traversal  times  on  the 
order  of  40  ps,  with  4  fs  accuracy.  In  this  way.  we  were  able  to  confirm  that  single 
photons  travel  through  glass  at  the  group  velocity  in  transparent  spectral  regions,  an 
interesting  example  of  panicle- wave  duality. 

Let  us  consider  for  a  moment  the  limiting  resolution  of  this  measurement  technique. 
The  interest  of  measuring  opdeal  delays  is  greatest  for  media  widi  di.spersion.  In  dispersive 
media,  h.owever,  die  broad  spectnuii  required  for  un  ultrafa'a  pidse  (or  singli'.-nhoton  wave 
packet)  can  lead  to  a  great  deal  of  dispersive  broadening.  One  might  expect  that  this 
broadening  of  the  wave  packet  would  also  broaden  the  coineidcncc  dip  in  tlie  HOM 
iriteifcronieter,  since  the  width  of  this  dip  is  a  measure  of  the  size  of  the  wave  packets 
which  impinge  on  the  beam  splitter.  For  example,  one  expects  a  1 5  fs  wave  packet 
propagating  through  half  an  incli  of  SFl  1  glass  (which  we  used  in  our  experiment)  to 
broaden  to  aixmt  60  fs  due  to  the  dispersion  in  this  glass.  The  nature  of  the  broadening  is 
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that  of  a  chirp,  i.c.,  the  local  frequency  sweeps  front  low  to  high  frequency  (for  normal 
dispersion,  in  which  redder  wavelengths  travel  faster  than  bluer  wavelengths).  Hence  the 
earlier  part  of  the  broadened  pulse  consists  of  redder  wavelengths,  and  the  later  part  of  this 
pulse  consists  of  bluer  wavelengths: 


ISTmc 
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••  60  fMc 


Chirped  pulse  Is 
broader  and  has  a 
lower  amplitude. 


Figure  18.  Chirped  pulse  due  (u  normal  dispersion 


In  our  experiment,  liowevcr,  we  found  that  the  combination  of  the  time-correlations 
and  energy-correlations  exhibited  by  our  entangled  photons  led  to  a  cancellation  of  these 
dispersive  effects.  While  tlic  individual  wave  packet  whicii  travels  <  h  the  glass  dues 
broaden  according  to  quantum  mechanics,  it  is  impossible  to  know  wucthcr  this  photon 
was  reflected  or  transmitted  at  the  beam  splitter  (recall  Figure  12).  This  means  that  when 
an  individual  photon  arrives  at  a  detector,  it  is  unknowable  whether  it  travelled  through  the 
glass,  or  whether  its  conjugate  (with  anticorrelated  frequency)  travelled  through  the  glass; 
due  to  the  chirp,  ihc  delay  in  these  two  cases  is  opposite  (relative  to  the  peak  of  the  wave 
packet).  An  exact  cancellation  occurs  for  the  (greatly  dominant)  linear  group-velocity 
dispersion  term,  and  no  broadening  of  the  15  fs  interference  dip  occurs.  This  is  a  direct 
consequence  of  the  nature  of  the  EPR  stale,  in  that  it  relics  on  the  correlations  in  one 
observable  (energy)  to  maintain  a  high  degree  of  accuracy  in  measuring  an  incompatible 
observable  (time)  I 


Figure  19.  Disper.S!on  cancellation  exiMTimenl 

The  apparatus  used  for  this  experiment  is  shown  in  the  above  figure.  It  is 
essentially  the  same  as  iliat  for  the  quantum  eraser,  minus  all  polarizing  elements,  but  plus 
the  glass  sample  in  one  of  the  arms  of  our  version  of  the  HOM  interferometer.  The 
resulting  coiiieideiice  dips  with  and  without  the  piece  of  glass  arc  essentially  the  same 
sh;  pe,  as  can  he  ■  een  by  coiiipaiison  of  the  following  data  (the  dashed  curve  eori'  Sponds 
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to  a  theoretical  60-fs-wide  wave  packet) 


Tim.  diw  <r«c)  •»«  •«  ■>*  •  »•  <•  ”  >• 

Time  delijr  (fsec) 


Figure  20.  IIOM  coincidence  dips  with  glass  (left  trace)  and  without  glass 

(right  trace) 

We  see  that  there  is  indeed  very  little  broadening  in  the  data  with  the  glass  compared 
with  tliat  without  the  glass.  Certainly,  broadening  on  the  scale  of  60  fs  (the  dashed  curve) 
is  ruled  out  by  these  data.  A  detailed  theoretical  analysis  predicted  these  results,  in 
agreement  with  the  simple  .argument  presented  abovc22.  This  result  is  important  for 
applications,  c.g.,  in  our  turn  hag-time  measurement,  since  the  sharpness  of  the  dip-  and 
hence  the  temporal  resolution-  is  not  appreciably  degraded  by  the  presence  of  dispersion  in 
tlie  optical  elements  of  our  apparatus  or  in  the  sample  itself.  One  lesson  learned  from  these 
experiments  is  that  the  coherence  length  of  tlie  wave  packet  is  not  equal  to  the  width  of  the 
wave  packet,  as  was  idso  demonstrated  by  neutron  interference  experiments. 

6.  The  Fraiisun  experiment:  Interference  between  two  photons  in  separated 
Macli-Zehnder  interferometers 

Let  us  begin  witli  the  conclusion  wliich  we  readied  from  the  Franson  experiment: 
A  violation  of  a  Bcll’.s  inequality  for  energy  and  lime  is  implied,  thus  photons  do  not 
necessarily  possess  a  well-defined  energy  (or  color),  nor  do  they  possess  a  well-defined 
time  of  emission  (or  intrinsic  age),  prior  to  detection.  (As  an  aside,  wc  note  that  this 
contradicts  the  basic  assumption  of  kinetic  theory,  viz.,  that  particles  carry  definite  physical 
properties,  such  as  energy,  as  well  a.s  the  basic  assumption  of  this  conference,  viz.,  that 
one  can  celebrate  a  birthday  at  a  well-defined  time).  Our  experiment,  which  is  sketched  in 
tlie  following  figure,  was  first  proposed  by  Franson'*. 
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f  igure  jil.  The  Franson  experiment:  The  interference  of  two  spatially 
separated  photons  in  two  Mach-Zehnder  interferometers 

As  in  the  original  EPR  paper,  a  source  S  emits  two  particles  in  opposite  directions,  but  'h  ■ 
new  feature  here  is  that  they  enter  two  identical  Mach-Zehndcr  interferometers,  in  wh' 
♦hey  are  allowed  to  take  either  a  short  path  or  a  long  path.  These  interferometers  can  have 
their  path  length  differences  adjusted  by  means  of  phase  shifters  inserted  into  their  long 
paths. 

There  is  no  first-order  interference  of  a  single  photon  wave  packet  with  itself  inside 
either  interferometer,  because  the  width  of  the  wave  packet  (which  is  on  the  order  of  tens  of 
femtoseconds  in  our  experiment)  is  much  too  small  to  permit  any  overlap  of  the  transmitted 
and  reflected  portions  of  the  wave  packet  at  the  final  beam  splitter.  However,  tliere  is  a 
second-order  (i.e.  two-photon)  inierference  observable  in  coincidence  detection  at  detectors 
D1  and  D2. 

Again,  we  shall  use  Feynman’s  rules  for  interference  to  calculate  the  probability  of 
coincidence  detection.  The  indistinguishable  processes  here  are  (1)  the  “short-short”  and 
(2)  the  “long-long”  processes,  (where  in  (1),  both  photons  take  the  short  paths  of  tlieir 
respective  interferometers,  and  in  (2)  they  both  take  the  long  paths).  The  distinguishable 
processes  are  (3)  the  “short-long”  and  (4)  the  “long-short”  processes,  since  the  “clicks”  of 
Di  and  D2  are  not  simultaneous  in  these  two  processes.  In  principle  and  also  in  practice, 
wc  are  able  to  reject  these  distinguishable  “clicks”  by  using  sufficiently  large  path  length 
differences  in  the  two  interferometers,  and  a  sufficiently  narrow  coincidence  timing 
window  in  our  electronics.  Wc  arc  thus  left  with  the  two  indistinguishable  processes  (1) 
and  (2)  only,  for  which  we  must  first  add  the  probability  amplitudes,  and  then  take  the 
absolute  square.  Hence  the  probability  of  a  given  coincidence  detection  is  given  by  the 
expression 


where  the  firs'  term  inside  the  absolute  value  corresponds  to  the  “short-short”  process,  and 
the  second  term  <o  the  “long-long”  process.  (The  beam  splitters  arc  assumed  to  be  50/50 
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throughout.)  Here  the  phase  (^)  represents  the  total  phase  difference  between  the  long 
and  short  arms  of  the  left  (right)  interferometer.  Simplifying  this  expression,  we  get 

Pc  [l  +  cos  (^1  +  (j>2)]  . 

Note  that  this  implies  a  fringe  visibility  of  100%  (i.e.,  perfect  zeros  at  the  minima  in 
coincidence  detections).  Bell's  inequality  for  this  experiment  implies  (when  certain 
reasonable  auxiliary  assumptions  ore  made)  that  sinusoidal  fringes  can  have  at  most  70.7% 
(=l/l/2)  visibility. 

Our  apparatus  is  sketched  in  the  following  figure.  In  the  second  figure,  we  present 

our  data:  z,) 

r  'crystal 


Figure  22.  Apparatus  used  at  Berkeley  to  perform  the  Franson  experiment 


Figure  23.  Interference  fringes  of  our  Franson  experiment 
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By  analysis  of  these  data,  we  concluded  that  Bell’s  limiting  70.7%  visibility  is  exceeded  by 
16  standard  deviations. 

The  meaning  of  the  maximum  is  that  the  two  spatially  separated  photons  always 
behave  in  a  correlated  fashion  at  the  final  beam  splitter,  i.e.,  if  one  is  transmitted,  then  the 
other  is  also  transmitted;  and  if  one  is  reflected,  then  the  other  is  also  reflected.  The 
meaning  of  the  minimum  is  that  the  two  photon  ‘  twins”  always  behave  in  an  anticorrelated 
fashion  at  the  final  splitter,  i.e.,  if  one  is  transmitted,  then  the  other  is  reflected,  and  vice 
versa.  The  behav'or  of  the  “twins”  depends  on  the  settings  which  we  choose  fi  r  the 
space-like  separated  phase  shifters  (which  we  could  in  principle  set  even  (tfter  the  ph'  itons 
had  entered  their  separate  interferometers^^).  Also,  it  should  be  emphasized  that  the  fact 
that  these  inteiference  fringes  were  observed  means  that  one  does  not  know,  even  in 
principle,  the  actual  age  of  the  “twins”  upon  their  arrival  (i.e.  detection)  for  otherwise  the 
“long-long”  and  “short-short”  processes  would  become  distinguishable,  and  the 
interference  pattern  would  disappear. 

As  a  final  remark,  other  papers  at  this  conference  addressed  the  question  of  whether 
pure  quantum  states  can  evolve  into  mixed  states  in  black  hole  evaporation.  A  closely 
related  question  is  whether  mass  is  a  local,  realistic  property  of  a  black  hole.  Let  us 
consider  the  following  photon  pair-creation  process  arising  from  a  vacuum  fluctuation  at 
the  event  horizon  of  a  black  hole: 


black 

hole 


Figure  24. 


Photon  hair  creation  at  the  event  liorizon  of  a  black  hole 


The  left-going  member  of  the  pair  falls  into  the  black  hole,  whereas  the  right-going  member 
escapes  to  infinity.  Since  energy  is  conserved  in  this  system,  the  mass  of  the  black  hole  is 
entangled  with  that  of  the  photon  which  escapes  to  infinity,  and  the  entire  system  is  in  an 
entangled  state.  In  light  of  the  violation  of  Bell’s  inequality  in  our  experiment,  it  may  be 
forbidden  to  ascribe  any  well-defined  mass  io  tlie  black  hols  until  this  right  going  photon  !.s 
detected,  i.e.,  it  may  be  incorrect  to  think  of  tlic  mass  of  the  blaqjt  hole  as  a  local,  realistic 
quantity  until  it  is  observed.  Einstein  and  Bohr  had  a  similar  discussion  (though  not  in  the 
context  of  black  holes)  at  the  1930  Solvay  Conferences^, 
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ABSTRACT 

Using  multiport  beam  splitters  it  will  be  possible  to  study  Hinstcin-Podolsky-Roscii 
correlations  in  higher  dimensional  Hilbert  space.  As  an  explieit  example  we  present  the 
design  and  theory  of  a  trittcr,  which  is  a  multiport  beam  splitter  with  three  input  ports  and 
three  output  ports,  such  Uiat  any  amplitude  incident  at  one  input  port  is  distributed  equally 
over  the  output  ports.  We  will  then  show  tiic  results  for  a  two-photon,  two-trittcr  experiment, 
wuerc  novel  Einsiein-l’odoisky-Roscn  cuirclations  occur. 


1.  IntroU  ictioi) 


All  experimental  work  concerning  the  E.instein-Podolsky-Rosen  Paradox'  and  Bell's 
theorem^  thus  far  is  restricted  to  two-particle  (in  most  cases  two-photon)  entangled  states 
where  the  correlations  can  effectively  be  described  by  restricting  the  analysis  to  a  Hilbert  space 
of  dimension  2  for  each  par  tide.  These  states  can  be  two  polarization  states  as  proposed 
initially  by  Bohin’  and  Erst  employed  in  an  experiment  by  Freedman  and  Clausei^,  they  can  be 
two  momentum  eigenstates  as  in  the  experiment  proposed  by  Home  and  Zeilinger*  and  per¬ 
formed  Erst  by  Rarity  and  Tapster*,  or,  they  can  be  two  states  which  took  beam  paths  of 
markedly  different  length  on  their  way  from  the  source  to  the  detector  as  proposed  by 
Franson'^.  This  latter  experiment  has  now  been  performed  by  various  groups",  the  most  con¬ 
clusive  experiment  which  showed  a  striking  violation  of  a  Bell-type  inequality  is  due  to  Kwiat, 
Steinberg  and  Chiao’. 


There  are  two  obvious  routes  tbi 


One  is  to  consider  more  than  two 


particles,  the  other  is  to  analyze  the  case  of  more  than  two  states  available  to  each  particle. 
The  generalization  to  more  than  two  particles  has  led  to  .some  new  insight  into  the  difference 


*  Pcriruincnt  address:  Institute  a/Theoreltcal  Fhyslcs  arul Astrophysics,  University  of  GUansk,  FI,-S09S2 
Gdansk,  Poland 
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between  quantum  mechanics  and  local  realistic  theories'”.  But,  due  to  the  unavailability  of 
coherent  multi-particle  sources  this  has  not  as  yet  resulted  in  an  experiment. 

In  the  present  paper  we  would  like  to  focus  our  analysis  on  another  generalization. 
This  is  the  case  where  each  particle  has  mure  than  two  states  available.  The  correlations  are 
then  defined  in  Hilbert  spaces  of  higher  dimension".  It  is  obvious  that  a  possible  route  to 
generalizing  EPR  correlations  to  systems  of  higher  dimension  Viiould  be  to  investigate  spin 
correlations  between  particles  with  spin-1  or  hi^ier  (with  the  obvious  and  notable  exception  of 
the  photon  or  other  massless  particles  which  have  only  2  polarisation  states.)  Again,  since  at 
present  there  exist  no  sources  for  correlated  particles  of  higher  spin,  such  investigations  bused 
on  spin  correlations  are  purely  theoretical  to  date'^. 

This  paper  shows  how  to  obtain  such  EPR  correlations  in  more  than  two  dimensions  in 
real  experiments.  Such  experiments  are  based  on  both  tlie  availability  of  parametric  down- 
conversion  as  a  source  for  highly  correlated  two-photon  states'’  and  on  the  use  of  multi-port 
devices'^.  Finally,  we  present  some  theoretical  pr^ictions  for  the  novel  correlations  expected. 

2.  The  Beam  Splitter  as  a  Four-Port  Device 

The  beam  splitter  is  a  central  element  of  many  experiments  in  quantum  optics.  A 
general  beam  splitter  has  two  input  ports  and  two  output  ports  (Fig.  I).  Fom.ally  it  may  be 
described  by  a  unitary  operator  in  a  two-dimensional  Hilbert  space.  We  should  note  here  that 
for  the  present  paper  we  deliberately  adopt  an  explicit  Hilbert  space  foimalism  because  it  is 
equally  well  suited  for  describing  a  beam  splitter  operating  for  any  type  of  particle,  be  it 
electrons,  photons,  atoms  or  neutrons,  to  mune  just  those  types  of  radiation  for  which  quantum 
interference  experiments  with  beam  splitters  have  been  performed  so  far. 


Fig.  I :  A  general  betuii  tplittcr  has  two  input  pons  and  two  output  pons. 

The  general  beam  splitter  pure  input  state  is  a  superposition 

where  |a>  and  |A>  describe  a  particle  in  beam  a  or  b  (see  Fig.  1)  respectively.  We  assume 
the  normalization  +  *  =  1 .  Likewise  the  general  output  state  is  the  suoerposition 

|V/'>=  yr'Ja'>+y/;|*'>  (2) 


in  obvious  notation.  Input  and  output  states  may  equally  weP  be  written  in  matrix  notation  as 
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The  general  beam  splitter  operator  U  then  couples  y/  to  iff  =  Ui/  with  ! . 

We  restrict  ourselves  now  to  50-50  beam  splitters.  This  means  that  a  particle  incident 
at  any  of  the  two  input  ports  of  a  symmetric  beam  splitter  has  the  same  probability  p  =  \jl  to 
be  found  in  any  of  the  two  output  ports.  It  is  well  known  that  such  a  beam  splitter  is  defined 
only  up  to  arbitrary  phu.se  factors  in  the  input  and  output  ports”. 

Two  possible  50-50  beam  splitter  operators  are  for  example 


f/  - 


(4) 


where  U,  represents  a  time-symme'ric  beam  splitter  and  U,  represents  a  spatially  symmetric 
one.  The  two  beam  splitters  can  be  converted  into  each  other  using  n  phase  shifts  in  one  input 
and  one  output  port,  i.e. 


-(o' :)<::) 

(S) 

The  two  beam  splitter  operators  imply  different  transition  rules  for  incident  beams, 
These  are 

|a>:^^{|a')-l|6'>}  |6>^^{|a'>-|*')}forf/,. 

)+|A')}  |A)=>^{|a')+r|A')}  for  f/,. 

'7') 

The  first  beam  splitter  implies  no  phase  change  upon  reflection  from  one  side  while  reflection 
from  the  other  side  implies  a  phase  change  of  ic,  'fhe  second  beam  splitter  operator  implies 
that  both  reflected  beams  acquire  a  phase  shift  of  7i/2  upon  reflection. 

We  note  here  that  beam  splitters  arc  just  special  cases  of  4-port  devices.  Another 
example  of  a  4-port  device  would  be  a  Mach-Zehndcr  interfere  meter, 

3.  Two-Particle  Two-State  Systems 

Using  these  rules  it  is  now  easily  possible  to  calculate  the  results  of  a  two-particle  two- 
state  EPR-Bell  experiment  as  shown  in  Fig.  2  A  source  emits  two  particles  in  the  state 


(7) 
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I'ig.  2:  Principle  of  a  two-pariiclc,  two-state  EPR-Bcll  experiment  using  beam  splitters. 

Here  and  below  the  First  ket  in  a  product  always  refers  to  particle  I  and  the  second  to  particle 
2.  Also,  e.g,,  |a)|t;)  implies  the  tensor  product  ja)®jc)  etc.  The  beams  a,  h,  il  may  then  be 
subject  to  the  phase  shifts  a,  fi,  x,  S  such  that  the  state  becomes 

with  =  a- y.  Applying  now  the  beam  splitter  rules  (6)  and,  analogously, 

!</')}  M>=>^iV>-|i/'))  (9) 

one  obtains  for  the  joint  prnbabiUties  for  two  detectors  to  register  the  particles  in  coincidence 
pia'.c')  =  p(h',d')  =  icos'  (;)r/2) 

p{a',d')  =  /»(*'.<;')  -  ^sin"(;r/2)  (10) 

Thus,  perfect  condations  arise  for 


X=-nn-  (11) 

For  odd  n  detector  a'  fires  in  coincidence  with  detector  d'  and  detector  h'  fires  in 
coincidence  with  detector  c'  while  for  even  n  the  coincidences  arc  a'  o'  and  b'  -d' .  These 
two  different  types  of  coincidences  are  represented  in  Fig,  3.  In  other  words,  for  these 
parameter  settings  the  path  taken  by  a  particle  after  its  beam  splitter  is  :in  Einstein-Podolsky- 
Rosen  element  of  reality,  i.e.  firing  of  any  one  individual  detector  for  one  particle  allows  one  to 
predict  with  certainty  which  detector  will  register  the  other  particle. 

These  perfect  correlations  can  be  characterized  via  a  value-assignment  procedure 
introduced  by  Hell.  The  possible  results  obtained  on  either  side  are  named  A  and  /f,  and  they 
are  assigned  the  values  ±1,  It  then  follows  that  the  two  cases  of  perfect  correlation  are 
signified  by  AB  -  +1  and  AH  -  -1  respectively.  We  call  these  values  Bell  numbers.  We  notice 
that  one  of  the  beam  splitter  opt.ator  representations  (f/,)  just  contains  Bell  numbers  (+1  and 
- 1  for  the  two  dimensional  case).  It  will  be  seen  later  that  for  multiports  the  generalization  of 
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Bell's  value  assignment  procedure  is  quite  interesting.  Furthermore,  in  any  dimension  there  arc 
always  multiports  whose  unitary  representation  contains  only  Bell  numbers. 


Fig.  3;  Possible  perfect  correlations  for  the  case  of  an  experiment  as  sliowii  in  Fig.  2.  The  resuits  A, /I  on  either 
side  can  be  fl  or  -1,  depending  on  which  detector  in  which  outgoing  bcaiii  registers  a  particle.  The 
perfect  conclations  can  be  sigoiTied  by  citlicr  d  •  /J  =  +1  ord  •  W  =  -I. 

We  should  mention  that  the  results  of  this  section  are  basically  known.  They  were 
repeated  here  in  order  to  prepare  the  reader  for  the  less  familiar  situations  in  the  following 
sections.  An  experi  met  dally  available  source  which  prepares  the  two  particles  in  the  entangled 
state  of  Eq.  (7)  is  a  non-lincar  crystal  where  through  the  process  of  spontaneous  parametric 
down-conversion  an  incident  photon  may  split  into  2  photons  of  lower  energy. 

4.  The  Tritter  as  an  “ample  of  a  Multiport  Device 

In  this  section  w<-  t  introduce  the  general  concept  of  multiports  and  then  we  give 
some  explicit  examples.  A  general  multiport  has  L  input  ports  and  M  output  ports*  and  is 
called  //-port  {N  =  M  +  L)  .  For  simplicity  we  restrict  our  considerations  to  symmetric  N- 
ports  which  are  defined  as  having  an  equal  number  of  input  ports  and  output  ports 
{L  =  M=  Njl)  and,  furthermore,  which  operate  such  that  a  single  particle  incident  on  any 
individual  input  port  has  equal  probability  (i.e.  /;=1/A/  =2/W)  to  be  found  in  any  specific 
output  port.  This  is  the  generalization  of  the  generic  beam  splitter  discussed  in  section  2 
above.  Wc  propose  to  call  symmetric  multiports  "Critters"  and  specifically  a  critter  with 
L~M  =  2  is  called  a  Tritter,  one  witli  L  ~  Ki  -  4  is  a  Quitter''’  etc. 

Lossless  symmetric  multiports  (critters)  can  bo  represented  by  unitary  operators  in  an 
Af-duiicnsional  Flilbrrt  space.  Again,  as  was  the  case  for  the  conventional  beam  splitter,  there 
are  many  physically  possible  critters,  but,  as  opposed  to  the  beam  splitter  case,  it  is  not  always 
possible  to  transfonn  all  types  of  a  specific  critter  (i.e.  symmetric  ^-port  with  a  given  jV)  into 
each  other  by  merely  supplying  external  phase  shifters  or  relabelling  output  ports'^. 

Let  us  consider  expiicitiy  the  tritter.  The  geiicial  input  and  output  states  are  (Fig.  4) 

lv'>=  ral«>  +  v'i,l*>'- ifJc) 

|(/>=  v4^|6'>+  vr'„|c'>.  (12) 


or,  in  matrix  notation. 


*In  general  some  physical  ports  can  woik  both  as  input  and  output  ports  (viz.  the  Michelson  interferometer). 
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/  \ 

(  \ 

V. 

V. 

and  \p‘  = 

v". 

Yc, 

(13) 


Fig.  4:  A  generic  triUcr  is  devised  with  throe  input  ports  and  three  output  ports  such  that  an  amplitude  incident 
on  any  one  of  the  input  port  excites  any  of  the  output  ports  equally. 

Again,  a  unitary  operator  couples  the  output  state  to  the  input  state. 


y/  =  Uy/' 


(14) 


This  unitary  operator  can  now  be  represented  by  a  3  x  3  matrix  where  the  modulus  ol'  each 
matrix  element  is  l/\T ,  Here  again  and  for  all  critters  it  is  possible  to  absorb  any  phase  factors 
of  the  first  row  into  phases  of  the  input  beams  and  to  absorb  any  phase  factors  of  the  first 
column  into  phases  of  the  output  beams.  Such  a  representation  of  a  multiport  only  contains 
”1"  in  both  the  first  column  and  the  first  row.  We  will  call  such  a  representation  canonical 
Thus,  the  general  tritter  operator  can  be  written  as 


/3 


''I  1  n 

1  y>* 


1  (p* 


(15) 


with  |tp|  =  1  and  yr+  yr*  =  -1 .  The  only  two  possible  choices  for  <p  are  <p=  a  and  <p=  with 


Thus  the  tritter  operator  has  two  canonit  il  representations,  either 


'i  \  r 

ri  1  r 

1  a 

,1  a'  a, 

or  V’j.  =  -4= 

V3 

1  a’  a 

J  a  a\ 

(16) 


The  transition  rules  tor  incident  beams  therefore  are 


for  the  tritter  rule  .  For  f/J.  the  roles  of  a  and  arc  just  interchanged.  Note  also  that 
f/f  '  =  Uj  and  that  the  two  diiferent  types  of  tritter  can  bo  converted  inl(j  each  other  by  an  odd 
number  of  permutations  of  rows  or  columns,  c.g. 

0  O' 

0  0  I  1/,.. 

,0  1  oj  (18) 

These  results  imply  that  sequential  arrangement  of  tritters  does  not  lead  to  new 
nontrivial  tritters.  In  other  words,  given  some  tritter  one  can  obtain  any  tritter  by  changing 
cstemal  phases  and  by  a  permutation  of  input  and/or  output  ports,  which  may  simply  be 
achieved  for  example  by  Hipping  two  output  ports.  Physically,  there  are  many  diiferent 
possibilities  of  realising  a  tritter.  A  specific  type  with  parallel  input  beams  and  parallel  output 
beams  is  shown  in  Fig.  5.  One  can  easily  see  that  a  tritter  has  more  adjustable  parameters  than 
a  beam  splitter.  These  are  the  retlectivities  of  the  partially  rcllecting  mirrors  and  the  nontrivial 
phase  in  the  internal  loop  of  the  tritter. 


Fig.  3:  Possible  rcuii/iilionol'alritlcr  using  partially  rcnccliii)>  mirrors  and  a  iiuiitriviiil  iiiluiiiul  phase  ^  l),n. 

Turning  to  higher  multiports  the  number  of  experimentally  adjustable  uontriviul 
parameters  grows  quadrutically  with  the  nuntbei  of  ports.  One  of  the  most  interesting  results 
for  higher  multiports  is  the  existence  of  distinct  classes  which  cannot  be  transformed  into  each 
other  by  just  changing  external  phase.s  and  by  pennutation  ol  input  and/or  output  ports.  We 
leave  a  detailed  discussion  to  a  forthcoming  papci'. 

5.  Two-Particle  Three-State  Systems 

It  is  evident  that  with  multiports  a  large  number  of  novel  experiments  in  riuanturn  optics 
become  possible.  Because  of  the  availability  of  down-cottversUm  photrrn  sources,  we  only 
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discuss  here  the  case  where  a  iwo-particlc  source  is  employed.  Assume  that  such  a  source 
emits  two  particles  in  the  state 


k  >  ■  {l«>k>  -•  I*)!*-’) + HI/)}  ■  (19; 

Again,  the  first  ket  in  a  product  state  refers  to  particle  1,  and  the  second  to  particle  2.  The 
beams  a,b,c,iJ,c,/  arc  subject  to  the  phase  shifts  respectively,  and  thus  the 

state  evolves  into 


(20) 


mth  x  =  P+‘‘'-cc  Sand  +  ^  a-S. 

Suppose  now  that  the  three  beams  excited  by  particle  I  arc  fed  into  a  trittcr  and 
likewise  the  three  beams  excited  by  particle  2  are  fed  into  another  trittcr  (Fig.  6).  Clearly  the 
final  state  is  then  obtained  by  applying  the  appropriate  tritter  operator  liq.  (16)  to  state  (20). 
Instead  of  writing  down  the  final  state  explicitly,  we  focus  on  the  count  rates  and  on  the 
correlations  to  be  expected. 


a'  — 
b’—C^ 

o' 


TRITTER  B 


■miTTERA 


Fig.  6: 1'lincipic  of  a  two-trlttcr,  twu-|)lialun  KPK  cx|icriincnl  In  »  practical  rcjili/atiun  llic  source  can  be 
parametric  down-coiiveisiuii. 

Thu  uncoiiilitionol  probability  to  detect  a  particle  in  any  of  the  detectors  is  a  constant, 
c.g.  p{a')  =  1/3 .  The  independence  of  any  of  the  phases  inserted  between  source  and  tritters  is 
a  consequence  of  the  initial  entanglement.  Certainly  this  does  not  hold  anymore  for  the  various 
joint  probabilities  of  detecting  a  particle  in  a  given  detector  on  one  side  together  with  detecting 
the  other  particle  on  the  other  side.  These  joint  probabilities  are: 


/;(a',r.")  =  p(.V,/')  = /;(c',s')  -  —  [3  +  2cos;v+ 2cosr!7  + Zcosf?)- V)]. 

p{a’ ,e')  =  p{b' ,d’)  ~  /7(6',/')  =  ~[3  +  2cos2:'^  2cosy)'^  2cos(yj'-2:’)] 
with  2:’ -  2;t/3,  tp'  -  tp-ZnI'i 

P(a'./')  '~P(b' ,e')  -  p(c',d')  =  ~[3+2cos;jf"  3  2cosy>''  t-2cos(yr"  - 
with  2/'  ^  T-  2  tr/3,  tp"  =  y?  t  2  n/3 


(21) 


273 


and  where,  e.g.,  p(a',e')  is  the  probability  to  simultaneously  detect  a  particle  in  detector 
a'  and  a  particle  in  detector  e' . 

The  joint  probabilities  of  Eqs.  (21)  have  u  number  of  remarkable  features.  It  is  easy  to 
show  that  all  these  probabilities  arc  nonnegative  and  their  maximum  value  is  1/3.  This  may  be 
understood  by  analyzing  for  example  the  case  where  the  first  equation  attains  its  maximum 
value  which  occurs  when  Z/JW.  Then  p{a' ,d')~ p{h' ,/')  =  i){c' and  all  other 
joint  probabilities  vanish.  This  implies  that  if  the  phases  in  the  two-tritter  two-particle  inter¬ 
ferometer  are  set  to  these  values  then  perfect  correlations  arise,  and  thus  Einstcin-Podolsky- 
Rosen  elements  of  reality  may  be  introduced.  Explicitly,  if,  say,  detector  a'  fires  and  the 
phases  are  set  to  the  parameters  just  mentioned  we  con  predict  with  certainty  that  the  other 
particle  will  be  registered  by  detector  d'.  Likewise,  if  particle  1  is  registered  by  detector 
Z)'(c'),  particle  2  will  be  registered  by  detector  /‘(e').  Thus,  while  it  is  always  maximally 
uncertain  which  detector  will  register  either  of  the  particles,  it  is  known  with  certainty  which 
detector  will  register  the  second  particle  once  the  first  particle  has  been  observed,  us  long  as 
the  phases  are  set  according  to  the  above  condition. 

Another  set  of  similar  perfect  correlations  arises  if  tlie  phases  are  set  such  that 
^  -  2nn.  Then  the  joint  probabilities  are  p{a',e')  =  p{b',d')--  with  all 

oihers  being  zero.  Here  again  perfect  correlations  occur  but  now  between  diflerent  detectors 
than  before.  I'inally,  a  third  set  of  perfect  correlations  arises  for  -  2h«',  then 

p{a',f')  -  p(h',e')  =  p(c',d')  =  1/3  with  all  other  joint  probabilities  vanishing.  Fig.  7  shows 
these  three  possible  ways  of  perfect  correlations.  Note  that  of  the  six  possible  one-to-one 
combinations  between  detectors  on  cither  side  only  three  combinations  are  realized  for  perfect 
correlations.  Here  we  should  note  the  fact  that  these  types  of  perfect  correlations  arise 
whenever  we  use  the  same  tritter  on  each  side  (cither  the  one  represented  by  or  the  one 
represented  by  f/|.).  In  case  we  chose  to  use  diflerent  types  of  tritters  on  the  two  sides,  the 
other  three  types  of  perfect  conelations  occur,  with  the  original  three  now  being  excluded. 


Fig.  7:  Perfect  conelations  occurring  in  an  experiment  of  the  type  of  Pig.  6.  The  results  on  citlvcr  side  arc  best 
charactcrixcd  by  assigning  them  the  value  A,IS  =  a,a^  wlicrca  =  .  The  three  rases  of  perfect 

correlations  occurring  arc  then  signified  by  A'Ii  =  a.a^ 


The  three  types  of  perfect  three-state  correlations  may  be  signified  in  the  same  way  by 
value  assignment  as  it  was  done  originally  by  Bell  for  two-state  correlations.  One  might  be 
tempted  to  assign  the  values  +1,0,-1  to  the  three  possible  outcomes  on  each  side.  Such  a 
procedure  does  not  succeed  because,  when  calculating  the  product  Ad,  if  A  is  again  the  result 
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for  one  particle  and  B  the  result  for  the  other,  appearance  of  a  "C-result  always  leads  to 
AB  =  0  independent  of  which  type  of  coirelation  occurs  and  thus  information  is  lost.  A  rather 
elegant  procedure  of  value  assignment  is  to  choose  a,  a’  (with  a  -  for  the  three 
possible  outcomes  on  either  side.  It  then  fallows  that  the  three  cases  of  perfect  correlations  arc 
signified  by  AB  =  a, a’,1  (see  Fig.  7).  These  numbers  are  now  the  Bell  numbers  for  a  three- 
dimensional  Hilbert  space. 

In  general,  for  the  case  of  correlations  between  two  particles,  where  each  one  is  defined 
in  an  .Itf-diinensionnl  Hilbert  space,  at  most  M  cases  of  perfect  correlations  (where  EPR- 
elements  of  reality  (>  i>e  introduced)  occur  with  a  ^ven  set  of  inultiports.  It  is  thus  natural 
to  generalize  the  procedure  just  given  by  assigning  the  values  A,B  =  to 

the  results  in  order  to  signify  the  cases  of  perfect  correlations  by  AB  =  As  we  will 

show  in  a  forthcoming  paper  there  is  always  at  least  one  case  of  a  specific  multiport  for  any  M 
where  this  procedure  succeeds.  But,  we  should  point  out,  for  Af  )3  these  are  also  cases  where 
this  procedure  fails.  Obviously  the  case  M  =  2  as  analyzed  originally  by  BcH  is  just  the  most 
simple  nontrivial  case.  This  is  the  reason  why  we  propose  to  call  these  general  numbers  used 
in  value  assignment  Bell-numbers. 

Concluding  this  section  we  note  that  be^des  introducing  EPR  elements  of  reality  the 
way  just  given,  one  can  also  apply  a  generalized  Bell  inequality  to  the  two-tritter  correlations"* 
thus  providing  the  first  feasible  test  for  Bell's  theorem  for  pairs  of  spins  higher  than  1/2  via  an 
optical  analog. 

d.  Concluding  Comments 

In  general,  an  experiment  using  multiports  which  are  fed  the  two  correlated  photons 
created  in  the  process  ol  parametric  down-conversion  provides  a  generalization  of  EPR 
correlations  to  Hilbert  spaces  of  higher  dimensions.  These  correlations  arc  fully  analogous  to 
those  between  two  particles  with  higher  spin.  Thus  they  are  expected  to  give  new  interesting 
re.sults  going  beyond  those  realizable  in  spin  correlations  between  two  spin- 1/2  particles  or  two 
photons.  A  specific  example  are  those  correlations  which  are  necessary  to  establish  the  Bell- 
Kochen-Specker  paradoxn*.  Using  two  correlated  particles  each  defined  in  a  higher- 
dimensional  Hilbert  space  it  is  possible  to  establish  the  results  for  each  individual  measurement 
utilized  in  the  Kochen-Specker  argument  as  Einstein-Podolsky-Roscn  elements  of  rcality^o.  It 
is  evident  that  using  inultiports  together  with  a  down-conversion  photon  source  can  provide 
immediate  experimental  realization  of  such  correlations. 

This  work  was  supported  by  the  Austrian  Science  Foundation  FWF,  project  No.  S6502 
(Schwerpunkt  Quantenoptik),  and  the  US  National  Science  Foundation,  grant  No.  PHY92- 
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TIME  AS  A  DERIVED  QUANTITY  IN  THE  MICROMASER 
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ABSTRACT 

Aspects  of  the  radiation-matter  interaction  in  a  cavity  are  re¬ 
viewed.  It  is  found  that  the  concept  of  time  appears  as  a  natural 
result  of  phase  shifts  experienced  due  to  the  atom-field  interac¬ 
tion. 

Yakir  Akaronov’s  contributions  to,  and  love  for,  physics  is  an  inspiration  to  us 
all.  It  is  a  pleasure,  and  an  honor,  to  contribute  this  note  to  his  Festschrift. 

One  of  the  cleanest  and  most  interesting  experiments  in  modern  quantum  op¬ 
tica  involves  resonant  atoms  passing  through  a  high  Q  microwave  cavity,  i.e.  the 
micromaser.*'’  The  ‘Suual’'  treatment  of  the  problem,  in  the  notation  of  Fig.  1, 
assigns  a  time-of-flight  r  =  l/v  to  the  atom-field  interaction.  In  such  a  case,  the 
Rabi  oscillation  between  upper  level  and  lower  level,  beginning  with  n  photons  in 
the  cavity  and  an  excited  atom,  i.e.  beginning  with  |V’(0])  =  |a,n),  is  described  by 

V((r)  =  cos  jr V n  -t-  ija, n)  —  isinjrVn  +  +  (1) 

where  we  have  assumed  resonance  between  the  atom  and  field,  and  g  is  the  atom- 
field  coupling  constant. 

Now  there  are  several  questions  coucerning  Eq.  (1),  for  example:  What  kind 
of  center  of  mass  wave  function  do  we  choose  to  yield  the  best  approximation  to 
Eq.  (1)7  Perhaps  a  ’‘sharp”  packet  like  6{x  —  vt)  iio  that  the  entrance  and  exit  times 
are  well  defined,  or  perhaps  a  momentum  state  exp  ipx  so  that  the  velocity  is  well 
defined,  or  perhaps  some  kind  of  Gaussian,  minimum  uncertainty,  wave  packet. 

In  order  to  address  these,  and  other  related  points,  we’  were  motivated  to 
reconsider  the  simple  problem  of  a  plane  wave  center  of  mass  wave  function  incident 
from  the  left  as  in  Fig.  1 

♦,.(f)  =  expi>i|a,n),  (2) 
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micromaser  cavity 


/ 


Fig.  1.  Eixcited  atom  pu*w  through  cavity  emerging  in  ground  itate. 
interacting  with  a  reaonant  cavity  for  which  the  Hamiltonian  ia 

£r  =  ^  +  ff(x)[o<T'  +  oa*],  (3) 

where  P  ia  the  c.m.  momentum  operator  for  atoma  of  maaa  m,  p(z)  ia  the  atom-field 
coupling  conatant  which  inaide  the  cavity  haa  a  value  g  and  vaniafaea  outside,  a,  a* 
are  the  annihilation  and  creation  operators  and  a,  o*  are  the  atomic  lowering  and 
raising  operators. 

Now  the  operator 

^  =  (4) 

has  eigenstates 

h±..>  =  (*) 

■7|7±.«>  =  ±V'n-t-l|7±,»>-  (e) 


such  that 
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(7) 

(8a) 

(86) 

(8c) 

(9) 

(10) 

(H) 

(12) 

(13) 

(14) 
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1)  Th*  “correct"  or  “beat"  c.m.  wave  packet,  in  the  aenae  of  the  queation  aaked 
earlier,  ia  a  plane  wave. 

2)  The  atom  ahould  be  thought  of  aa  being  “spread"  over  the  whole  wave  packet 
but  is  “somewhere”  we  just  don’t  know  where.  That  is,  the  c.m.  wave  packet  may¬ 
be  many  centimeters  in  extent  but  the  atom  is  only  a  few  angstroms  in  size.  This 
result  speaks  to  the  proper  interpretation  of  the  wave  packet  in  quantum  mechanics. 
The  relevance  to  the  present  problem  is  that  we  don’t  know  when  the  atom  enters 
the  cavity,  but  when  it  does  it  acts  like  a  point  particle  passing  through  in  a  “time” 
tl(Plm). 

3)  Time  here  can  be  argued  as  being  a  derived  quantity.  We  never  introduce  the 
concept  of  velocity,  v,  and  therefore  the  increment  dt,  but  only  the  boost  operator 
involving  canonical  momentum  p.  That  is,  we  may  think  of  our  particle  falling 
through  a  potential  difference  or  being  given  an  impulse  so  as  to  create  the  c.m. 
state  e'"’.  Then  the  result  (14)  is  obtained,  v/hich  is  to  be  compared  with  Eq.  (l). 
The  latter  ia,  or  course,  derived  from  the  time  dependent  Schiodinger  equation. 

4)  The  process  of  “photon  emission"  in  the  cavity  as  described  by  Eq.  (14) 
involv«a  well  defined  phase  shifts  (like  exp(isv^ti+Tf/(f*/m))  which  are  just  suffi¬ 
cient  to  ensure  Rabi  transitions.  Note  further  that  the  vacuum  Rabi  angle  gr  can 
be,  and  routinely  is,  ■ir/2  in  the  experiments  of  Ref.  1. 

5)  This  provides  a  natural  basis  for  a  which-path*'‘  detector. 

0)  The  basis  for  enforcing  complementarity,  in  the  work  of  Refs.  3  and  4,  is 
qualitatively  different  from  the  “randomization  of  phase"  arguments  made  by  Bohr 
in  the  classic  Bohr-Einstein  debate  and  by  Furry  and  Ramsey  in  their  discussion  of 
the  Aluironov  Bohm  effect. 
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I'm  afraid  that  I'm  one  of  the  people  whose  primary  goal  is 
expressed  by  the  Danish  poet,  Piet  Hein,  in  his  boc';  of  poems  that  he 
calls  "Grooks": 

"I'd  like  to  know 
What  this  show 
Is  all  about 
Before  it's  out." 

And  always  in  mind  is  that  big  question,  "How  come  such  a  strange 
thin'i  as  existence?"  And  "How  come  the  quantum?"  And,  in 
connection  with  the  quantum,  "How  do  we  get  the  impression  that 
there  is  one  world  out  of  the  records  of  many  observer- 
participators.?"  If  these  questions  verge  on  philosophy,  then  perhaps 
we  can  adopt  as  motto,  "Philosophy  is  too  important  to  be  left  to  the 
philosophers."  Among  the  philosophers,  we  have  today  two  great 
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schools-the  Anglo-American  and  the  Continental  school.  Heidegger, 
representative  of  the  Continental  school,  in  one  of  his  books  takes 
as  central  theme  a  passage  from  the  German  poet,  Stefan  George, 
"Without  the  word,  no  thing  may  be.” 

We  have  something  a  little  like  that  in  quantum  theory.  We 
know  the  photon  does  ot  exist  in  the  atom  before  the  act  of 
emission  and  we  knovj  the  photon  does  not  exist  in  the  detector 
after  the  act  of  detection.  And  we  know  that  the  passage  of  the 
photon  from  the  atom  to  the  detector  is  simply  talk.  So  there  is  the 
great  question;  what  is  the  role  of  the  ob.server-participator  in 
bringing  about  that  which  appears  to  be  happening?  Eugene  Wigner  at 
one  time  thought  that  consciousness  was  the  key  point,  but  I  think 
that  there  ware  enough  objections  to  that  proposition  from  Inm  and 
from  others  that  he's  given  it  up.  We  focus  nowadays  not  on 
consciousness  but  on  the  act  of  detection  or,  better,  what  Niels  Bohr 
describes  as  "an  elementary  quantum  phenomenon.  .  .brought  to  a 
close  by  an  irreversible  act  of  amplification."  The  key  point  to  my 
mind  is  expressed  in  the  theme  of  "It  from  Bit.  That  is; 

Every  "It",  every  particle,  every  field  of  force  -  even  the 
spacetime  continuum  itself  -  derives  its  way  of  action,  its 
very  existence  entirely,  even  if  in  some  context  indirectly, 
from  the  detector-elicited  answers  to  yes  or  no  questions, 
binary  choices,  bits. 

In  another  way  of  wording  the  idea  which  I  put  up  for  examination, 
all  things  physical,  all  its,  must  in  the  end  submit  to  an 
information -thee  retie  description. 
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The  original  Aharanov-Bohm  experiment^  (Fig.  1)  illustrates 
this  theme. 


Figure  1.  idealized  version  of  Aharonov-Bohm  experiment.  Point 
source  of  monoenergetic  electrons.  Electron  waves  emerge  through 
the  two  slits  in  the  diaphragm.  They  respond  to  the  magnetic 
potential  associated  with  the  flux  of  magnetic  lines  of  force  that 
run  throug;h  the  circular  region  embraced  between  but  not  touched 
by  the  two  electron  partial  waves.  The  interference  pattern  at  the 
right  undergoes  a  shift  which,  expressed  in  count  of  fringes, 
measures  directly  the  magnetic  flux  in  appropriate  Planck  units. 

Text  continues; 

Electrons  emerge  from  the  localized  source  at  the  left.  Some 
pi  netrate  the  double  slit  arrangement  that  divides  the  diagram.  At 
the  right,  a  flux  of  magnetic  lines  of  force  runs  perpendicular  to  the 
nlane  of  the  figure.  They  are  embraced  by  the  two  branches  of  the 
electron  beam  but  do  not  touch  either  one.  Yet,  ns  we  kno./  from 
quantum  mechanics,  tha  equations  recognize  that  the  momentum  is 
the  sum  of  the  kinetic  momentum  (proportionai  to  electron  wave 
number)  and  a  potential  momentum.  The  potential  momentum  is 
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connected  with  the  magnetic  vector  potential.  The  vector  potential 
integrated  around  this  circuit  gives  the  amount  of  magnetic  flux 
embraced  by  the  circuit.  What's  more,  the  difference  in  wave 
number  between  below  and  above  results  in  a  shift  of  the 
interference  fringes: 

(Phase  change  around  perimeter  of  the  included  area) 

=  X  (number  of  fringes  shift  of  interference  pattern) 

=  (electron  charge)  x  (magnetic  flux  embraced)  /he. 

We  end  up  with  the  "bit"  tally  of  fringe  shift  giving  us  directly  the 
desired  "it,"  the  magnetic  flux. 

Another  example  of  "it  from  bit"  shows  itself  in  quite  another 
domain,  the  field  of  black-hole  physics.  Roger  Penrose  taught  us 
about  this  marvelous  process  of  interaction  between  an  incoming 
object  and  a  black-hole  in  which  the  two  trade  energy  and  angular 
momentum. 2  Demitrios  Christodoulou,  19-year  old  graduate  student 
who  had  never  finished  high  school,  got  to  work  on  analyzing  these 
Penrose  exchange  processes.  Yes,  with  their  help,  one  can  raise  or 
lower  the  energy  of  a  black  hole  and  its  angular  momentum.  But  a 
certain  combination  of  these  two  quantities,  he  found,  can  be  raised, 
but  never  reduced. 3  (Figure.  2). 
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Figure  2.  TRANSFORMATIONS: 

Reversible  — >  ;  Irreversible  — > 

In  a  reversible  transformation,  the  black  hole  stays  on  the 
Christodoulou  line.  An  irreversible  transformation  takes  the  black 
hole  off  the  line. 

Text: 

This  combination  is  like  entropy.  Another  graduate  student,  Jacob 
Bekenstein,  came  along  and  pointed  out  that  this  quantity  not  only  is 
analogous  to  entropy,  it  must  be  entropy. 

I  can  recall  confessing  to  Bekenstein  how  bad  rny  conscience 
has  always  been  in  putting  a  hot  teacup  next  to  a  cold  one.  Although 
energy  is  conserved  in  the  exchange  of  heat  between  the  two,  that 
process  increases  the  entropy  of  the  world  in  an  irreversible  way 
that  echoes  unforglvingly  down  the  corridors  of  time,  forever.  “But," 
I  said  to  Jacob,  "if  a  black-hole  comes  by,  why  can't  1  drop  both 
teacups  in  and  hide  the  evidence  of  my  crime?"  Bexenstein,  however, 
is  a  man  of  great  integrity.  This  proposed  escape  did  not  appeal  to 
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him.  He  came  back  a  few  months  later  with  the  conclusion  that  the 
black  hole  itself  has  entropy.  How  much  entropy  allows  itself  to  be 
deduced  out  of  the  results  of  Christodoulou. 

Well,  we've  all  heard  the  lovely  story  about  Brandon  Carter 
bringing  Bekenstein's  paper  to  the  attention  of  Stephen  Hawking  and 
the  two  of  them  deciding  it  was  so  preposterous  they  would  write  a 
paper  to  prove  it  was  wrong.  Then,  in  the  course  of  the  work, 
Stephen  Hawking^  finally  found  the  formula  for  the  emission  of 
radiation  by  a  black  hole,  and  concluded  the  blaclr  hole  does  have 
temperature  and  the  black  hole  does  have  entropy. 

Then,  going  further  in  this  domain,  Kip  Thorne  and  Wojciech 
Zurek  analyzed  a  typical  process  in  which  particles  and  radiation 
fall  into  a  black  hole,  and  showed  that  the  amount  of  information 
lost  corresponds  exactly  to  the  increase  in  area  measured  in 
Bekenstein-Planck  units. 6  So  I  sketched  out  a  picture  of  the  kind  I 
wanted  for  a  recent  Scientific  American  Library  book  (Figure  3). 
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Figure  3.  A  totally  symbolic  representation  of  the  Bekenstein- 
Hawking  "Bit  number"  of  a  black  hole.  This  number 
counts  the  number  of  boxes  of  Bekenstein  size  that  can 
be  pasted  down  (in  imagination  only!)  on  the  horizon  of 
the  black  hole.  Each  box  contains  one  bit,  one  yes-or-no 
binary  digit  of  information,  about  what  went  in  to  make 
that  black  hole. 

Text; 

It  delighted  me  so  to  hear  how  the  two  draftsmen  created  the 
picture.  One  of  them  drew  the  sphere  and  made  these  little  boxes. 
The  other  threw  coins,  and,  depending  whether  a  head  or  a  tail  came 
up.  put  down  a  zero  or  a  one. The  enormous  binary  number  one  gets 
this  way,  with  an  enormous  number  of  digits,  does  not  describe  the 
information  but  it  measures  how  many  bits  of  information. 

It  helps  to  think  of  the  relevant  information  about  what  fell  in 
as  inscribed  in  a  gigantic  telephone  book.  Each  page  of  the  telephone 
book  describes  the  energies  of  the  photons  and  electrons  and  other 
entities  that  disappeared  into  the  black  hole  in  the  act  depicted.  The 
pages  in  this  telephone  book  we  number  in  binary  digits  The  bit 
number  of  a  black  hole  is  only  the  number  of  the  page  in  the 
telephone  book,  it's  not  a  description  of  the  information  The 
information  needed  is  enormously  more  than  this  So  the  black  hole 
provides  another  example  of  the  theme  "it  from  bit." 

Quantum  theuiy  and  general  relativity  come  together  in  many 
ways.  The  task  that  has  long  been  on  the  books  is  so-called 
quantization  of  general  relativity.  But  that  phraseology  of  the  task 
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is  misleading  because  it  suggests  that  we  ought  to  quantize 
spacetime.  After  all,  isn't  spacetime  the  overarching  theme  of 
general  relativity?  Actually,  if  there  was  anything  that  misled  us 
all  and  prolonged  the  task  more  than  anything  else,  it  was  reading 
and  thinking  that  spacetime  is  the  dynamic  object.  The  dynamic 
object,  however,  is  not  spacetime.  It  is  three-dimensional  space 
geometry,  and  spacetime  is  the  history  of  that  geometry,  or  at  least 
it's  the  classical  history  of  space  evolving  in  time.  I  like  to 
consider  a  picture  like  Figure  4. 


Figure  4  *  Space,  spacetime,  aru)  superspace  Upper  left:  Five  sample 
configurations,  A.  B,  C,  D  E.  attained  by  spare  ir.  course  of  its 
expansion  and  recontraction.  Helow:  Suprrrspac  j  and  th  jse  five 
ample  configurations,  each  represented  b>  i  pi  mt  in  superspace 
Upper  riglit:  Spaentime  A  spacelike  cut,  like  A  th  ugh  spacetime 
1  ves  a  momentary  configuration  of  space  Theri-  is  no  coinpulsion  to 
limit  attention  to  a  one-parameter  family  of  slices.  A,  B,  C,  P,  f 
thi  ugh  spacetime.  The  phrase  "many-fingeied  timo"  is  loi  n 
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telling  one  not  to  so  limit  one's  slices,  and  S'  is  an  example  of  this 
freedom  in  action.  The  S-geometries  S' and  A,  B,  C,  D,  E,  iike  ali  3- 
geometries  obtained  by  all  spacelike  slices  whatsoever  through  the 
given  classical  spacetime,  lie  on  a  single  bent  leaf  of  history, 
indicated  in  the  diagram,  and  cutting  its  thin  slice  through 
superspace.  A  different  spacetime,  in  other  words,  a  different 
solution  of  Einstein's  field  equation,  means  a  different  leaf  of 
history  (not  indicated)  slicing  through  superspace.  ‘From  Charles  W. 
Misner,  Kip  S.  Thorne,  and  John  A.  Wheeler,  Gravitation.  W.  H. 
Freeman  &  Co.,  New  York,  1973,  p.  1183. 


Text: 

At  the  upper  right  is  spacetime,  like  an  egg.  A  slice  through  that 
four-dimensional  spacetime  gives  us  3-dimensional  space.  Thus  A 
or  B  or  B',  etc.  constitute  a  sequence  of  spacelike  slices  through 
spacetime.  The  two  hazy  curved  lines  symbolically  depict  two 
masses  which  interact  and  bend  space  in  their  vicinity  but  don't 
collide,  and  ultimately  fly  apart. 

Quantum  theory  of  spacetime  leads  us  to  think  of  a  probability 
amplitude,  not  of  a  iff(x)  as  we  do  in  the  Schrddinger  equation  for  a 
particle  with  one  degree  of  freedom,  but  m^((3)G)  as  a  functional  of  a 
3-dimensional  geometry:  One  probability  amplitude  for  this  3- 
dimensional  geometry,  one  for  another  and  so  on.  Classical  theory 
gives  us  a  deterministic  leaf  of  history,  cutting  through  the  space  of 
all  three  geometries. 
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Quantum  considerations  leach  us  to  speak  of  superspace. 
Superspace  is  an  infinite  dimensional  manifold,  each  point  which 
represents  all  the  properties  of  a  S-dimensional  geometry.  So  the 
3-dimensional  geometry,  A,  with  ail  its  lumps,  bumps  and  wiggles, 
is  symbolized  by  the  point  A  in  suparspace  and  3-geometry  B  is 
symbolized  by  another  point.  A  different  view  of  the  same  history,  a 
different  slice  through  spacetime,  a  slice  that  runs  in  another 
direction,  let  me  call  it  B',  is  symbolized  by  another  point  in 
superspace.  One  is  as  good  as  another.  No  canonical  choice. 

But,  there's  one  thing  wrong  with  this  classical  picture:  it 
gives  us  a  deterministic  leaf  of  history,  sharply  defined.  Classically 
a  certain  3-dimensional  geometry  is  briefly  realized  or  it  isn't. 
Quantum  mechanically,  however,  we  know  there  is  no  such  sharp  yes 
or  no  distinction  between  3-gaometries.  Instead,  there’s  a  3- 
geometry-dependent  classical  probability  amplitude  that  fallo  off 
sharply  from  this  leaf  of  hustory  that  cuts  through  superspace.  So 
the  task  of  general  relativity  -  and  it  took  a  long  time  to  recognize 
even  what  the  task  was  in  these  terms  -  was  to  find  an  equation 
for  {(3)G)  and  the  equation  can  be  written  down^  and  made  to  look 
simple; 

S  f 

in  abbreviated  form,  or  properly  spelled  out:® 

\  6y,y  byu  I 
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where; 

Gijii  H  ~Y  -  '/•  (YikYji+Yiirik-Yijrki) 

But  to  solve  it  directly  has  proved  so  far  to  be  beyond  our  power. 

Fortunately,  Ashtekar^,  Smolin,  Jacobson  and  Rovolliio  and 
colleagues  in  a  group  of  papers,  more  than  190  of  them  so  far,!! 
have  given  us  a  totally  different  way  of  dealing  with  the  quantum 
theory  which  is  closer  to  the  "it  from  bit"  point  of  view.  One  sees 
what  it  deals  with  most  easily  by  going  back  to  electromagnetism. 
There  the  simplest  quantity  to  start  with  is  the  vector  potential 
whose  curl  gives  the  magnetic  field  but  whose  integral  around  a 
circuit  gives  us,  as  in  the  Aharonov-Bohm  experiment,  the  flux  of 
magnetic  field  through  the  area  embraced  by  that  circuit.  So  one 
operation  on  the  vector  potential  is  differentiation  and  the  other  is 
integration  around  a  closed  circuit.9'^2 

Ashtekar,  Smolin,  Jacobson  and  Rovelli  deal  with  a  similar 
contrast  between  the  usual  differentiation  of  the  connection  in 
geometry  that  gives  the  curvature  tensers  on  the  one  hand  and 
integration  aiounc  a  circuit  that  gives  a  loop  variable  on  the  other 
hand  and  they  come  out  with  the  conclu'  'on  that  the  probability 
amplitude  in  typical  cases  can  be  taken  to  depend  only  on  the  knot 
class  of  the  loop. 

It's  enchanting  to  have  a  knofi^  come  into  the  story  because  as 
we  know,  we  can  have  knots  in  three  dimensions,  but  not  in  four  and 
not  in  two.  So,  it  makes  us  a  little  more  comfortable  that  we're 
right  on  the  number  of  dimensions  that  we  see  around  us. 
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So  much  for  the  formalism.  But  where  does  the  concept  of  "it 
from  bit"  appear  more  directly  in  the  work  of  Ashtekar,  Rovelli  and 
Smolin?  It  must  be  possible  to  express  spacetime  curvature  by 
something  that  is  analogous  to  the  way  we  can  get  magnetic  flux  by 
a  bit-like  or  fringe-count-measured  integral  around  a  circuit.  And 
we  can,  so  Jeeva  Anandan  teaches  us.'i2  Do  an  experiment  where  an 
uncharged  particle  -  preferably  one  with  spin  -  does  for  a  loop  in 
curved  spacetime  what  the  electron  does  in  the  Aharonov-Bohm 
experiment  in  a  region  where  there  is  a  magnetic  field  Count  the 
shift  of  fringes  and  divide  by  the  area  encompassed  between  the  two 
branches  of  the  particle  beam.  In  that  way  get  the  relevant 
component  of  the  curvature  tensor.'''^  Repeat  for  three  independent 
orientations.  In  this  way  we  get  the  three  components  that  define 
the  relevant  part  of  the  Einstein  curvature  tensor. 

Translate  questions  about  physics  into  the  counting  of  fringe 
shifts  as  a  way  to  gain  new  insight,  yes;  that  is  the  theme  of  "it 
from  bit"  in  action.  It  leaves  many  old  and  unanswered  questions 
still  unanswered,  but  at  least  offers  something  closer  to  a 
formalism  by  which  we  someday  might  answer  them:  Does  time 
necessarily  end?  Is  the  system  necessarily  closed  in  space,  too?  On 
the  small  scale,  we  know  there  must  exist  quantum  fluctuations  in 
the  geometry.  Are  those  fluctuations  strong  enough  to  give  space 
everywhere,  as  I  have  argued,^  a  foam-like  structure? 

In  a  recent  paper,  Ashtekar,  Rovelli  and  Smolin  have  made  a 
further  advance.  They  ask  and  ansvjer  a  question.  Thay  nsk,  "What 
surts  of  questions  should  we  ask  in  order  to  get  something  that  has 
a  "bit"-like  answer.  They  say  if  we  have  a  loop  that  goes  through 
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Space,  and  that  loop  cuts  through  a  surface,  then  in  the  calculation, 
we  get  the  contribution  of  a  Planck  area,  an  area  that  is  the  square, 
n  G/c3,  of  the  Planck  length  of  1899. 

When  I  heard  about  Planck's  94  year-old  paper,  1  was  so 
fascinated  by  it,  I  looked  it  up.  How  come  he  could  derive  such  a 
length  so  early  before  he  or  anyone  had  even  the  beginnings  of 
quantum  theory?  The  answer  turned  out  to  be  motivation.  He  had  set 
out  early  in  life  animated  by  the  idea  that  so  simple  a  feature  of 
nature  as  black  body  radiation  was  surely  a  guide  to  something 
fundamental.  He  recognized  then  in  the  law  of  displacement  of  color 
of  peak  radiation  with  tempei  ture  something  independent  of  all 
details  of  the  structure  of  atoms  and  solids.  Out  of  the  constant  in 
the  displacement  law  he  got  a  quantity  which  is  essentially  what 
subsequently  came  to  be  called  later  the  Planck  constant.  Out  of  the 
Planck  constant  and  the  speed  of  light  and  the  gravitational 
constant,  he  went  on  to  show,  one  could  form  a  complete  set  of 
units;  space,  time,  mass,  temperature  and  energy.  And  he  urges  that 
these  quantities  should  serve  for  natural  units  in  communications 
between  people  who  live  on  different  planets  to  break  away  from  our 
own  parochial  Earth-based  units.  After  all,  we  who  live  on  this 
planet  use  a  unit  of  time  based  on  the  turning  of  our  own  particular 
planet;  a  unit  of  mass  based  on  the  particular  fluid  we  drink;  and  a 
unit  of  length  based  on  the  distance  from  Earth's  equator  to  Earth's 
pole.  In  contrast,  the  Planck  units  are  universal.  1  found  it  easy  and 
attractive  in  1954  to  take  Planck's  paper  and  translate  his  general 
ideas  into  modern  terminology  and  to  give  his  units  a  name,  the 
"Planck  units,"  which  he,  of  course,  did  nofT.  Ashtekar,  Rovelli  and 
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Smolin  in  an  April  1993  preprint  show  that  a  loop  drawn  through 
space  contributes  to  a  certain  integral  one-Planck  unit  of  area  for 
any  surface  it  intersects.  Thanks  to  their  work  we  have  not  only  a 
working  formalism  but  we  have  some  new  and  interesting  questions. 

At  the  end  of  all  mathematics,  we  come  back  to  the  question: 
How  come  there  is  any  such  thing  as  the  quantum?  And  how  much 
attention  should  we  pay  to  someone  like  Heidegger  who  prior  to  the 
days  of  the  quantum  was  so  taken  with  the  slogan  of  Stephan  George, 
"Without  the  word,  no  thing  may  be." 

I  like  to  cite  the  game  of  Twenty  Questions  in  its  surprise 
version  as  suggestive.  You  come  in  the  door  and  you  start  asking 
your  questions.  You  know  you  only  have  twenty.  Is  it  animal?  "No." 

Is  it  vegetable?  "No."  Mineral?  "Yes."  Is  it  green?  "No."  Is  it  white? 
"Yes."  You  notice  that  the  more  questions  you  ask,  the  harder  it  is  for 
your  friends  to  answer  them.  They  have  to  think  and  think  and  think. 
And  finally,  as  the  twenty  questions  are  running  out,  you  have  to 
make  up  your  mind  to  a  definite  word;  Is  i)  “cloud?"  Your  friend 
thinks  and  thinks  and  thinks  and  finally  he  says,  "Yes."  And 
everybody  bursts  out  laughing  and  they  explain  that  when  you  went 
out  of  the  room  they  had  agreed  not  to  agree  on  a  word.  There  was  no 
word  in  the  room  when  you  came  in.  Everyone  asked  could  answer 
your  question  as  he  wished,  but  with  one  small  proviso.  If  you 
challenged  and  he  couldn't  provide  a  word  compatible  with  his  own 
answer  and  with  all  previous  answers,  he  lost  and  you  won.  So  it 
was  just  as  difficult  for  everyone  as  it  was  for  me.  This  game  of 
Twenty  Questions  has  a  little  of  the  flavor  of  the  quantum  theory  of 
the  electron  in  the  atom.  The  electron,  we  sometimes  think,  has  a 
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position  and  a  momentum  in  the  atom,  but  no;  not  until  we've  made  a 
measurement.  We  have  to  make  up  our  mind  what  we're  going  to  ask, 
but  we  can't  ask  both  questions  at  once.  Thus,  the  insertion  of 
equipment  to  determine  the  one  quantity  automatically  prevents  us 
from  installing  and  using  such  apparatus  as  would  determine  the 
other  quantity. 

So  here  we  are  at  the  end,  and  I'm  still  as  puzzled  as  I  was 
when  I  began  with  the  questions,  "How  come  existence?  How  come 
the  quantum?  "  I  don't  know  any  more  central  question  in  all  of 
physics  than  "How  come  the  quantum?" 
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ABSTRACT 

After  some  general  comments  about  statistics  and  the  TCP  theorem,  I  discuss 
experimental  searches  for  violations  of  the  exclusion  principle  and  theories  which 
allow  for  such  violations. 

1.  Introduction 

It  is  a  great  pleasure  to  speak  at  this  symposium  honoring  Yakir  Aharonov. 
Because  of  the  broad  range  of  Yakir’s  interests,  1  have  been  able  to  see  people  who 
work  in  different  areas  than  mine  whom  I  don’t  usually  see  at  conferences  and  to 
meet  for  the  first  time  people  whose  names  and  work  I  know,  but  whom  1  had  never 
had  the  opportunity  to  meet.  Yakir  is  especially  concerned  with  fundamental  issues 
which  have  lasting  interest,  such  as  particle  statistics.  In  the  first  part  of  my  talk  1 
will  say  some  things  about  statistics  and  related  issues  which  may  not  be  generally 
known,  and  in  the  second  part  I  will  focus  on  how  well  we  know  that  particles  obey 
the  statistics  we  think  they  obey  and  on  theories  which  allow  violations  of  statistics. 

By  way  of  introduction,  I  mention  two  relations  involving  spin  which  are 
on  quite  different  footings.  The  relation  between  spin  and  isospin,  that  integer- 
"'pin  particles  have  integer  isospin  and  odd-half-integer-spin  particles  have  odd-half- 
— leger  isospin,  was  suggested  on  the  basis  of  few  examples:  the  proton  and  neutron, 
which  are  in  the  odd-half-integer  category  and  the  three  pions,  which  are  in  the 
integer  category.  Further,  there  was  no  fundamental  basis  for  such  a  relation.  When 
strange  particles  were  discovered,  this  relation  was  found  to  be  violated  by  the  kaons, 
which  have  zero  spin  and  isospin  one-half,  and  by  the  lambda  and  sigma  hyperons, 
which  have  spin  one-half  and  integer  isospin.  Since  there  was  no  theory  supporting 
this  relation,  it  was  easy  to  discard  it.  By  contrast,  the  relation  between  spin 
and  statistics  first  stated  by  Pauli’  in  1936,  that  integer-spin  particles  obey  Bose 
statistics  and  odd-half-integer-spin  particles  obey  Fermi  statistics  was  supported 
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by  many  examples  and,  at  least  for  free  fields,  was  proved  by  Pauli  from  the  basic 
requirement  of  local  commutativity  of  observables.  This  relation  has  survived  and 
is  one  of  the  most  general  results  of  quantum  field  theory. 

2.  General  Comments  about  Statistics  and  Related  Issues 
t.l  Additivity  of  the  Energy  of  Widely  Separated  Subsystems 

The  zeroth  condition  I  discuss  is  the  requirement  that  the  energy  of  widely 
separated  subsystems  be  additive.  This  requires  that  all  terms  in  the  Hamiltonian 
be  “effective  Bose  operators"  in  that  sense  that 

l«(x).^(y))_  (1) 

For  example,  7<  can’t  have  a  term  such  as  ^(x)Vi(*),  where  ^  is  Bose  and  V'  is  Fermi, 
because  then  the  contributions  to  the  energy  of  widely  separated  subsystems  would 
alternate  in  sign.  Such  terms  are  also  prohibited  by  rotational  symmetry. 

S.i  Statistics  of  Bound  States  is  Determined  by  Statistics  of  Constituents 

The  well-known  rule  that  a  bound  state  of  any  number  of  Bosons  and  an 
even  number  of  Fermions  is  a  Boson,  while  a  bound  state  with  an  odd  number  of 
Fermions  is  a  Fermion,  was  first  stated  by  Wigner,’  who  published  in  Hungarian  and 
suffered  the  consequence  of  using  a  relatively  inaccessible  language.  Later  Ehrenfest 
and  Oppenheimer*  independently  published  this  result  in  English. 

i.S  Spin-Statistics  Theorem 

1  distinguish  between  two  theorems.  The  physical  spin-statistics  theorem  is 
the  theorem  of  Pauli  mentioned  above,  local  commutativity  of  observables  requires 
that,  given  the  choice  between  Bose  and  Fermi  statistics,  integer-spin  particles  must 
obey  Bose  statistics  and  odd-half-integer-spin  particles  must  obey  Fermi  statistics. 
The  phrase,  given  the  choice  between,  is  necessary,  because  the  analogous  connec¬ 
tion  holds  between  parabose  or  parafermi  statistics  and  spin.  The  theorem  which 
I  prefer  to  call  the  apin-type-of-locality  theorem,  due  to  Burgoyne,’  states  that 
fields  which  commute  at  spacelike  separation  must  have  integer  spin  and  fields  that 
anticommute  at  spacelike  separation  must  have  odd-half-integer  spin.  Both  the 
assumptions  and  the  conclusions  of  the  two  theorems  differ.  The  Pauli  theorem  ex¬ 
plicitly  assumes  a  choice  between  different  types  of  particle  statistics  and  concludes 
that  if  the  wrong  choice  is  made,  then  observables  fail  to  commute  at  spacelike  sep¬ 
aration.  For  example,  if  one  chooses  Bor'e  statistics  for  spin-one-half  particles,  i.e., 
uses  Bose  commutation  relations  for  the  annihilation  and  creation  operators  of  the 
spin-one-half  particles,  then  the  commutator  of  the  observables  for  the  free  theory 
will  contain  the  -  y)  singular  function,  which  does  not  vanish  for  spacelike 

»  -  y,  rather  than  the  S(i  -  y)  singular  function  which  docs.  The  theory  (at  least 
for  the  free  case)  still  exists.  The  Burgoyne  theorem  makes  no  statement  about 
particle  statistics;  rather  it  assumes  a  choice  bclweeu  field  commutation  ru.les.  If 
the  wrong  choice  is  made,  then  the  fields  are  identically  zero,  so  the  theory  does  not 
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even  ey  This  latter  theorem  has  a  very  general  proof  in  the  context  of  axiomatic 
field  theory;  however  it  says  nothing  about  particle  statistics. 

Weakne>»  of  the  TCP  Theorem 

In  contrast  to  the  spin-statistics  theorem,  which  requires  locality  of  observ¬ 
ables,  the  TCP  theorem  holds  regardless  of  locsJity,  and  is  a  much  weaker  theorem. 
Indeed,  it  is  difficult  to  make  a  theory  which  violates  TCP.  This  is  clearly  illustrated 
by  Jost’s  example.'  Jost  shows  that  a  free  neutral  scalar  field  whose  annihilation 
and  creation  operators  are  quantized  with  anticommutation  relations  (and  whose 
particles  thus  obey  Fermi  statistics)  still  obeys  the  normal  TCP  theorem.  Cluster 
decomposition  properties  also  hold  regsu-dless  of  the  choice  of  commutation  rela¬ 
tions. 

3.  Search  for  Small  Violations  of  Fermi  and  Bose  Statisti's 

Now  I  come  to  the  second  part  of  my  tsuk  and  discuss  how  to  detect  viola¬ 
tions  of  Fermi  or  Bose  statistics  if  they  occur.  Atomic  spectroscopy  is  the  first  place 
to  search  for  violations  of  the  exclusion  principle  since  that  is  where  Pauli  discov¬ 
ered  it.  One  looks  for  funny  lines  which  do  not  correspond  to  lines  in  the  normal 
theory  of  atomic  spectra.  There  are  such  lines,  for  example  in  the  solar  spectrum; 
howeve*-  itiey  probably  can  be  accounted  for  in  terms  of  highly  ionized  atoms  in  an 
environment  of  high  pressure,  high  density  and  large  magnetic  fields.  Laboratory 
spectra  are  well  accounted  for  by  theory  and  l  an  bound  the  violation  of  the  exclu¬ 
sion  principle  for  electrons  by  something  like  1  •  to  lO"*.  A  useful  quantitative 
measure  of  the  violation,  V,  is  that  V  is  the  coefficient  of  the  anomalous  component 
of  the  t'.vo-particle  density  matrix;  for  fermions,  the  two-electron  density  matrix, 
is 

rt=(l-VK-tVp.,  (2) 

where  is  the  antisymmetric  (symmetric)  two-fermion  density  matrix.  Thoma 
and  Nolte,*  in  a  contribution  to  a  poster  session  here,  discuss  bounds  on  the  violation 
of  the  exclusion  principle  for  nucleons  based  on  the  absence  of  the  nucleus  'it. 
Bounds  rlso  follow  from  the  absence  of  ‘He.  Mohapatra  and  I  surveyed  a  variety  of 
searches  for  violations  of  oarticle  statistics  in 

1  will  discuss  an  insightful  experiment  by  Maurice  and  Trudy  Goldhaber* 
which  was  designed  to  answer  the  question,  “Are  the  electrons  emitted  .m  nuclear 
d-decay  quantum  mechanically  identical  to  the  electrons  in  atoms?”  We  know  that 
the  /3-decay  electrons  have  the  same  spin,  charge  and  mass  as  electrons  in  atoms; 
however  the  Goldhabers  realized  that  if  the  /3-decay  electrons  were  not  quantum 
mechanically  identical  to  those  in  atoms,  then  the  /3-decay  electrons  would  not  see 
the  K  shell  of  a  heavy  atom  as  filled  and  worfid  fall  into  the  K  shell  and  emit  an  x-ray. 
The  Goldhabers  looked  for  such  x-rays  by  letting  /3-decay  electrons  from  a  natural 
source  fall  on  a  block  of  lead.  No  such  x-rays  were  found.  The  Goldhabers  were  able 
to  confirm  that  electrons  from  the  two  sources  are  indeed  quantum  mechanically 
identical.  At  the  same  time,  they  found  that  any  violation  of  the  exclusion  principle 
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for  electrons  must  be  less  than  6%. 

Raniberg  and  Snow®  developed  this  experiment  into  one  which  yields  a  high- 
precision  bound  on  violations  of  the  exclusion  principle.  Their  idea  was  to  replace 
the  natursd  /3  source,  which  provides  relatively  few  electrons,  by  an  electric  cur¬ 
rent,  in  which  case  Avogadro’s  number  is  on  our  side.  The  possible  violation  of 
the  exclusion  principle  is  that  a  given  collection  of  electrons  can,  with  different 
probabilities,  be  in  different  permutation  symmetry  states.  The  probability  to  be 
in  the  “normal"  totally  antisymmetric  state  would  presumably  be  close  to  one,  the 
next  largest  probability  would  occur  foi  the  state  with  its  Young  tableau  having 
one  row  with  two  boxes,  etc.  The  idea  of  the  experiment  is  that  each  collection 
of  electrons  has  a  possibility  of  being  in  an  “abnormal"  permutation  state.  If  the 
density  matrix  for  a  conduction  electron  together  with  the  electrons  in  an  atom  has 
a  projection  onto  such  an  “abnormal”  state,  then  the  conduction  electron  will  not 
see  the  K  shell  of  that  atom  as  filled.  Tlien  a  transition  into  the  K  shell  with  x-ray 
emission  ir  allowed.  Each  conduction  electron  which  comes  sufficiently  close  to  a 
given  atom  has  an  iudependeut  chance  to  make  such  an  x-ray-emitting  transition, 
and  thus  the  probability  of  seeing  such  an  x-ray  is  proportional  to  the  number  of 
conduction  electrons  which  traverse  the  sample  and  the  number  of  atoms  which  the 
electrons  visit,  as  well  as  the  probability  that  a  collection  of  electrons  can  be  in 
the  anomalous  state.  Ramberg  and  Snow  chose  to  run  3U  amperes  through  a  thin 
copper  strip  for  about  a  month.  They  estimated  the  energy  of  the  x-rays  which 
would  be  emitted  due  to  the  transition  to  the  K  shell.  No  excess  of  x-rays  above 
background  was  found  in  this  energy  region.  Ramberg  and  Snow  set  the  limit 

V  <  1.7  X  10-”.  (3) 

This  is  high  precision,  indeed! 

4.  Theories  of  Violation  of  Statistics 

^.1  Gentile Intermediate  Statiftics 

The  first  attempt  to  go  beyond  Bose  and  Fermi  statistics  seems  to  iiave  bt  en 
made  by  G.  Gentile'"  wlio  suggested  an  “intermediate  statistics”  in  which  at  most 
n  identical  particles  could  occupy  a  given  quantum  state.  In  intermediate  statistics, 
Fermi  statistics  is  recovered  for  n  =  1  and  Bose  statistics  is  recovered  for  n  ->  oo;  thus 
intermediate  statistics  interpolates  between  Fcnni  and  Bose  statistics.  However, 
Gentile’s  statistics  is  not  a  proper  quantum  statistics,  because  the  condition  of 
having  at  most  n  particles  in  a  given  quantum  state  is  not  invariant  under  cliange 
of  basis.  For  example,  for  intermediate  statistics  with  n  =  2,  the  state  \\li)  life,  it,  it) 
does  not  exist;  however,  the  state  |x)  =  obtain  1  from 

I'/')  by  the  unitary  change  of  single-particle  basis,  jit)'  =  t/i.ill)  does  exist. 

By  contrast,  parafermi  statistics  of  order  n  is  invariant  under  change  of 
basis,"  Parafermi  statistics  of  order  n  not  only  allows  at  most  n  identical  parti¬ 
cles  in  the  same  state,  but  -dso  allows  at  most  n  identical  particles  in  a  symmetric 
state.  In  the  example  just  described,  neither  IV')  nor  \x)  exist  for  parafermi  statistics 
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of  ordci  two. 

4-S  Green’a  Parastatietic) 

H.S.  Green'’  proposed  the  first  proper  quantum  statistical  generalization 
of  Bose  and  Fermi  statistics.  Green  noticed  that  the  commutator  of  the  number 
opera*  t  with  the  annihilation  and  creation  operators  is  the  same  for  both  bosons 
and  fennions 

[a).,«|]-  =  *»io}.  (4) 

The  number  operator  can  be  written 

n*  =  (l/2)(o[,o»]±  +  const,  (6) 

where  the  anticommuta  r  (commutator)  is  for  the  Bose  (Fermi)  case.  If  these 
expressions  are  inserted  in  the  number  operator-creation  operator  commutation  re¬ 
lation,  the  resulting  relation  is  trilinear  in  the  annihilation  and  creation  operators. 
Polarizing  the  number  operator  to  get.  the  transition  operator  nn  which  annihi¬ 
lates  a  free  particle  in  state  k  and  creates  one  in  state  I  leads  to  Green’s  trilinear 
commutation  relation  for  his  parabose  and  parafermi  statistics, 

[(“I’Olli'Olnl-  =  2«lmoL  (6) 

Since  these  rules  are  trilinear,  the  usual  vacuum  condition, 

as|0)=0,  (7) 

does  not  suffice  to  allow  calculation  of  matrix  elements  of  the  o’s  and  o' ’s;  a  condition 
on  one-particle  states  must  be  added, 

a),a}|0)=«n|0).  (8) 

Green  found  an  infinite  set  of  solutions  of  his  commutation  rules,  one  for 
each  integer,  by  giving  au  ansatz  which  he  expressed  in  terms  of  Bose  and  Fermi 
operators.  Let 

f»=l 

and  let  the  6^®^  and  be  Bose  (Feriui)  operat  ors  for  a  —  0  but  anticommute 
(commute)  for  a  0  for  the  “parabose”  (“parafermi”)  cases.  This  ansatz  clearly 
satisfies  Green’s  relation.  The  integer  p  is  the  order  of  the  parastatistics.  The 

physical  interpretation  of  p  is  that,  for  parabosons,  p  is  the  maximum  number  of 

particles  that  can  occupy  an  antisymmetric  state,  while  for  parafermions,  p  is  the 
maximum  number  of  particles  that  can  occupy  a  symmetric  state  (in  particular,  the 
maximum  number  which  can  occupy  the  same  state).  The  case  p  =  i  corresponds 
to  the  usual  Bose  or  Fermi  statistics.  Later,  Messiah  and  I"  proved  that  Green’s 
ansatz  gives  all  Fock-like  solutions  of  Green’s  commutation  rules.  Local  observables 
have  a  form  analogous  to  the  usual  ones;  for  example,  the  local  current  for  a  Bpin-1/2 
theory  is  --  (l/2)[^(*),  Vif*)]-.  From  Green’s  ansatz,  it  is  clear  that  the  squares  of 
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aU  norms  of  states  are  positive,  since  sums  of  Bose  or  Fermi  operators  give  positive 
norms.  Thus  parastatistics  gives  a  set  of  orthodox  theories.  Parastatistics  is  one 
of  the  possibilities  found  by  DopUcher,  Haag  and  Roberts'*  in  a  general  study  of 
particle  statistics  using  algebraic  field  theor}r  methods.  A  good  review  of  this  work 
is  in  Haag’s  recent  book'*. 

This  is  all  well  and  good;  however,  the  violations  of  statistics  provided  by 
parastatistics  are  gross.  Parafermi  statistics  of  order  2  has  up  to  2  particles  in  each 
quantum  state.  High-precision  experiments  ate  not  necessary  to  rule  this  out  for 
aU  particles  wc  think  are  fermions. 

4.S  The  Ignatiev-Kvzmin  Model  and  “Paront” 

Interest  in  possible  small  violations  of  the  exclusion  principle  was  revived  by 
a  paper  of  Ignatiev  and  Kuzmin'*  in  1987.  They  constructed  a  model  of  one  oscilla¬ 
tor  with  three  possible  states;  a  vacuum  state,  a  one-particle  state  and,  with  small 
probability,  a  two-particle  state.  They  gav-s  trilinear  commutation  relations  for  their 
oscillator.  Mohapatra  and  I  showed  that  the  Ignatiev- Kuzmin  oscillator  could  be 
represented  by  a  moditied  form  of  the  order-two  Green  ansatz.  We  suspected  that 
a  field  theory  generalization  of  this  model  having  an  infinite  number  of  oscillators 
would  not  have  local  observables  and  set  about  trying  to  prove  this.  To  our  sur¬ 
prize,  we  found  that  we  could  construct  local  observables  and  gave  trilinear  relations 
which  guarantee  the  locality  of  the  current.'*  We  also  checked  the  positivity  of  the 
norms  with  states  of  three  or  less  particles.  At  this  stage,  we  were  carried  away  with 
enthusiasm,  named  these  particles  “psu-ons”  since  their  algebra  is  a  deformation  of 
the  parastatistics  algebra,  and  thought  we  had  found  a  local  theory  with  small  vi¬ 
olation  of  the  exclusion  principle.  We  did  not  know  that  Govorkov"  had  shown  in 
genersdity  that  any  deformation  of  the  Green  commutation  relations  necessarily  has 
states  with  negative  squared  norms  in  the  Fock-like  representation.  For  our  model, 
the  first  such  negative-probability  state  occurs  for  four  particles  in  the  representa¬ 
tion  of  Si  with  three  boxes  in  the  first  row  and  one  in  the  second.  We  were  able  to 
understand  Govorkov’s  result  qualitatively  as  follows:'*  Since  parastatistics  of  order 
P  is  related  by  a  Klein  transformation  to  a  model  with  exact  SO(p)  or  SV(p)  internal 
symmetry,  a  deformation  of  parastatistics  which  interpolates  between  Fermi  and 
parafermi  statistics  of  order  two  would  be  equivalent  to  interpolating  between  the 
trivial  group  whose  only  element  is  the  identity  and  a  theory  with  SO{p)  or  5t/(p) 
internal  symmetry.  This  is  impocsible,  since  there  is  no  such  interpolating  group. 

4’4  Apparent  Violations  of  Siaiistics  Due  to  Compositeness 

Before  getting  to  “quons,”  the  final  type  of  statistics  I  will  discuss,  I  want  to 
interpolate  some  comments  about  apparent  violations  of  statistics  due  to  compos¬ 
iteness.  Consider  two  *He  nuclei,  each  of  which  is  a  fermion.  If  these  two  nuclei  are 
brought  in  close  proximity,  the  exclusion  principle  will  force  each  of  them  into  ex¬ 
cited  states,  plausibly  with  small  amplitudes  for  the  excited  states.  Let  the  creation 
operator  for  the  nucleus  at  location  A  be 

-t  ■  •  |Aa1  <<  1 


(10) 


and  the  creation  operator  for  the  nucleus  at  location  B  be 

fra  -  \/l  -  +  ■  •  • .  iAnI  «  1.  (11) 

Since  these  nuclei  ate  fetmions,  the  creation  operators  obey  fermi  statistics 

li|,6j.)+-U  (12) 

Then,  _ 

b'A\0)  =  [/l  -  AJiAb  -  A„^l-Ay6i5l|0).  (13) 

l|i!ifc^|0)||’«i(Ax-As)’«  1.  (14) 

so,  with  small  probability,  the  two  could  even  occupy  the  same  location,  because 
each  could  be  excited  into  higher  states  with  different  amplitudes.  This  is  not  an 
intrinsic  violation  of  the  exclusion  principle,  but  rather  only  an  apparent  violation 
due  to  compositeness. 

4-5  “Quom” 

Now  I  come  to  my  last  topic,  “quons.”**  The  quon  algebra  is 

ai,al  -  qajaj,  ^  fkl-  (13) 

For  the  Fock  like  representation  which  I  consider,  the  vacuum  condition 

a»|0)  =  0  (16) 

is  imposed. 

These  two  conditions  determine  all  vacuum  matrix  element  of  polynomials  in 
the  creation  and  annihilation  operators.  In  the  case  of  free  quons,  all  non-vanishing 
vacuum  matrix  elements  must  have  the  same  number  of  aunihilators  and  creators. 
For  such  a  matrix  element  with  all  aunihilators  to  the  left  and  creators  to  the  right, 
the  matrix  element  is  a  sum  of  products  of  “contractions”  of  the  form  (0|aal|0)  just 
as  in  the  case  of  bosons  and  fermions.  The  only  difference  is  that  the  terms  are 
multiplied  by  integer  powers  of  The  power  can  be  given  as  a  graphical  rule:  Put 
o’s  for  each  annihilator  and  x’s  for  each  creator  in  the  order  in  which  they  occur  in 
the  matrix  element  on  the  x-axis.  Draw  lines  above  the  x-axis  connecting  the  pairs 
which  are  contracted.  The  minimum  number  of  times  these  lines  cross  is  the  power 
of  q  for  that  term  in  the  matrix  element. 

The  physical  significance  of  q  for  small  violations  of  Fermi  statistics  is  that 
5  =  2V  -  1,  where  the  parameter  V  appears  in  Eq.(  ).  For  small  violations  of  Bose 
statistics,  the  two-particle  density  matrix  is 

Pj  =  (1-V)p, +Vp,.  (17) 

where  p,^^)  is  the  symmetric  (antisymmetric)  two-boson  density  matrix.  Then  q  = 
1  -  2V. 

For  q  in  the  open  interval  (-i,l)  all  representations  of  the  symmetric  group 
occur.  As  q  -•  1,  the  symmetric  representations  are  more  heavily  weighted  and  at 
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8  =  1  only  the  totiilly  symmetric  representation  remains;  correspondingly,  as  8  — *  -1, 
the  antisymmetric  representations  are  more  heavily  weighted  and  at  8  =  -1  only  the 
totally  auntisymmetric  representation  remains.  Thus  for  a  general  ti-quon  state,  there 
are  n!  linearly  independent  states  for  -1  <  8  <  1,  hut  there  is  only  one  state  for  q  =  ±1. 
I  emphasize  something  that  many  people  find  very  strange:  there  is  no  commniation 
relation  between  two  creation  or  between  two  annihilation  operators,  except  for  q  = 
±1,  which,  of  course,  correspond  to  Bose  and  Fermi  statistics.  Indeed,  the  fact  that 
the  general  n-particle  state  with  different  quantum  numbers  for  all  the  particles  has 
n!  linearly  independent  states  proves  that  there  is  no  such  commutation  relation 
between  any  munber  of  creation  (or  annihilation)  operators.  An  even  stronger 
statement  holds:  There  is  no  two-si  'ed  ideal  containing  a  term  with  only  creation 
operators.  Note  that  here  quons  dii  rom  the  “quantum  plane”  in  wlrich 

iy  =  qyx  (18) 

holds. 

Quons  are  an  operator  realization  of  “infinite  statistics”  which  were  found  as 
a  possible  statistics  by  Doplicher,  Haag  and  Roberts'^  in  their  general  classification 
of  particle  statistics.  The  simplest  case,  q  =  0,™,  suggested  to  me  by  Hegstrom,  was 
discussed  earlier  in  the  context  of  op<-rator  algebras  by  Cimtz.’*  It  seems  likely  that 
the  Fock-like  representations  of  quons  for  l8l  <  1  are  homotopic  to  each  other  and, 
in  particular,  to  the  8  =  0  case,  which  is  particularly  simple.  Thus  it  is  convenient, 
as  I  will  now  do,  to  illustrate  qualitative  properties  of  quons  for  this  simple  case. 
All  bilinear  observables  can  be  constrticted  from  the  nnmbe.r  operator,  n*  =  tuti  w 
the  transition  operator,  mi)  which  obey 

[m.ajl-  =  6kia[,  [nn,a!„]_  =  ilraoi  (19) 

Although  the  fonnulas  for  nr  and  mj  in  the  general  case’*  are  complicated,  the 
corresponding  formulas  for  8  =  0  are  simple.’”  Once  Eq.(18)  holds,  the  Hamiltonian 
and  other  observables  can  be  constructed  in  the  usual  way;  for  example, 

=  (29) 

t 

The  obvious  thing  is  to  try 

nt=Or«»-  (21) 

Then 

('U.afl-  =  “lata!  -  i./ajoi.  (22) 

The  first  term  in  Eq.(22)  in  as  desired;  however  the  second  term  is  extra  and 
must  be  -anceled.  This  con  be  done  by  adding  the  term  J)),  nla^ma,  to  the  term  in 
Eq.(?'  1  This  cancels  the  extra  term,  but  adds  a  new  extra  term,  which  must  be 
canceleci  uy  another  term.  This  procedure  yields  an  infinite  series  for  the  number 
operator  and  for  the  transition  operator. 

Tin  =  0^0)  +  ^  n}a]^oia,  +  oi,o!,aioio,,ai,  +  . . . 

I  <i,U 


(23) 
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As  in  the  Bose  case,  this  infinite  series  for  the  transition  or  number  operator  defines 
^ln  unbounded  perator  whose  domain  includes  states  made  by  polynomials  in  the 
creation  operators  acting  on  the  vacuum.  (As  far  as  I  know,  this  is  the  first  case  in 
which  the  number  operator,  Hamiltonian,  etc.  for  a  free  field  are  of  infinite  degree. 
Presumably  this  is  due  to  the  f;  ct  that  quons  are  a  deformation  of  an  algebra  and 
are  related  to  quantum  groups.]  For  nonrelativistic  theories,  the  x-space  form  of 
the  transition  operator  is“ 

pi(»:y)  =  V''(>'Wy)  +  J 

which  obeys  the  nonrelativistic  locality  requirement 

[^i(*:y),V'''(»')l- =  ^(y-w)^('H*).  p(*;y)|o)  =  o-  (25) 

The.  apparent  nonlocality  of  this  fonnula  associated  with  the  space  integrals  has  no 
physical  significance.  To  support  tins  last  stat  nent,  consider 

=  0,  I  ~  (26) 

where  Q  =  f  d^i:j“(i).  Equation  (26)  seems  to  have  nonlocality  beca\ise  of  the  space 
integral  in  the  Q  factors;  however,  if 

[i(i(*),i»(y)]- =0,  x~y,  (27) 

then  Eq.(26)  holds,  despite  the  apparent  nonlocality.  What  is  relevant  is  the  com¬ 
mutation  relation,  not  the  representation  in  terms  of  a  space  integral.  (The  appar¬ 
ent  nonlocality  of  quantmn  electiodynamics  in  the  Coulomb  gauge  is  another  such 
example.) 

In  a  similjiT  way, 

[/’r(x,y;y',x'),  V'^*)l-  =  «(x'  -  «)'/''(x)p,(y,y')  -(-«(y'  -  (28) 

Then  tile  Hamiltonian  of  a  nonrelativistic  tlieory  with  two-body  interactions  has 
the  form 

H  =  (2m)-'  J  ■  V.-^i(x,x')|x=x’ +  <7®x<f’yF(|x-y|)p3{x,y;y,x).  (29) 

[i/,V'’(ii)...p*(z„)]_  =  [-(2m)-'  -t-^V'(|x(-»j|)]V>'(*i)  M(’^(*>.) 

j  =  i  «f 

/.PzPdx  *,i)V.*(«i)--<'U*.)P.(x.x')-  (30) 

j=i-' 

Since  the  last  term  on  the  right-haiid-sidc  of  Eq.(30)  vanishes  when  the  equation 
is  applied  to  the  vacuum,  this  equation  shows  that  the  usual  Schroi'inger  equation 
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holds  for  the  ,i-particle  system.  Thus  the  tisual  qnantiim  mechmucs  is  valid,  with 
the  sole  exception  that  any  permutation  symmetry  is  allowed  for  the  many-particle 
system.  This  construction  justifies  calculating  the  energy  levels  of  (anomalous) 
atoms  with  electrons  in  states  which  violate  the  exclusion  principle  using  the  normal 
Hamiltonian,  but  allowing  anomalous  pern.utation  symmetry  for  the  electrons. 

I  have  not  yet  addressed  the  question  of  positivity  of  the  squares  of  norms 
which  caused  grief  in  the  paron  model.  Several  authors  have  given  proofs  of 
positivity.’'”’*  The  proof  of  Zagier  provides  an  explicit  formula  for  the  determi¬ 
nant  of  the  n!  x  n!  matrix  of  scalar  products  among  the  states  of  n  particles  in 
different  quantum  states.  Since  this  determinant  is  one  for  9  =  0.  the  norms  will  be 
positive  unless  the  determinant  has  zeros  on  the  real  axis.  Zagier’s  formula 

dei  W„(?)  =  (31) 

has  zeros  only  on  the  unit  circle,  so  the  desired  positivity  follows.  Although  quons 
satisfy  the  requirements  of  nonrelativistic  locality,  the  quon  field  does  not  obey 
the  relativistic  requirement,  namely,  spacelike  commutativity  of  observables.  Since 
quons  interpolate  smoothly  between  fermions,  which  must  have  odd  half-integer 
spin,  end  bosons,  which  must  have  integer  spin,  the  spin-statistics  theorem,  which 
can  be  proved,  at  least  for  free  fields,  from  locality  would  be  violated  if  locality  were 
to  hold  for  quon  fields.  It  is  amusing  that,  nonetheless,  the  free  quon  field  obeys 
the  TCP  theorem  and  Wick’s  theorem  holds  for  quon  fields.'* 

It  is  well  known  that  external  fermionic  sources  must  be  multiplied  by  a 
Grassmann  number  in  order  to  be  a  valid  term  in  a  Hamiltonian.  This  is  necessary, 
because  additivity  of  the  energy  of  widely  separated  systems  requires  that  all  terms 
in  the  Hamiltonian  must  be  effective  Bose  operators.  I  constructed  the  quon  analog 
of  Grassmann  numbers”  in  order  to  allow  external  quon  sources.  Because  this  issue 
was  overlooked,  the  bound  on  violations  of  Bose  statistics  for  photons  claimed  in'° 
is  invalid. 

4.6  Speichcr’s  Anxaiz 

Speicher”  has  given  an  ansatz  for  the  Fock-like  representation  of  quons  anal¬ 
ogous  to  Green’s  ansatz  for  parastatistics.  Speicher  represents  the  quon  annihilation 
operator  as 

N 

(S2) 

o;s  1 

where  the  are  Bose  oscillators  for  each  u,  but  with  relative  commutation  relations 
given  by 

where  *<”■'’>  =  ±1,  (33) 

This  limit  is  taken  ns  the  limit,  N  -•  00,  in  the  vacuum  expectation  state  of  the 
Fock  space  representation  of  the  kj"'.  In  this  respect,  Speichcr’s  ansatz  differs  from 
Green’s,  which  is  an  operator  identity.  Further,  to  get  the  Fock-like  representation 
of  the  quon  algebra,  Speicher  chooses  a  probabilistic  condition  for  the  signs 

ptob(s<“''’)  =  1)  =  (1  +  ,)/2.  (34) 
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ptob(»(“''’l  = -1)  -  (1 -g)/2.  (3B) 

Rabi  Mohapatra  and  I  tried  to  get  a  specific  aiiaatz  for  the  without  success. 
I  was  concerned  about  that,  Vut  Jonatlian  Rosenberg,  one  of  my  mathematical 
colleagues  at  Maryland,  pointed  out  that  some  things  which  are  easy  to  prove  on  a 
probabilistic  basis  are  difficult  to  prove  otherwise.  For  example,  it  is  easy  to  prove 
that  with  probability  one  any  number  is  transcendental,  but  difficult  to  prove  that 
a  is  transcendental.  I  close  my  discussion  of  Spcicher’s  ansatz  with  two  comments. 
First,  one  must  assume  the  probability  distribution  is  uncorrelated,  that  is 

5] =  [(1/2)(1  +  g)(l)  +  (l/2)(l  -,)(-!))  =  (36) 

Ol/J 

(l/JV^)  5]  -r:  (37) 

(l/W®)  53  =g*,  (38) 

etc.  Secondly,  one  might  think  that,  since  Eq.(32)  implies  the  analogous  relation  for 
two  annihilators  or  two  creators  in  the  Fock-like  representation,  Spcicher’s  ansatz 
would  imply  ai,oi  -  =  0,  which  we  know  cannot  hold.  This  prohlem  would 

arise  if  the  ansatz  were  an  operator  identity,  but  does  not  arise  for  the  limit  in 
the  Fork  vacuum.  Since  a  sum  of  Bose  operators  acting  on  a  Fock  vacuum  always 
gives  a  positive-definite  norm,  the  positivity  property  is  obvious  with  Speicher’s 
construction. 

Speicher’s  ansatz  leads  to  the  conjecture  that  there  is  an  infinite-valued  hid¬ 
den  degree  of  freedom  underlying  g-deformations  analogous  to  the  hidden  degree  of 
freedom  underlying  parastatistics, 
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ABSTRACT 

It  is  argued  that  certain  recent  advances  in  the 
construction  of  a  theory  of  the  collapses  of  Quantum-Mechanical 
wave  functions  suggest  tha  possibility  of  an  account  of  the 
tendencies  of  thermodynamic  systems  to  approach  their  equilibrium 
states  in  which  epistemic  considerations  play  no  role  whatever. 
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0)  Introduction 


It  is  something  of  a  cliche  of  theoretical  physics,  by  now, 
to  entertain  the  hope  that  the  explicitly  probablistic  and 
explicitly  time-reversal-asynmietric  character  of  the  collapses  of 
quantum-mechanical  wave-functions  might  somehow  be  related  to, 
might  somehow  be  explanatory  of,  the  probablistic  and  time- 
reversal  asymmetric  character  of  the  laws  of  thermodynamics. 

And  it  is  only  slightly  less  of  a  cliche  to  point  out  that 
on  second  thought,  on  taking  stock  of  precisely  what  sorts  of 
probabilities  and  time-reversal-asymmetries  collapses  actually 
exhibit  ■  the  prospects  for  such  an  explanation  don't  look  so 
good. 

And  what  I  want  to  do  in  this  note  is  to  rehearse  the  above 
considerations  in  some  detail,  and  then  to  show  how  certain 
recent  advances  in  our  understanding  of  the  collapse-process  shed 
a  radically  different  light  on  them. 
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1)  Hhat  tha  C*ntr*l  Problan  at  tha  7o\mdatlona  of 
Statistical  HaclianlcB  la 


Recall  some  actual  historical  circumstance  (of  which  you 
have  witnessed  a  huge  number)  in  which  two  macroscopic  bodies 
whose  temperatures  initially  differed  were  brought  into  thermal 
contact  with  one  another,  and  in  which  those  two  bodies  were  not 
subsequently  disturbed,  and  in  which,  ten  minutes  thereafter,  the 
temperature-difference  between  those  two  bodies  had  decreased; 
and  consider  what  the  correct  explanation  of  that  decrease  is. 

The  statistical-mechanical  explanation  of  that  decrease, 
both  in  the  classical  and  in  the  quantum  case,  runs  (crudely) 
like  this: 

The  initial  macrostate  of  that  two-body  system  was 
compatible  with  a  huge  number  of  its  possible  microstates;  and 
the  overwhelming  majority  of  those  compatible  microstates  were 
ones  which  the  deterministic  equations  of  motions  entail  would 
evolve,  over  the  next  ten  minutes,  towards  states  in  which  the 
temperature-difference  between  those  two  bodies  is  smaller. 

And 

There's  a  principle  of  reasoning  (which  has  gone  under 
various  names  at  various  times;  a  principle  of  indifference ■  a 
principle  of  symmetry)  to  the  effect  that  >  f  we  have  no 
information  bearing  on  the  question  of  which  one  of  a  certain  set 
of  states  obtains,  then  the  probability  we  assign  to  any 
particular  one  of  those  states  obtaining  ought  to  be  equal  to  the 
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probability  we  assign  to  any  particular  other  one  of  them 
obtaining. 

And 

As  of  the  moment  when  those  two  bodies  were  brought 
together,  nobody  had  any  information  whatever  bearing  on  the 
question  of  which  one  of  the  above-mentioned  compatible 
microstates  of  that  system  then  obtained. 

And  so 

As  of  the  moment  when  those  two  bodies  were  brought 
together,  everybody  ought  to  have  judged  it  to  be  overwhelmingly 
likely  that  the  microstate  of  that  system  was  one  of  those  which 
the  deterministic  equations  of  motion  entail  would  subsequently 
evolve  towards  states  in  which  le  temperature-difference  between 
those  two  bodies  is  smaller. 

And  so 

It  was  very  much  to  be  expected,  as  of  the  moment  when  those 
two  bodies  were  brought  together,  that  the  temperatures  of  those 
two  bodies  would  approach  one  another  over  the  subsequent  ten 
minutes . 

And  it  is  arguably  the  central  problem  at  the  traditional 
foundations  of  statistical  mechanics  that  there  has  always  seemed 
to  be  something  manifestly  unsatisfactory  about  that  explanation. 

It's  something  like  this: 

Nothing,  surely,  about  what  anybody  may  or  may  not  have 
known  about  those  two  bodies  at  the  moment  when  they  were  brought 
together  can  have  played  any  role  in  bringing  it  about  (that  is: 
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in  causing  it  to  happen >  that  the  temperatures  of  those  two 
bodies  subsequently  approached  one  another!  And  so  presumably 
nothing  about  what  anybody  may  or  may  not  have  known  about  those 
two  bodies  at  the  moment  when  they  were  brought  together  can  play 
any  role  in  satisfactorily  explaining  why  their  temperatures 
subsequently  approached  one  another.  And  yet  (and  this  is  what 
the  trouble  isl  the  fact  that  nobody  knew,  as  of  the  moment  when 
they  were  brought  together,  precisely  which  one  of  the  possible 
microstates  of  those  two  bodies  then  obtained  plays  a  crucial 
role,  an  indispensable  role,  in  the  above  so-called  "explanation" 
of  the  fact  that  the  their  temperatures  subsequently  approached 
one  another. 

And  what  I  want  to  do  in  this  note  is  to  describe  how 
(notwithstanding  the  sorts  of  objections  which  were  alluded  to  in 
the  introduction,  and  which  will  be  described  more  fully  in  the 
next  section)  certain  recent  developments  in  the  quantum- 
mechanical  theory  of  measurement  suggest  the  possibility  of  a  new 
and  much  improved  foundation  for  statistical  mechanics,  in  which 
no  such  trouble  can  arise. 


3)  VRxat  We're  In  Need  of 

Let's  set  up  some  notation. 

Consider  (again)  the  two-body  system  we  talked  about  before. 
Call  the  set  of  those  of  the  possible  microstates  of  that  system 
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which  are  compatible  with  its  initial  macrostate  "{C}".  And  call 
those  microstates  in  {C}  which  the  equations  of  motion  entail 
will  subsequently  evolve  towards  states  in  which  the  temperature- 
difference  between  the  two  bodies  is  smaller  "normal" 
microstates.  And  call  those  microstates  in  {C}  which  the 
equations  of  motion  entail  will  subsequently  evolve  towards 
states  in  which  the  temperature-difference  between  the  two  bodies 
is  bigger  "abnormal"  microstates. 

And  note  that  {C}  will  have  a  natural  metric .  In  the 
classical  case  that  metric  will  be  the  euclidian  metric  on  the 
phase  space,  and  in  the  quantum-mechanical  case  it  will  be  the 
Hilbert-space  metric  generated  by  the  absolute  square  of  the 
inner  product. 

And  note  that  a  serviceable  idea  of  what  it  amounts  to  for 
two  microstates  to  be  only  microscopically  different  from  one 
another,  an  idea  of  what  it  amounts  to  for  two  microstates  to  be 
within  one  another's  microscopic  neighborhoods .  can  be 
straightforwardly  built  out  of  that  metric. 

* 


Now,  it  has  already  been  mentioned  here  (and  this  is  a  fact 
that  was  made  important  use  of  in  the  above  "explanation")  that 
normal  microstates  in  {C}  vastly  outnumber  abnormal  microstates 
in  {C};  but  it  also  happens  to  be  the  case  (and  this  is  a  fact 
that  was  not  made  use  of  in  the  above  "explanation")  that  normal 
microstates  vastly  outnumber  abnormal  microstates  in  every 
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individual  microscQPic  neighborhood  of  {C}^,  and  (more 
particularly)  that  normal  microstates  vastly  outnumber  abnormal 
microstates  even  within  the  microscopic  neighborhoods  of  every 
one  of  the  abnormal  the  microstates  in  {C}. 

And  what  that  means  is  that  the  property  of  being  a  normal 
state  is  extraordinarily  stable  under  small  perturbations  of 
those  two  bodies,  and  that  the  property  of  being  an  abnormal 
state  is  extraordinarily  unstable  under  small  perturbations  of 
those  two  bodies. 

And  what  that  means  is  that  if  the  two  bodies  we've  been 
talking  about  here  were  in  fact  somehow  being  frequently  and 
microscopically  and  randomly  perturbed .  then  the  temperatures  of 
those  two  bodies  would  be  overwhelmingly  likely  to  approach  one 
another  no  matter  which  one  of  the  microstates  in  {C}  initially 
obtained. 

And  so  if  the  f.wo  bodies  we've  been  talking  about  here  were, 
in  fact,  somehow  being  frequently  and  microscopically  and 
randomly  perturbed,  then  the  fact  that  their  temperatures 
approached  one  another  could  be  explained  objectively,  it  could 
be  explained  (that  is)  without  reference  to  anything  about  v;hat 
anybody  happens  to  have  known. 

And  what  I  want  to  explore  in  this  note  is  a  way  of  taking 
advantage  of  that. 
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To  begin  with,  a  pair  of  perennial  misunderstandings  will 
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need  to  be  cleared  up. 

1)  The  perturbations  in  question  here  are  going  to  have  to 
be  genuinely  random,  which  is  to  say  that  they  are  going  to  have 
to  be  connected  with  real  physical  chances  in  the  fundamental 
laws  of  nature . 

That  seems  to  have  had  a  way  of  uncannily  escaping  people's 
attention.  It  has  often  been  suggested  in  the  literature,  for 
example,  that  (since  none  of  the  macroscopic  two-body  systems  of 
which  we  have  ever  had  any  experience,  and  none  of  the 
macroscopic  two-body  systems  of  which  we  ever  shall  have  any 
experience,  are  genuinely  isolated  ones)  those  perturbations  can 
be  seen  as  arising  simply  from  tiie  interactions  of  the  two-body 
system  we've  been  ft iking  about  here  with  its  environment.^  But 
so  long  la  whatever  constitutes  the  environment  of  those  two 
bodies  ±s  subject  to  the  same  sorts  of  deterministic  laws  as  the 
jonac.i  lents  of  those  bodies  themselves  are,  that  sort  of  thing 
wi  n-'centi^  get  us  nowhere:  whatever  perturbations  arise  from 
!■  eravt  .n's  with  an  environment  like  that  will  be  "random"  (if 
.  >  -i  the  word  for  it)  only  in  the  explanatorily  irrelevant 
"Oil- 3  that  nobody  happens  to  he  aware  of  precisely  what  they  are. 

2)  Not  just  any  real  physical  chances  in  the  fundamental 
laws  of  nature  will  necessarily  do  the  trick. 

That's  been  missed  too.  That's  what's  been  going  on,  for 
example,  throughout  the  long  tradition  of  attempts  to  connect  the 
probabilities  of  statistical  mechanics  with  the  real  phy  ical 
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chances  in  the  fundamental  laws  of  Quantum  Mechanics ■ ^  What  the 
trouble  with  all  those  attempts  has  always  been  (and  this  is  th'^ 
trouble  that  was  alluded  to  in  the  introduction)  is  that  on  the 
standard  way  of  thinking  about  Quantum  Mechanics  (that  is:  on  the 
Copenhagen  way  of  thinking  about  it,  or  on  von  Neumann's  way  of 
thinking  about  it)  those  chances  only  appear  in  connection  with 
the  act  of  measurement,  and  the  tendency  of  a  two-body  system 
like  the  one  we've  been  talking  about  to  approach  its  equilibrium 
state  presumably  doesn't  depend  on  arybody's  having  measured  that 
system,  or  on  anybody's  being  in  the  process  of  measuring  that 
system,  or  on  anybody's  being  about  to  measure  that  system,  and 
so  standard  sorts  of  Quantum-Mechanical  chances  (even  though 
they're  real  physical  chances,  and  not  merely  enistemic  ones)  are 
presumably  not  the  sorts  of  chances  that  can  play  any  role 
whatever  in  explaining  that  tendency. 

* 

But  it  turns  out  that  there  are  extremely  good  reasons 
(reasons  which  have  been  in  the  literature  for  an  extremely  long 
time,  and  which  have  nothing  at  all  to  do  with  the  foundations  of 
statistical  mechanics)  for  believing  that  the  standard  way  of 
thinking  about  quantum  mechanics  can't  be  right;  and  it  turns  out 
that  a  promising  non-standard  way  of  thinking  about  quantum 
mechanics  exists  in  which  i  hances  come  up  somewhat  differently. 

That's  what  the  next  :.eotioi-i  will  be  about. 
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3 }  What  Wa  Hava 

Let  me  begin  by  very  briefly  rehearsing  the  quantum- 
mechanical  measurement  problem. 

It  comes  up  like  this:  Suppose  that  every  physical  system  in 
the  world  invariably  evolves  in  accordance  with  the  linear 
deterministic  quantum-mechanical  equations  of  motion;  and  suppose 
that  M  is  a  good  measuring  instrument  for  a  certain  observable  A 
of  a  certain  physical  system  S.  What  it  means  for  M  to  be  a 
'good'  measuring  instrument  for  A  is  just  that  for  all 
eigenvalues  ap  of  A: 

[ready>H[A=ai>g  - >  [indicates  that  A=a^>[^[A=ap>s  (1) 

Where  [ready>j(  is  that  state  of  the  measuring  instrument  H  in 

Which  M  is  prepared  to  carry  out  a  measurement  of  A,  ' - >’ 

denotes  the  evolution  of  the  state  of  M+S  during  the  measurement- 
interaction  between  those  two  systems,  and  (indicates  that  A=ap>j,) 
is  that  state  of  the  measuring  instrument  in  which  ,say,  its 
pointer  is  pointing  to  the  ap-  position  on  its  dial.  That  is: 
what  it  means  for  M  to  be  a  'good'  measuring  instrument  for  A  is 
just  that  H  invariably  indicates  the  correct  value  fur  A  in  all 
those  states  of  S  in  which  A  has  any  definite  value. 

The  problem  is  that  (1),  together  with  the  linearity  of  the 
equations  of  motion  entails  that: 
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[ready>j5 


I 


[A-ai>g 


— > 


I 


[indicates  that  A=a j^>y[A=ai>g 


(2) 


And  that  appears  not  to  be  what  actually  happens  in  the  world. 

The  right-hand-side  of  (2)  is  a  superposition  of  various  I 

different  outcomes  of  the  A-measurement  (and  not  any  particular 

one  of  them),  but  what  actually  happens  when  we  measure  A  on  a 

system  S  in  a  state  like  the  one  on  the  left-hand-side  of  (2)  is 

that  one  or  another  of  those  particular  outcomes  does  emerge! 

* 

And  so  there's  been  a  tradition  of  thinking  that  there  must .  . 

in  fact,  be  physical  processes  which  do  not  proceed  in  accordance  ! 

with  the  linear  equations  of  motion:  there  has  been  a  tradition 
of  thinking  that  there  must  be  such  things  in  the  world  as  non¬ 
linear,  chance-governed,  collapses  of  the  wave-function. 

And  those  collapses  must  somehow  be  connected  with  the  act  j 

i 

of  measurement.  But  how  connected,  exactly?  ] 

The  standard  way  of  thinking  about  quantum  mechanics  j 

connects  tliem  by  f.iat.  It  amounts  to  a  fundamental  physical  law. 

on  the  standard  way  of  thinking,  that  measurements  cause  ; 

collapses.^ 

But  it's  been  understood  for  a  long  time  that  (since  the 
meaning  of  a  word  like  "measurement"  is  simply  not  nrec i se  enough 
to  appear  in  any  fundamental  Physical  law,  and  since  there  isn't 
any  plausible  moans  of  making  it  that  precise)  the  standard  way 
of  thinking  about  that  stufl  can't  possibly  be  the  right  way  of 
thinking  about  it. 
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And  so  it's  been  understood  for  a  long  time  tnat  (if  the 
argument  just  under  equation  2  is  accepted)  there  is  going  to 
have  to  be  some  sort  of  a  bona  fide  physical  theory  of  the 
collapse  of  the  wave-function;  of  which  the  connection  between 
collapses  and  measurements  will  be  an  approximate  consequence,  as 
opposed  to  a  fundamental  postulate. 

* 

Ghirardi,  Rimini,  and  Weber  have  recently  proposed  a  theory 
(the  first  theory)  like  that.  Their  idea  (which  is  formulated 
for  nonrelativistic  quantum  mechanics)  goes  like  this:  The  wave 
function  of  an  N  particle  system 


(ri-  .  .  .Tn,  t)  (3) 

usually  evolves  in  accordance,  with  the  Sclirodinger  equation;  but 
every  now  and  then  (once  in  something  like  lO^^/N  seconds)  ,  at 
random,  but  with  fixed  probability  per  unit  time,  the  wave 
function  is  suddenly  multiplie.d  by  a  normalized  Gaussian  (and 
product  of  those  two  sepnral uly.  normalized  functions  is 
multiplied,  at  that  same  instant,  by  an  overall  renormalizing 
constant) .  The  form  of  the  multiplying  Gaussian  is: 

K  cxp[-(r-r|^)  2/2^2]  (4) 

where  rj^  is  chosen  at  random  from  the  arguments  r^,  and  the  width 
of  the  Gaussian,^  ,  is  of  the  order  of  10“^  cm..  The  probability 
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of  this  Gaussian  being  centered  at  any  particular  point  r  is 
stipulated  to  be  proportional  to  the  absolute  square  of  the  inner 
product  of  (3)  (evaluated  at  the  instant  just  prior  to  this 
'jump')  with  (4).  Then,  until  the  next  such  'jump',  everything 
proceeds  as  before,  in  accordance  with  the  Schrodinger  equation. 
The  probability  of  such  jumps  per  particle  per  second  (which  is 
taken  to  be  something  like  as  I  mentioned  above) ,  and  the 
width  of  the  multiplying  Gaussians  (which  i:'  taken  to  be 
something  like  10"®  cm.)  are  new  constants  of  nature. 

That's  the  whole  theory.  No  attempt  is  made  to  explain  the 
occurrence  of  these  'jumps';  that  such  jumps  occur,  and  occur  in 
precisely  the  way  stipulated  above,  can  be  thought  of  as  a  new 
fundamental  law;  a  beautifully  straightforward  and  absolutely 
explicit  law  of  collapse,  wherein  there  is  no  talk  at  a 
fundamental  level  ur  'measurements'  or  'recordings'  or 
'macroscopicncas'  or  anything  like  that. 

Note  that  for  isolated  microscopic  systems  (i.c.  systems 
consisting  of  small  numbers  ot  particles)  'jumps'  will  be  so  rare 
as  to  be  completely  unobservable  in  practice;  and  has  been 
chosen  large  enough  so  that  the  violations  of  conservation  of 
energy  which  those  jumps  wili  necessarily  produce  will  be  very 
very  small  (over  reasonable  time-intervals) ,  even  for  macroscopic 
systems . 

Moreover,  if  it's  the  case  that  every  measuring  instrument 
worthy  of  the  name  has  got  to  include  some  kind  of  a  pointer, 
which  indicates  the  outcome  of  the  measurement,  and  it  that 
pointer  has  got  to  be  a  macroscopic  physical  object,  and  if  that 
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pointer  hat;  got  to  assume  macroscopically  difterent  spatial 
positions  in  order  to  indicate  different  such  outcomes  (and  all 
of  this  seems  plausible  enough,  at  least  at  first)®,  then  the  GRW 
theory  can  apparently  guarantee  that  all  measurements  have 
outcomes. 

Here's  how:  Suppose  that  the  GRW  theory  is  true.  Then,  for 
measuring  instruments  (M)  such  as  were  just  dosciibed, 
superpositions  like 

[A>[M  indicates  that  'A'>  +  [B>[M  indicates  that  R>  (h) 

(which  will  invariably  be  superpositions  of  macroscopically 
different  localized  states  of  some  macroscopic  physical  object) 
are  just  the  sorts  of  superpositions  that  don't  last  long.  In  a 
very  short  time,  in  only  as  long  as  it  takes  for  the  pointer's 
wave-function  to  get  multiplied  by  one  of  the  GRW  Gaussians 
^which  will  be  something  of  the  order  of  10^®/N  seconds,  where  N 
is  the  number  of  elementary  particles  in  the  pointer)  one  of  the 
terms  in  (5)  will  disappear,  and  only  the  other  will  propagate. 
Moreover,  the  probability  that  one  term  rather  than  another 
survives  is  (just  as  standard  Quantum  Mechanics  dictates) 
proportional  to  the  fraction  of  the  norm  which  it  carries. 

* 

The  reader  will  already  have  guessed  what  all  this  has  to  do 
with  the  considerations  of  sections  1  and  2. 

Let's  make  it  explicit: 

The  suggestion  is  that  every  single  one  of  the  microstates 
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in  {C}  (and  not  merely  a  large  majority  ot  them)  will  be 
overwhelmingly  likely,  on  any  theory  of  the  collapse  of  the  wave 
function  like  the  one  just  described,  to  evolve,  over  the 
subsequent  ten  minutes,  into  states  in  whic  h  the  temperature- 
difference  between  the  two  bodies  is  smaller. 

The  suggestion  (that  is)  is  that  the  'jumps'  in  the  theory 
just  described  are  precisely  the  sorts  of  'perturbations'  we 
found  ourselves  in  need  of  before,  the  ones  whereby  the  time- 
irreversibility  of  the  behaviors  of  macroscopic  physical  systems 
can  be  explained  obiectively.  the  ones  whereby  (us  a  matter  of 
fact)  it  seeiuS  reasonable  to  hope  that  epistemic  probabilities 
can  be  eliminated  from  physical  science  altogether. 

The  business  of  deciding  whether  or  not  to  take  this 
suggestion  seriously  will  presumably  involve  detailed 
quantitative  examinations  of  a  host  of  particular  cases?  but 
there  are  reasons  for  being  optimistic,  even  now,  about  how  those 
examinations  will  come  out.  The  point  to  boar  in  mind  (and  this 
is  more  or  less  what  the  point  of  this  whole  note  is)  is  that  the 
radical  instability  of  the  property  of  being  an  'abnormal' 
mlcrostate  will  entail  that  any  one  of  an  enormous  selection  of 
different  perturbations  will  be  capabli  of  getting  the  job  done. 
It  would  seem  that  we  need  only  take  care  to  insure  that  the 
perturbations  in  question  be  qenuJncly  random  (unlike  in  the 
'environmental'  scenarios),  and  that  they  be  frequent  and 
microscopic  (unlike  in  the  standard  quantum-wochanical 
scenarios) ;  and  of  course  all  of  that  gets  taken  care  of  for  us 
in  theories  like  the  Ghirardi,  Himini,  and  Weber's. 
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* 

Nonetheless,  all  of  this  will  no  doubt  strike  many  readers 
as  suspiciously  neat.  Maybe  it  will  be  useful,  then,  to  finish 
up  by  briefly  confronting  vhat  I  L.aspect  will  turn  out  to  be  a 
typical  sort  of  objection.  This  one  was  brought  to  my  attention 
by  Philip  Pearle. 

It  goes  like  this;  Consider  an  extraordinarily  tiny  gas,  one 
which  consists  of  something  on  the  order  of  10^  molecules.  Even 
gasses  as  tiny  a;;  that  are  known  to  be  very  likely  to  spread  out 
(if  space  is  available)  over  reasonable  intervals  cf  time,  and 
yet  gasses  as  tiny  as  that  very  unlikely  to  suffer  even  a  single 
GRW-type  collapse  over  such  an  interval,  and  so  an  explanation  of 
the  tendencies  of  gasses  like  that  to  evolve  like  that  over 
intervals  like  that  in  terms  of  collapses  of  the  wave-functions 
of  their  constituents  is  patently  out  of  the  question. 

What  the  correct  explanation  of  those  tendencies  will  need 
to  appeal  to,  I  suspect,  are  collapses  of  the  wave-functions  of 
the  microscopic  constituents  of  the  containers  of  those  gasses. 

And  so  the  collapse-driven  statistical  mechanics  that  this 
note  is  about  will  entail  that  an  extraordinarily  tiny  and 
extraordinarily  compressed  and  absolutely  isolated  gas  '^ill  have 
no  lawlike  tendency  whatever  to  spread  out. 

And  it  can  hardly  be  denied  that  that  runs  strongly  counter 
to  our  intuitions. 

What  it  does  not  run  counter  to,  however  (and  this  is  what 
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has  presumably  got  to  be  important,  in  the  long  run)  ,  is  our 
empirical  experience. 


Rafaraccas 


1)  "Microscopic"  differences  between  states  are  to  be 
understood  here,  by  the  way,  as  differences  which  are  much 
smaller  (and  not  merely  smaller)  than  macroscopic  ones;  so  that  a 
set  li)ce  {C}  will  necessarily  contain  a  great  number  of  non¬ 
overlapping  microscopic  neighborhoods. 

2)  See,  for  example,  J.  M.  Blatt,  Prog.  Theor.  Phys. ,  22,, 
745,  1959. 

3)  See,  for  example,  the  discussions  in  J.  von  Neumann, 
Mathematical  Foundations  of  Ouantuin  Mechanics  (transl.  by  K.  T. 
Beyer,  Princeton  University  Press,  Princeton,  1955)  and  D.  Bohm, 
Quantum  Theory  (Prentice-Hall  Inc.,  Englewood  Cliffs,  New  Jersey, 
1951)  . 


4)  See,  for  example,  P.  A.  M.  Dirac,  The  Principles  of 
Quantum  Mechanics  (oxford  nniversity  Press,  Oxford,  1930)  . 


5)  G.  C.  Ghirardi,  A.  Rimini,  and  T.  Weber,  Phys.  Rev.  D34 . 
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6)  some  second  thoughts  about  this  (which  seein  to  me  to  be 
embarrassing  but  not  fatal  to  the  GRW  theory)  are  recorded  in  D. 
Albert,  "On  the  Collapse  of  the  Wave  Function"  in  sixtv-Two  Years 
of  Uncertainty.  A.  I.  Miller  (ed.)  New  York:  Plenum  Press,  pp. 
153-65. 


TIME  REVERSAL  OF  SPIN-SPIN  COUPLINGS 
A.  PINES 

University  of  California,  Berkeley 
ABSTRACT 

It  is  still  commonly  believed  that  the  decay  of  order  in  a  coupled  many-body  system 
approaching  thermodynamic  equilibrium  is  irreversible.  A  famous  example  involves 
the  decay  of  transverse  magnetization  from  coupled  nuclear  spins  in  a  solid.  The  free 
induction  decay  is  analagous  to  the  disappearance  of  order  in  a  previously  comp-.essed 
gas  diffusing  to  fill  a  larger  container. 


Figure  1:  Decay  of  niagnetization  in  a  system  of  coupled  spins, 
and  analogy  to  diffusion  in  a  lattice  gas. 

Of  course  it  is  recognized  that,  under  unitary  evolution,  the  order  does  not  disappear, 
but  evolves  into  subtle  inter-particle  correlations.  The  question  is  whether  the  initial 
order  can  be  retrieved  and,  furthermore,  whether  the  development  of  the  correlations 
can  be  observed  experimentally.  1  shtill  show  examples  of  coupled  many-body  spin 
systems  in  which  the  apparently  irreversibly  decayed  spin  order  is  retrieved  by  time 
reversal  of  the  spin-spin  couplings  under  Haeberlen-Waugh  averaging. 


Figure  2:  Experimentally  observed  decay  of  nuclear  magnetiza¬ 
tion  and  multiple-pulse  induced  echo  during  the  tree-  induction 
of  spins  in  solid  calcium  fluoride. 
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Unlike  the  Hahn  spin  echo  in  a  system  of  uncoupled  spins,  which  appears  after  a 
single  refocussing  pulse,  time  reversal  in  the  coupled  system  requires  a  prolonged 
multiple-pulse  sequence.  Prior  to  time  reversal  the  coupled  sy.stem  is,  for  most  intents 
and  purposes,  in  equilibrium  and  appropriately  charactori'/xid  by  a  canonical  density 
operator.  By  means  of  coherent  phase  shifting,  it  is  possible  to  detect  and  follow 
the  time  evolution  of  multiple-quantum  spin  coherences  to  high  order  (hundreds  of 
particles). 
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Figure  3'.  Experimentally  observed  evolution  of  multiple- 
quantum  coherences  arising  from  the  development  of  correla¬ 
tions  among  coupled  '//  spins  in  solid  he.xampthylben7,ene. 

The  muhiple-quantuin  coherences  reflect  the  existence  of  evolving  spin-spin  correla¬ 
tions  (the  subtle  correlations  that  now  sustain  the  original  one-particle  order).  Tlic 
coherences  exhibit  interesting  examples  of  Abelian  and  non- Abelian  geometric  phases. 

References:  A.  I’ines,  NMR  in  Physics,  Chemistry  and  Biology:  Illustrations  of 
Bloch’s  Legacy,  I’rocc-edings  of  the  Bloch  Symposium,  ed.  W,  A,  I.itt.le,  World  Sci¬ 
entific  (1990);  W.  Zwanziger,  M.  Koenig,  and  A.  I’ines,  Berry's  Phase,  Ann.  Rev. 
Phys.  Chem.,  41,  601  (1990);  L.  Hrnsley  and  A.  Pines,  Ijecturns  on  Pulsed  NMB.,  Pro¬ 
ceedings  of  the  CXXlll  School  of  Physics  "Enrico  Fermi”,  ed.  B.  Maraviglia,  North 
Holland  (1994). 
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and 
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Abstract 

The  issue  of  neutron  acceleration  by  uniform  electromagnetic  fields  is  examined.  Al¬ 
though  straightforward  manipulation  of  the  equations  of  motion  implies  such  an  effect, 
some  doubt  has  continued  to  exist  as  to  whether  it  is  in  principle  obs(;rvf),ble.  To  resolve 
this  matter  a  gedanken  experiment  is  proposed  and  auly/,<al  using  a  wave  ).>a":ket  construc¬ 
tion  for  the  neutron  beam.  By  allowing  arbitrary  orientation  for  the  neutron  spin  as  widl 
as  for  the  electric  and  magnetic  fields  a  nonvanishing  acceleration  of  the  center  of  the  neu¬ 
tron  wave  packet  is  found  which  confirms  the  predictions  of  the  canonical  formalism.  It  is 
also  shov/n  that  the  difference  between  the  canonical  and  kinetic  momenta  is  in  principle 
observable  and  in  agreement  with  what  one  obtains  using  operator  methods. 
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Although  the  motion  of  a  neutral  nonrclativistic.  spin- 1/2  particle  in  a  magnetic  field  i:; 
generally  regarded  as  well  understood,  the  corresponding  problem  with  combined  idectric 
and  magnetic  fields  continues  to  evoke  discussion  of  underlying  principles.  Such  a  system 
can  be  described  by  the  Hamiltonian 

=  pxE)  (1) 

2m  me 

where  p  and  m  refer  to  the  momentum  and  ma.e3  re8pectiv>dy  of  the  particle  (e.g.,  a 
neutron).  The  magnetic  moment  is  ft  =  7<r/2  with  a  being  the  set  of  Paiili  spin  matrices. 
It  is  assumed  that  the  fields  E  and  B  are  uniform  and  time  independent.  Upon  caleulating 
the  commutators  of  H  with  p,  x,  and  u  one  finds 

X  =  p/m  -I-  E  X  /i  (2) 

me 

p  =  0  (3) 

<7  =  70  X  [B - ^  P  X  E]  (4) 

me 

It  follows  upon  insertion  of  (4)  int<j  the  time  derivative  of  (2)  that’ 

x  =  ^Ex(/(XB)-|-0(E^)  .  (h) 

me 

Thus  the  inclusion  of  an  electric  field  is  seen  to  lead  to  a  nonvanishing  acceleration  jiropor 
tioiud  in  lowest  order  to  both  |E|  and  |B|.  It  also  implies  that  the  canonical  momentum  p 
docs  not  coincide  with  the  kinetic  momemtuni  mv. 

Although  the  overall  consistency  of  the  canonical  formalism  of  quantum  imxhanics 
would  appear  to  offer  no  alternative  to  the  result  (5),  there  has  been  a  recent  suggestion^ 
that  in  fact  the  predicted  acceleration  is  ess<nitially  unobservable.  It  should  be  noted, 
however,  that  at  least  undtT  the  assumption  of  constant  fields  .such  a  (juestion  must  b(‘ 
capable  of  being  resolved  niiambigu;  usly  by  a  direct  calculation  based  oi\  the  Schiddingcr 
equation.  In  particular  a  neutron  which  passes  from  a  field  fre<!  region  to  one  de, scribed 
by  the  Hamiltonian  (1)  can  be  viewed  as  being  subject  to  a  constant  but  spin  dependent 
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potential.  Corresponding  to  the  particular  spin  eigenvalues  the  potential  harrier  for  fixed 
p  is  then  either  attractive  or  repulsive. 

To  settle  th-3  issue  one  can  imagine  carrying  out  the  following  experiment.  A  wave 
packet  describing  a  neutron  is  allowed  to  propagate  in  the  field  free  region  r  <  0  and 
to  enter  the  uniform  field  region  z  >  0  at  normal  incidence.  The  coordinate  .system  is 
chosen  so  that  the  center  of  the  wave  packet  pastw^s  through  the  origin  at  time  t  --  0.  It 
is  also  assumed  that  the  neutron  is  totally  polari/.i'd  in  the  direction  of  the  unit  vector 
n.  At  a  distance  zd  from  the  origin  a  detector  is  placed  which  measures  the  transverse 
displaceiiumt  of  the  beam  as  a  function  of  zp  to  arbitrary  accuracy.  Since  then-  can  hi- 
no  possibility  of  carrying  out  such  nieasureineuts  witliout  Ji  trimsvruse  locali/ation  of  the 
beam,  it  is  evident  that  the  wave  packet  must  be  spread  in  at  least  one  of  tlu;  two  transverse 
momentum  variabh's.  Furthermore,  a  spnuwliiig  in  the  z  e(H»r»linaU;  is  reipiired  in  orthu  to 
allow  a  tim<!  of  flight  to  he  infiirred  from  the  detector  position  zp. 

Thus  the  sj^atial  i)art  of  the  wave  function  for  z  <  0,  <  <  0  is  given  by 
Mz  r  .n'l  -  / 

where'  ii'  is  a  unit  vector  in  the?  x,  y  plane.  Th<e  momentum  H]mci;  wave?  fune'lie)ii  /(pt  ,P'7)') 
is  taken  to  he?  an  e-ven  function  in  p  ■  n'  which  is  peake?d  mouiiel  the  pi>int  y  ■  re'  —  1),  p,  =  k. 


It  is  nonuali'/.eei  by  tlie?  e-ernelitiern 


/,,2 


WhiU’  {I  GiuiHsiaii  form  for  f(piy}>'  u*)  would  lillow  an  exjdirit,  rulnihitioii  of  Llif  w;lv«‘ 
to  hv  p<!ifonnr<l,  it  is  not  in  fiwt  r<M(uii<nl  for  this  prohlnn.  It  may  iilsu  l>r  noted 
that  n  localization  of  th<’  wave  function  in  tin?  scMrond  transverHr  <lhection  is  possible  lus 
■well,  hut  is  hasically  irrelevant  to  the  result. 

When  the  wav«^  i)acket  pfusses  tlirough  the  origin  the  luiual  reflection  and  traiisinisHioii 
eif<!cts  an;  (uicoiintenHl  although  one  clearly  is  iiiterest^xl  only  in  the  traiiHiiiitted  part  for 
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Th<^  evaluation  of  the  trace  is  simplified  by  the  observation  that  because  of  the  luitisym- 
metry  of  the  integrand  in  Eq.  (8)  under  the  simultaneous  chaitge  of  sign  of  x  ■  n',  p  ■  n', 
and  p'  •  n'  only  those  terms  in  T  which  are  odd  in  p  •  n'  and  p'  •  n'  can  contrihut(r.  Upon 
writing 


exp 


2p,  'me  '] 


=  C  +  tlB  -  —  p  X  E|-‘<7  •  (!'  -  —  p  X  E)5 
me  me  ' 


whi 


(C,  S)  =  (cos,  sin) 


myz 


|B  -  —  px  El 


and  using  a  prime  to  denote  the  same  quantities  when  p  is  replaced  by  p',  it  is  iirst  noted 
that  the  CC  terms  make  no  contribution  to  the  trace.  To  the  desired  orchrr  oni^  thus  finds 
for  (9)  the  re.sult 

p')i 

+  i(CS'tC'5)i„.Ex(p-p');h  , 

Upon  ins<!rting  this  into  (8)  it  is  observed  that  the  canonical  comnintation  relations 
imply  that  the  combination  (i  •  ti')(p  —  p')  becomes  in'  .so  that.  (8)  istduces  to 


(Ex,,')  ■  CS.„EX„' 


(10) 


mr|B|''  “  ' - '  ^ - ^  me|B| 

To  complete  the  calcuhition  one  notes  that  it  is  sufficient  to  work  to  lowest  order  in  E  and 
B  and  to  iiegl(!ct  corrections  of  the  order  of  Ap^/k  when-  Ap,  is  the  wav(;  packet  width  in 
momentum  space.  This  allows  C  and  .9  to  be  replaced  by  1  and  rri7z|lt|/2fc,  n'spectively, 
thereby  yiehling  for  (10) 

<x-n'  >  =  n'  •  [E  X  (7  ^  n  X  B)] 

d  fii'  Ex-  711 - } 


(11) 
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where  x  haa  been  replaced  by  zo  which  in  turn  is  related  to  the  time  of  flight  <  by  zd  = 
kt/m.  This  identification  is  made  jiossible  by  virture  of  the  fact  that  the  wave  packet  is 
localized  in  the  z  coordinate  while  its  center  moves  with  velocity  fc/m. 

The  verification  of  the  expressions  derived  in  ret.  1  for  the  acceleration  and  the 
kinetic  momentum  is  now  immediate.  For  short  times  f  Eq.  (5)  chsirly  implies  that  there 
should  exist  a  term  in  the  mean  transverse  displacement  whose  coefficient  is  one-half  the 
acceleration.  It  is  striking  that  the  calculation  presented  here  yields  an  acceleration  which 
has  precisely  the  vector  structure  implied  by  the  canonical  formalism.  Also  noteworthy  is 
til  fact  that  the  second  term  in  (11)  is  linear  in  f  and  corrt!a]M)nds  to  the  unlforni  drift  of 
the  particle  beam  implied  by  the  difference  between  the  cimonical  and  kiiudic  momenta  as 
indicated  in  Eq.  (2).  This  term  (unlike,  the  acceleration)  requires  no  magnetic  field  and 
oiK^  miglit  therefore  expect  that  it  wouhl  off<-r  fewer  obstacles  to  an  experimental  detection. 

One  <if  us  (CRH)  ai'knowledges  the  suiiport  of  U.S.  D<q>artnient  of  Eni-rgy  Cranl  No. 
DE-FG02-91BR40G85. 
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Abstract 

It  is  shown  that  the  Schrodin^er  iduu  that  considers  a  pnrticle  ns  an  extended 
wave  function  is  not  wrong  us  is  usually  thought.  The  argument  relies  on  u 
new  method  of  measurement  -  the  protective  measurement  -  which 
measures  the  SchrSdinger  wave  without  disturbing  it.  However,  to  avoid 
paradoxes  we  have  also  to  accept  a  new  formulation  of  quantum  mechanics 
which  is  bused  on  two  state  vectors  instead  of  one,  the  usual  (history)  state 
evolving  toward  the  future  and  a  second  backward  evolving  (destiny)  stete. 


I.  The  Standard  Interpretation  of  Quantum  Theory 

When  Schrodingcr  propowod  hiu  wave  equation,  there  was  much  argument 
about  the  physical  meaning  of  the  wave  function.  While  SchrSdinger  believed 
that  the  wave  function  for  a  single  particle  represents  an  extended  object  that 
was  really  moving  in  space.  Bom  suggested  that  the  wave  function  of  a  single 
particle  has  only  a  probabilistic  meaning.  That  is,  any  experiment  looking  at 
a  single  particle  will  find  that  particle  at  only  one  locution,  but  will  never  sec 
it  as  an  extended  object.  Only  if  we  have  an  ensemble  of  particles,  can  wo  see 
the  full  implication  of  the  wave  function.  For  an  ensemble  the  quantity 
v(/+(x)\|/(x)  is  proportional  to  the  probability  of  finding  the  particle  at  the  point 
X.  We  are  able  to  infer  the  cxtenrlcd  nature  of  a  single  particle  only  indirectly, 
for  example,  by  analyzing  a  two  slit  experiment. 

There  are  three  general  arguments  usually  presented  as  to  why  we  can  never 
see  the  wave  function  of  a  single  particle.  Those  arguments  seem  convincing, 
but  we  will  later  show  why  they  are  misleading. 

1.  In  the  laboratory  we  never  .see  an  extended  object.  If  wc  make  a 
measurement  of  an  electron,  wc  will  always  see  it  as  a  point  on  a 
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photographic  plate,  or  a  single  track  in  a  cloud  chamber.  It  will  always 
appear  as  a  localized  object,  never  as  an  extended  object. 

2.  The  second  argument  appeals  to  unitarity.  Suppose  we  have  two 
possible  wavefunctions  in  the  Schrodinger  representation,  \j/i  and  ^\l2■ 
These  are  two  diHerent  descriptions  in  space  since,  in  general,  the  two 
functions  are  not  orthogonal  vectors  in  the  Hilbert  space.  Suppose  wc 
now  say  that  there  is  a  measurement  that  can  distinguish  between  the 
states  Yi  and  V|/2  which  are  not  orthogonal.  That  means  there  exists  a 
measuring  device  with  some  state  (()  such  that  if  the  system  is  in  state 

the  atalu  of  tlie  measuring  device  will  go  to  <|)i_  and  if  the  system  is 
in  state  tj/2  the  measuring  device  state  will  go  to  (1)2.  To  be  able  to 
distinguish  between  the  two  results,  we  must  have  (j)!  imd  (|)2 
orthogonal.  However,  this  violates  unitarity  since  the  initial  states 
were  not  orthogonal. 

The  usual  argument  is  to  have  a  large  number  of  particles  described  by 
the  same  wavofunction  Vj/.  That  is,  we  start  with  a  set 

\|/i(jcn)  and  a  set  V2U1),  V2U2).  ...,V2(*n)-  Using  these  two 
ensembles,  wc  can  distinguish  between  the  two  slates,  since  the  scalar 
product  between  any  Vj/i  and  ^1/2  is  less  than  1.  The  sfcalar  product 
between  the  states  of  two  sulHciently  large  ensembles  of  i)articles  is 
essentially  zero.  Once  again  the  statistical  interpretation  seems  to  be 
indicated. 

3.  The  last  arg,  ament  is  the  most  important  since  it  forces  us  to  adopt  Ibe 
two-vector  fonnulation.  Suppose  at  time  /,  there  is  a  quantum  particle 
whose  wavofunction  is  non-zero  in  a  large  region.  Let  u;  assume  there 
is  an  experiment  which  can  determine  that  the  particle  is  spread  over 
this  large  region.  Wc  do  this  experiment  and  s<»on  allerwards  we  do  tlio 
usual  experiment  and  (ind  the  particle  localized  at  one  position.  If  we 
were  studying  a  charged  particle,  huge  currents  must  How  to  conserve 
charge.  Otherwise  there  would  be  another  frame  of  reference  where  tlie 
charge  is  not  conserved.  Thus  the  wavefunction  cannot  collapse 
infinitely  fast.  There  is  no  way  that  an  extended  object  can  suddenly 
become  a  localized  one. 

We  would  like  to  be  able  to  observe  the  full  wave  function.  'J’be  wavefunction 
obeys  the  Schrodinger  equation  which  tolls  us  wo  have  a  vector  in  Hilbert 
space  which  evolves  in  a  deterministic  fashion.  All  the  my.stery  in  quantum 
rriCidiuiiicB  occurs  because  we  are  told  that  we  cannot  observe  the 
wavefunction.  What  we  can  observe  is  not  what  iS  described  by  the 
mathematics.  The  connection  between  what  cun  be  ob.served  in  the  labora1,ory 
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and  what  is  described  by  the  Schrddinger  equation  is  only  probabilistic.  It 
would  be  beautiful  if  we  could  sec  the  wavefunction  directly. 


II.  Protective  Experiments  —  An  Example 

The  main  argument  for  the  rcfonnulation  suggested  here  is  that  there 
are  experiments  which  protect  the  wavefunction  so  we  can  measure  the 
wavefunction  without  destroying  it.  We  call  such  experiments,  protective 
experiments.  Shelly  Glashow  suggested  calling  these  protective  experiments 
“in  vivo”  experiments.  This  is  in  analogy  with  biological  experiments  which 
preserve  the  life  in  a  cell  of  small  living  objects.  We  shall  consider  below  an 
example  in  which  the  protection  is  due  to  energy  conservation. 

Suppose  we  are  given  a  particle  described  by  a  known  Hamiltonian  with 
discrete,  non-degenerate  eigenstates.  We  arc  told  that  the  particle  is  in  a 
definite  eigenstate  and  we  are  asked  to  measure  its  wavefunction.  A 
particular  example  of  this  would  be  an  electron  in  the  ground  state  of  a 
hydrogen  atom.  In  the  standard  interpretation,  we  measure  the  energy  of  this 
state  and  say  that  this  is  all  that  can  be  known.  However,  quantum 
mechanics  contains  much  more  information  than  this,  it  tolls  us  that  there  is 
a  wavefunction  at  each  position  in  space.  This  is  an  infinite  amount  of 
additional  information  for  a  single  particle.  We  will  now  discuss  how  we  can 
extract  this  information  without  disturbing  the  wavefunction. 


Measurement  in  an  ideal  quantum-mechanical  experiment  has  been 
described  by  von  Neumann.  We  lot  Ho  be  the  Hamiltonian  of  the  free  system. 
This  could  be  the  Hamiltonian  of  an  electron  in  the  atom  where,  for 
simplicity,  we  lake  the  proton  mass  as  infinitely  large.  We  let  A  represent  the 
quantity  we  wish  to  measure,  and  lot  </  be  a  variable  of  the  measuring  device. 
Then,  the  Hamiltonian  of  the  system  is 


H  =  Ho  +  g(0</A. 


where  g«)  is  an  interaction  parameter.  We  choose 


l<l/T 


(1) 

(2) 


Here  T  is  the  effective  time  of  the  inuasurcment  and  go  is  a  constant 
representing  the  strength  of  the  coupling  between  the  system  and  the 
measuring  device. 

There  are  two  interesting  limits.  The  first  is  the  impulsive  limit  where  we 
take  T  ->  0  and  the  other  is  the  adiabatic  limit  where  wo  take  T  ->  >».  The 
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usual  experiment  is  to  take  the  impulsive  limit  in  which  the  experiment  lasts 
an  extremely  short  time.  In  this  case  we  can  ignore  Ho,  and  the  momentum 
coiyugate  to  q  will  be  changed  by  one  of  the  eigenvalues  of  A.  We  are  only 
able  to  get  probabilities  for  this  change  and  hence  cannot  measure  the 
wavefunction. 

In  the  adiabatic  limit  the  experiment  lasts  a  long  time  while  the  coupling 
between  the  measuring  device  and  the  particle  becomes  very  weak  and 
approaches  zero.  Surprisingly,  even  though  the  coupling  goes  to  zero,  we  can 
still  get  information  about  the  particle  and  we  get  this  information  without 
changing  the  wavefunction.  Indeed,  in  the  adiabatic  limit  the  ground  state 
wave  function  is  the  ground  state  of  the  full  Hamiltonian  during  the  full  time 
of  the  measurement.  The  only  thing  that  can  change  is  the  phase. 

We  will  first  look  at  an  eigenstate  of  q  and  then  at  a  superposition  of 
eigenstates.  For  an  eigenstate,  the  adiabatic  limit  becomes  a  normal 
perturbation  problem.  The  energy  goes  to  the  original  energy  plus  a 
correction  that  goes  to  zero,  that  is 

E  =  Eo  +  g(f)<7(A)  (3) 

where  (A)  is  the  expectation  value  of  A  calculated  with  the  original 
wavefunction.  Now  E  -  Eq  — >  0  but  the  total  phase  accumulated  is 


jE«)  d<  =  JEq  di  +  go  <;(A>. 


(4) 


Since  quantum  theory  is  a  linear  theory,  what  is  true  for  q  as  an  eigenstate  is 
true  for  a  superposition  of  eigenstates.  If  we  start  with  the  measuring  device 
in  a  Bupurposition  of  q’s  there  will  be  a  different  phase  associated  with  each 
value  of  q.  If  p  is  the  momentum  conjugate  to  q,  the  change  in  p  will  be  6p  = 
go(A).  So  we  can  measure  not  only  the  eigenvalue  of  an  operator,  but  the 
average  of  an  operator  in  a  given  state. 

Wc  can  also  clearly  make  N  simultaneous  measurements  with  N  measuring 
devices,  each  measuring  a  different  An-  The  Hamiltonian  in  this  case  is 

N 

H  =  Ho  +  g(t)  TfinAn. 

n  =:  o 


(5) 
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If  we  choose  the  set  of  variables  An  to  be  the  projection  operators  in  different 
regions  of  space,  the  results  for  each  An  will  be  proportional  to  at 

this  point  and  the  entire  set  measures  \^(x)  in  its  full  glory  in  all 

space. 


III.  Refutation  of  the  Three  Arguments  of  Section  I 

We  must  now  show  why  the  three  seemingly  very  convincing  arguments  of 
Section  I  were  misleading. 

1.  The  first  argument  is  easily  discounted.  The  previous  experiments 
were  simply  not  the  right  experiments.  Up  to  now,  we  have  only 
designed  experiments  that  would  “kill”  the  wavcfunction  by  looking  for 
a  localized  particle.  These  were  not  “in  vivo"  experiments.  In  analogy 
with  our  biological  example,  if  you  do  the  wrong  experiment  on  an 
organism,  you  will  kill  it.  We  previously  were  doing  the  wrong 
experiment  on  Vj/  and  thus  “killed”  it. 

2.  The  unitarity  issue  is  resolved  in  an  interesting  way.  The  only  states 
that  were  protected  are  nondegenerate  eigenstates  of  the  Hamiltonian. 
These  eigenstates  are  orthogonal  to  each  other,  so  no  contradiction 
with  unitarity  arises.  If  we  try  to  measure  superpositions  of  two  such 
states  the  system  will  collapse  to  one  state  or  the  other.  Wo  are  still 
able  to  sec  the  state  in  its  full  glory,  but  we  see  only  one  state  out  of 
the  act  of  completely  orthogonal  nondegeneratc  eigenstates  of  the 
Hamiltonian.  If  wc  want  to  see  other  states  such  as  a  superposition  of 
eigenstates,  we  must  find  a  different  protection  since  conservation  of 
energy  does  not  preserve  them. 

The  issue  is  not  to  think  of  measurement  as  just  determining  what  we 
don’t  know.  The  real  issue  of  measurement  theory  is  determining  what 
can  manifest  itself.  If  wc  have  an  electron  passing  through  two  slits, 
wc  can  measure  its  wave  function  for  a  single  particle  and  see  the  full 
glory  of  the  interference  spectrum.  It  is  only  necessary  to  devise  the 
right  protection. 

3.  Complete  resolution  of  the  third  argument  will  be  presented  in  the 
next  section  but  it  is  interesting  and  fruitful  to  consider  what  happens, 
if  while  performing  a  protective  measurement  in  one  region  of  space,  a 
usual  position  measurement  is  performed  at  some  other  location  and 
finds  the  particle  there.  Can  wo  violate  causality  and  send  signals 
faster  than  light?  The  answer  is  no.  As  an  example  suppose  we  have  an 


electron  in  the  ground  state  of  the  hydrogen  atom  as  shown  in  the 
figure. 


experi  ;ent 

We  are  doing  our  protective  experiment  in  the  vicinity  of  the  proton  and 
find  the  wave  function  density  corresponding  to  the  ground  state.  While 
we  are  doing  our  experiment  some  other  physicist  makes  a  non-protective 
measurement  at  a  large  distance  L  away  from  us  and  finds  the  whole 
particle  there.  This  contradicts  the  outcome  of  our  protective  experiment, 
To  avoid  possibility  of  casual  connection  between  these  experiments,  we 
must  complete  our  protective  experiment  in  a  time  T  less  than  li/c.  For 
finite  time  experiirent  we  no  longer  can  be  sure  that  the  electron  remains 
in  the  ground  st  .te.  There  is  a  finite  probability  of  exciting  the  state, 
which  goes  like  e~^  .  This  is  the  probability  to  make  a  mistake.  On  the 
other  hand,  the  probability  to  find  the  particle  at  location  L  is 

-L  "<[ 2mE 
e 

where  m  is  the  mass  of  the  particle  and  E  is  the  binding  energy.  The  only 
way  to  violate  causality  is  to  have  a  binding  energy  greater  than  2mc^.  We 
have  a  nice  result.  There  is  no  way  to  consistently  describe  a  single 
particle  in  relativistic  quantum  theory  if  the  binding  energy  exceeds 
2mc2. 


IV,  The  Two-Vector  Reformulation  of  Quantum  Theory 

To  resolve  violation  of  Lorentz  covariance  in  the  wavefunction  collapse 
problem  we  must  reformulate  quantum  mechanics.  It  is  pos'.sible  >  o  do  this  by 
using  the  two-vector  formulation.  The  two-vector  formulation  can  be 
described  as  follows.  Suppose  we  have  a  region  of  space  where  an  experiment 
is  performed.  For  example.  »  a  scattering  experiment  we  start  with  an 
incoming  state,  call  it  \|/i  allow  this  prepared  state  to  interact  and 
produce  a  set  of  outgoing  states  corresponding  to  different  outcomes.  We  want 
to  select  only  particles  that  go  into  a  particular  outgoing  state  \|/2.  In  classical 
physics,  if  we  had  a  well-defined  incoming  state  there  would  be  only  one 
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outgoing  state.  In  quantum  mechanics  there  will  be  an  ensemble  of  outgoing 
states.  This  allows  us  to  define  new  quantum  ensembles  that  do  not  have  an 
analogy  in  classical  physics.  These  are  called  pre-selected  and  post-selected 
ensembles.  They  are  characterized  by  giving  two  boundary  conditions  on  the 
particles.  These  are  the  boimdary  conditions  at  the  start  of  the  experiment 
and  the  boundary  conditions  at  the  end  of  the  experiment.  That  is,  if  an 
incoming  state  \|ri  can  produce  the  following  set  of  outgoing  states 
etc.,  then  wc  form  separate  ensembles  for  those  experiments  that  produce  the 
pair  and  those  that  produce  etc. 

This  suggests  characterizing  each  quantum  particle  in  the  pre-selected  and 
post-selected  ensemble  by  two  states.  Each  quantum  particle  is  described  at 
any  instant  by  two  vectors  that  we  will  call  the  history  vector  and  the  destiny 
vector.  This  concept  will  enable  us  to  explain  how  a  distribution  that  was 
extended  in  space  can  suddenly  be  replaced  by  a  distribution  that  is  peaked 
near  a  given  position. 

What  we  measure  is  not  p(x)  =  ^(x)  but  the  density 

oo 

Vi(^')  dx’ 

— <00 


where  \|/ 1  is  the  history  vector  and  Vlf2  is  the  destiny  vector.  In  all  protective 
experiments  what  is  measured  is  not  the  average  of  either  of  these  states  but 
the  above  combination.  In  the  usual  non-prohictive  experiments,  the  history 
vector  and  the  destiny  vector  were  the  same,  so  this  distinction  was  not 
obvious. 

Let  us  consider  again  the  paradoxical  situation  of  the  argument  3.  Let  the 
initial  state  Xlti  I  e  a  superposition  of  the  two  localized  states.  The  final  state 
y2  is  one  of  these  localized  states.  We  might  obtain  it  by  just  looking  and  not 
finding  the  particle  in  another  place.  The  paradox  is  how  the  particle  “jumps” 
instantaneously  to  the  first  location  ju.st  by  not  observing  it  in  the  second 
location.  The  way  out  is  that  the  particle  was  m  the  first  location  during  the 
whole  period  between  the  two  measurements!  Indeed,  the  two  vector  density 
Pi2(x)  is  non-zero  only  when  both  vi/i  and  \i/2  are  not  zero,  i.e.,  only  in  the  first 
location.  Similarly  we  can  resolve  the  problem  of  how  an  extended  particle 
becomes  localized.  The  product  of  an  extended  particle  and  a  localized 
particle  is  alw.iys  a  localized  particle.  It  is  localized  all  the  time. 
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We  resolve  argument  3  by  thinking  of  a  quantum  system  as  being  described 
by  two  vectors,  the  history  vec*  'r  and  the  destiny  vector,  rather  than  by  one 
vector.  We  no  longer  violate  ca  ality  since  the  description  depends  also  upon 
what  happens  later,  not  just  upon  what  has  happened.  II  you  change  your 
mind  about  what  you  will  measure,  the  destiny  vector  must  be  changed  all 
the  way  back  to  the  beginning  just  as  we  would  have  to  change  the  history 
vector  if  we  had  decided  to  perform  a  different  experiment.  This  is  analogous 
to  the  Einstein-Podolsky-Rosen  (EPR)  experiment.  In  EPR,  we  have  already 
learned  that  if  we  take  a  single  system  that  is  already  correlated  to  another 
system,  and  make  a  measurement  on  one  of  the  systems,  it  immediately 
changes  the  stat  of  the  other  system.  In  an  ensemble,  the  probability 
distribution  remains  unchanged,  so  we  cannot  use  this  to  send  information 
faster  than  light.  In  the  same  way  here,  the  future  state  changes  the  present 
for  an  individual  quantum  system;  but  it  doesn’t  change  the  probability 
distribution  for  an  ensemble.  Therefore,  it  cannot  be  used  to  transfer 
information  backwards  in  time. 


Conclusion 

We  have  described  a  new  type  of  experiment,  the  protective  measurement, 
through  which  we  can  observe  the  extended  wavefunction  of  a  single  particle 
in  its  full  glory,  This  reality  of  the  wavefunction  strongly  supports  a  new 
interpretation  of  quantum  mechanics,  the  2-vector  formulation,  in  which 
there  are  2  vectors  describing  a  quantum  system,  the  usual  vector 
propagating  from  the  past  and  a  second  one  propagating  backwards  from  the 
future.  We  show  how  this  interpretation  resolves  the  arguments  given 
against  the  observability  of  the  wavefunction  of  a  single  particle. 
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ABSTRACT 

We  report  results  of  an  invcBtigation  of  relativistic  causality  constraints  on  the 
measurability  of  nonlocal  variables.  We  sliow  that  measurability  of  certain  iionde- 
gencrate  variables  with  entangled  eigenstates  contradicts  the  principle  of  causality, 
but  that  there  are  otlicr,  certainly  nonlocal,  variables  which  can  be  measured  with¬ 
out  breahing  causality.  We  show  that  any  causal  measurement  of  nonlocal  variables 
must  erase  certain  local  information.  For  example,  f^r  a  system  of  two  jpin'1/2  par¬ 
ticles,  even  if  we  take  the  weakest  possible  definition  of  verification  ineasurcincnt, 
veriPicatian  of  an  entangled  steto  must  erase  all  local  information. 

1.  Measuring  Momentum  of  a  Particle 

As  early  as  1931,  Laaciau  ami  Peicrly'  showed  that  relativistic  causality  im¬ 
poses  new  restrictions  on  the  process  of  quantum  measurement.  Although  some  of 
their  arguments  were  not  precise,  it  wius  commonly  accepted  that  we  cannot  measure 
instantaneously  nonlocal  proijerties  without  breaking  relativistic  causality. 

The  first  example  is  the  ino.'isuronumt  of  momentum  of  a  particle.  Consider 
a  particle  localised  in  a  small  region.  Measurement  of  its  momentum,  irrespective 
of  the  outcome,  will  spread  the  piuticle  all  over  the  space.  Tin  .e  will  be  a  non¬ 
zero  probalality  to  find  the  particle  at  a  v<!iy  large  distance  from  its  original  place 
immediately  after  the  (instantaneous)  momentum  measurement,  so  it  seems  that  the 
particle  moves  faster  than  light.  However,  this  argument  is  not  deci.sive.  Relativistic 
causality  states  that  it  is  impos.siblc  to  send  a  .tignal  '.  itli  superluminal  velocity. 
It  does  not  forbid  instantaneous  measurement  of  monu  iitum,  say  at  (  =  0.  The 
instantaneous  meiisurcment  interiietion  will  lake  place  all  over  the  space  and  it 
can  create  particles  everywhere.  Thus,  the  prob.ability  of  finding  the  particle  at 
a  given  location  after  the  momentum  measurement  might  be  independent  of  v/hat 
we  did  to  the  particle  located  far  away  before  the  measurement.  Therefore,  the 
possibility  of  instantaneous  momentum  mcasurenicnt  docs  not  lead  automatically 
to  the  possibility  of  .sending  signals  with  superluminal  velocity. 

Nevertheless,  if  we  can  measure  the  momentum  of  a  spin-1/2  particle  without 
affecting  its  spin,  then  we  can  violate  causality.  Indeed,  let  us  a.ssumc  tliat  we  know 
that  at  time  l  =  0  the  momentum  measurement  will  be  performed.  At  the  time 
i  =  -f  we  decide  to  prepare  the  state  of  the  particle  “up”  or  “down”  according 
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to  the  signal  we  want  to  send.  Then  we  can  measure  the  spin  component  of  the 
particle  which  is  detected  at  time  t  =  +f  far  from  its  original  location  and  thus  send 
information  with  superluininal  velocity.  (The  probaliility  of  finding  the  pai'ticle  at 
a  given  place  is  very  small,  but  we  can  use  a  large  ensemble  of  identical  particles 
and  thus  we  can  build  a  reliable  superluminal  transmitter.) 

2.  Constraints  on  Nonlocal  Measurements  of  Two  Spin-1/2  Particles 

Although  momentum  measurement  is  a  basic  problem,  it  is  still  not  the 
simplest  exiimple  we  may  consider.  Significant  progress  in  understanding  causality 
constraints  on  quantum  measurement  was  made  by  considering  an  even  simpler 
example:  measurements  of  spin  variables  of  two  spin-1/2  particles  separated  in 
space.  This  is  the  system  on  which  Bohm  and  Aharonov’  and  later  BelP  analyzed 
the  EPR  argument  and  reached  far-reaching  conclusions  regarding  the  nonlocal 
structure  of  quantum  theory. 

In  order  to  show  how  measurability  of  nonlocal  variables  contradicts  rel¬ 
ativistic  causality  let  us  consider  an  operator  with  the  following  nondegeneratc 
eigenstates; 


W  =11). I  1)2 

I^t3)=^(|t).|l),-|-Il),|t)j)  (>) 

W  =^(l  T).|l),-|l),|t)3) 

This  operator  corresponds  to  a  nonlocal  variable  because  it.s  eigenstates  arc  nonlocid. 
We  call  the  state  of  the  composite  system  nonlocal  when  it  cannot  be  represcuteri 
as  a  product  of  states  c.jrresponding  to  localized  parts  of  the  .system;  these  states 
are  also  known  as  entangled  states. 

Let  us  show  that  the  measurability  of  this  variable  contradicts  relativistic 
causality.  To  this  end  we  perform  the  following  S(.t  of  mensurementH: 

i)  We  prepare  .state  |  Dj  of  particle  number  2  n  long  time  before  the  time 

t  =  0. 

ii)  At  time  I  -  -c  we  prepare  state  |  I)i  or  |  |)i  of  particle  number  1  according 
to  the  message  wc  want  to  send  from  particle  1  to  particle  2. 

iii)  At  time  t  =  O  we  measure  the  variable  defined  by  the  noiulegenerate 
eigenstates  of  Eq.  (1). 

iv)  At  the  time  (  =  t  we  measure  the  spin  component  of  particle  2. 

The  two  events,  choosing  the  spin  of  particle  1  and  mensurement  of  the  spin  of 
particle  2,  are  space  like  separated,  ami  therefore  must  he  causally  disconnected. 
But  if  we  choose  spin  "up”  for  particle  1,  then  the  state  of  the  composite  system 
before  the  time  (  =  0  is  |  t),|  the  mciisuremcnt  at  the  time  t  -  0  does  not  change  it 
(since  it  is  an  eigenstate),  and  thus  the  spin  measurement  of  particle  two  will  yield 
“up”  with  probability  one.  If,  instead,  at  the  time  i  =  -t,  we  put,  the  particle  1  in 
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the  state  “down’,’  then  the  state  of  the  composite  system  before  the  measurement 
(iii)  is  I  i),|  l)j.  This  state  is  not  one  of  the  eigenstates  of  the  nonlocal  operator, 
and  therefore  the  measurement  at  time  (  =  0  will  change  it,  Since  the  scalar  product 
between  |  1),|  t)a  E^ud  the  eigenstates  is  not  vanishing  only  for  the  eigenstates 
and  IVii),  the  state  after  t  =  0  will  be  one  of  those.  But  for  both  and  |0<)  the 
probability  to  find  the  spin  “up”  for  particle  2  is  just  1/2.  We  have  shown  that  the 
possibility  of  measuring  nonlocal  variable  described  by  eigenstates  (1)  allows  us  to 
change  the  probability  of  the  result  of  a  spin  measurement  performed  on  particle 
2  by  acting  on  particle  1  a  time  only  It  before  the  measurement  on  particle  2;  and 
since  the  distance  between  the  particles  might  be  larger  than  2fc,  this  procedure 
represents  a  supcrluminal  signal  transmitter. 

3.  Measurable  Nonlocal  Variables 

The  examples  above  may  load  us  to  believe  that  measurement  of  any  nonlo¬ 
cal  variable  breaks  relativistic  causality.  This,  in  fact,  was  generally  believed  until 
Aharouov  and  Albert^  found  a  method  involving  solely  local  interactions  (hence  con¬ 
sistent  with  the  causality  principle)  which  does  allow  us  to  measure  certain  nonlocal 
variables.  In  particular,  we  can  measure  the  viiriable  o-,,  -f  cr^,.  The  method  applies 
the  standard  von  Neumann  measuring  procedure  to  a  measuring  device  consisting  of 
two  parts  which  were  prepared  in  an  entangled  state  before  the  measurement.  Each 
part  of  the  measuring  device  interacts  with  one  of  the  particles  for  a  short  time, 
and  is  observed  immediately  aft(!r  by  a  local  observer.  The  combined  observations 
of  the  two  observers  (one  at  each  particle)  determines  whether  the  state  is  |Va),  IV's) 
or  belongs  to  the  subspacc  spanned  by  and  The  feature  of  this  method  is 
that  while  it  measures  ci,  +  -  0,  it  does  not  measure  the  spin  of  each  particle 

separately,  Tlie  details  of  the  method  of  nonlocal  measurements  cun  be  found  in 
Ref.  (5). 

It  miglit  seem  that  the  measurability  of  the  operator  tri,  -t  oj,  has  something 
to  do  with  its  having  a  complete  set  of  cigen.statcs  which  are  not  entangled.  But  this 
is  not  the  explanation.  Tlie  next  example  shows  an  oi)erator  with  nondegeneratc 
eigenstates  tliat  are  all  entimgled  Imt  which  is,  nevertheless,  ineasvirahle  hy  local 
interactions.  The  eigenstates  of  the  iK)udeg<merate  operator  arc 

iw=^(i  r)iith-!i>.iiM 

V  c^) 

=;^(l  t)d  1)^  + 1  D'l  1)’) 

104)  =^u  n.iDs-iD.iw 

Thi.s  operator  can  bt;  mciisured'’  using  a  set  of  nonlocal  operators  with  degenerate 
eigemstates  (such  as  ir,,  -r  1T2,),  wliere  the  particles  1  and  2  are  far  from  one  an- 
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other.  Recently?  the  measurability  of  operators  for  two  spin-1/2  particles  has  been 
analyzed,  and  it  was  shown  that  the  only  measurable  nondegenerate  operators  are 
those  with  eigenstates  of  two  possible  types: 

IW=|U)i1M3 

or 

l«  =-klI.)i|f.')3-U.)l|l.')2) 

M  =^(l  !.).ILd2  +  IL>.l1.-)2) 

IV'.)  ^  ^(IT.).ll-').-|b).|T.<)2) 

with  spin  polarized  “up”  or  “down”  along  directions  z  and  z'. 

Operators  of  type  (3a),  although  they  refer  to  two  separated  sjiins,  are  effec¬ 
tively  local.  They  can  be  measured  simply  by  measuring  the  z  component  of  spin 
of  the  first  particle  and  the  z'  comijonent  of  spin  of  the  second  particle.  Operators 
with  the  eigenstates  (3b)  are  truly  nonlocal.  They  can  be  measured^  in  the  same 
way  a.s  an  operator  with  oigenstate.s  given  in  Bq.  (2)  (a  ijarticular  case  of  Eep  (3b)). 

On  the  other  hand  '  mciuiurability  of  any  nondegenerate  opisrator  with  eigen¬ 
states  not  equivalent  to  the  forms  (3a)  or  (3b)  implies  the  possibility  of  superluminiJ 
communication,  i.e.,  violation  of  relativistic  causality. 

4.  State  Verlflcution  Mcusureinents 

A  measurement  of  a  nondegenerate  operator  is  also  a  state  verification  mea¬ 
surement  for  all  its  eigenstates.  The  weakest  possible  rlefinilion  of  a  state  verification 
measurement  which  requires  only  rclialnliiy  of  the  measurement  is;  the  verification 
mciusurements  of  the  state  |V'u)  mu.st  always  yield  the  an.swer  “yes”  if  the  mejisured 
system  has  the  iuitiiJ  state  |^u),  and  must  always  yield  “no”  if  the  system  is  ini¬ 
tially  in  an  orthogonal  state.  One  may  sn.spect  that  the  verification  of  a  state  with 
canonical  form  (Schmidt  decomposition)  different  from 

^(Ib)i|te)2  +  |l.).|l.')2)  (4) 

(the  form  of  tl."  eigenstates  in  (3h))  contradicts  relativistic  causality;  i.e.,  that 
verification  of  a  state 


IV.)  -  e!  rOil  le)3  -h  ti\  l.)i|  Mz.  H  /  \P\  0 


(5) 


353 


allows  superluminal  communication.  Indeed,  it  has  been  shown®  that  the  tyj^e 
of  mea-surements  of  entangled  states  described  above,  i.e.  nondemolition  operator 
iiieasuremeiits  with  solely  local  interactions,  cannot  measure  the  state  given  by  the 
form  (5). 

However,  an  unmeasurable  quantity  .should  not  represent  physical  reality.  If 
we  want  to  consider  the  quantum  state  as  a  physical  (versus  purely  mathemati¬ 
cal)  concept,  it  must  be  measurable.  We  do  know  how  to  prepare  this  state  (the 
preparation  procedure  is  also  frequ<!ntly  called  mcjisurcment).  But  the  state  (5)  can 
also  be  niea.iured  using  a  new  type  of  veriheution  measurement  named  an  exchange 
measurement?  The  idea  is  to  make  simultaneous  short  local  interactions  with  parts 
of  the  measuring  device  such  that  the  states  of  the  system  and  tht^  inciisuring  do 
vice  will  be  excliaiiged.  The  novel  jioint  in  this  method  is  that  local  interaetions 
exehang<i  7innln(',(i.l  ,stat(!.s.  The  result  of  tin;  measurement  cannot  he  read  by  two 
local  observers;  we  must  bring  the  two  parts  of  th(!  measuring  device  to  one  place, 
In  addition,  this  ]jroeedure  has  another  unconventional  prop<!rty.  The  final  state  of 
the  system  is  completely  indcpend<uit  of  its  initial  state;  it  is  just  the  initial  state 
of  the  lueiisuring  devii-e.  Tlie  stati;  of  the  sy.stem  i.i  completely  erased  by  this  state 
verification  meusuremeut. 

It  has  recently  been  proven'^  that  any  verification  of  the  state 

It/’i)  =  «l  tj)il  ij>il  li')a.  /  U  ((') 

erases  all  local  information.  The  probable  outcome  of  a  local  spin  nieasurcmt'nt 
I)erformed  after  the  state  verification  measurement  is  independ(;nt  of  the  state  of  the 
eomposite  system  prior  to  tlie  state;  V(;rilicatioii.  The  example!  ce)usidercd  abe)ve!  of  a 
measurable  iioiidegeueriite;  operator  (2)  trivially  fulfills  this  result:  for  all  eiigeenstate's 
we;  have  the  propeirty  that  the  probability  for  any  outcome  of  local  spin  iiH!aHureme;ut 
i.s  the  same;.  There  is  no  local  information  after  this  nonlocal  measurement. 

5.  Conclu.sions 

Let  us  fenniuhite  the  last  result  for  the  .S'unewliat  nwre;  general  ease;  of  ii 
system  eif  twei  separated  purtielees  with  se;ver;d  orthogonal  stute;s.  Ceinsnier  the’ 
Schmidt  deceanpositioii  of  a  state;  |e//o)  of  this  ceiinpeisite  system: 

leiu)  -  (7) 

I 

Here  |()i  and  |i)j  are  leie’.al  orthononnal  biuses  of  states  of  the  two  particle:s.  Let 
us  eleneite  by  //(')  and  //(*■'  the  Hilbeut  spaceis  of  part  1  anel  part  2  respectively, 
and  by  //J‘*  and  the  subspaees  eif  and  //<'■')  which  art;  spanaeel  by  the  base 
vectors  |t)i  and  |i)j  corresponding  tei  coefficients  a,-  0.  Them  for  all  initiid  state!s 

which  belong  to  the;  Hilbert  space  the  probabilities  p(^)  for  results  eif 

local  measurements  in  part  1,  pcrforinexl  afte  r  verification  eif  the  state  |i/’o),  h.eve;  iiej 
dependene-.e  eui  the  initiid  state. 
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Thus,  the  erasing  effect  of  the  proposed  “exchange”  measurements  is  a  gene¬ 
ric  property  of  any  reliable,  causal  state  verification  measurement.  The  full  impli¬ 
cations  of  this  result  arc  not  yet  clear.  It  already  has  helped  complete  the  analysis 
of  measurability  of  nondegencrate  operators  discu-ssed  above.  It  also  has  been  used 
to  show''  that  measurability  of  certain  ideal  measuremenU  of  the  Hrst  kind  contra¬ 
dicts  relativistic  causality,  thus  placing  a  serious  doubt  concerning  the  possibility 
of  generalizing  axiomatic  quantum  theory  to  the  relativistic  domain. 

We  would  like  to  conclude  by  stressing  the  importance  of  measuring  nonlocal 
properties  via  local  interactions  (with  separate  parts  of  the  measuring  device  pre¬ 
pared  in  an  entangled  state).  The  same  method  con  be  used  for  so-called  “multiple¬ 
time”  measurements'*  which  open  the  way  to  many  new  quantum  ])henomena? 
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QUANTUM  ANOMALIES  AND  THREE  FAMILIES 


PAUL  H.  FRAMPTON 
Institute  of  Field  Physics 
Department  of  Physics  ana  Astronomy 
University  of  North  Carolina 
Chapel  Hill,  NC  27599-^255 


ABSTRACT 

Cbii'iil  anomalies  and  their  cancellation  arc  a  fundamental  quantum  effect  In  iclatlvistic 
field  theory  and  can  be  fruitfully  regarded  as  a  topulugical  phenomenon  related  to  the 
Aboranov-Dohm  effect.  A  possible  relationship  of  such  anomaly  cancellation  to  the 
occuncnce  of  three  quaik-lcpton  families  is  discus.scd. 


It  is  a  delightful  honor  to  write  for  the  sixtieth  birthda;/  of  Yakir  Aharanov  with 
whom  I  have  enjoyed  many  stimulating  discussions  about  physics.  Although  best  known 
fur  his  contributions  to  the  foundations  of  quantum  mechanics,  Yakir's  broad  knowledge 
makes  him  a  useful  colleague  concerning  any  topic  in  theoretic^  physics. 

In  gauge  field  theory,  chiral  anomalies  relTecl  a  fundamental  aspect  of  quantum 
theory  and  are  a  topological  phenomenon  related  to  the  Aharanov-Bohin  effect  [1], 

Gauge  field  theory  is  the  basis  of  the  successful  standard  model  of  particle 
interactions.  In  such  a  theory  one  first  con.siructs  a  gauge-invariant  lugrangian 
Lb  (4*11. 9a4>D)  with  bare  quantities.  At  the  quantum  level,  one  wishes  to  renormaliar  to 

Lfl  =  Lg  ((Jig,  3p(|)K)  +  Counter-terms 

such  that  Lr  is  invariant  under  a  gauge  invariance  isomorphic  to  the  original  one.  This 
requires  satisfaction  of  Taylor-Slavnov  identities. 

One  peculiar  Feynman  diagram,  a  closed  fermion  loop  with  three  gauge  bosons 
attached  (triangle  diagram)  spoils  the  possibility  of  such  renormalization  becau.se  of  the 
chiral  anomaly  [2].  Unless  this  anomaly  is  cancelled  by  appropriate  choice  of  chiral 
fermion  representation  of  llie  gauge  ^roup  the  field  theory  is  intenially  inconsistent  and 
violates  the  requirements  of  rcnormalizability  and  unitarity. 

The  anomaly  may  be  calculated  local.ly  Uirough  the  Feynman  diagram,  or  by 
global  topological  consideratiens  of  the  Atiyah-Singcr  index  13].  The  second  approach 
makes  clear  how  die  chiral  anomaly  [2]  is  a  sequel  to  the  AB  effect  [11. 

Having  established  that  connection,  I  now  relate  the  AB  effect  further  to  the  flavor 
question:  why  are  there  six  flavors  of  quark  u,d,s.c,b.t7  It  has  long  been  thought  that  the 
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replication  of  the  quark  flavors  may  be  a  result  of  anomaly  concellation.  For  example,  in 
1979  there  were  attempts  using  ,SU(N)  grand  unification  to  find  simple  representations 
whick.  leJ  to  three  famiJies  under  an  SU(5)  subgroup  14);  that  program  had  some 
successes  but  J ‘d  not  really  answer  the  basic  question  in  a  convincing  manner. 

In  the  standard  model  the  chiral  anomaly  is  cancelled  between  quarks  and  leutons 
in  each  family.  This  cancellation  can  be  made  to  look  non-trivial;  e.g.  for  y’  the 
particles  (u,  Ul,  dL,  (v,  e)L  and  cl  give  the  contributions 

6(1/6)3  +  3(-  2/3)3  +  3(l/3)3  +  2(-  1/2)3  +  (1)3 

which  add  to  zero.  Actually,  this  reflects  the  vanishing  average  electric  charge.  In  any 
case,  it  gives  no  insight  on  why  the  flavor  number  equals  .six. 

Our  proposal  [5]  is  to  extend  the  standard  clcctroweak  gauge  group  to 
SU(3)l  X  U(l)x  and  to  assign  th,c  leptons  to  antitripleis  e.g.  (e-,  Vo,  e+)L  with  X  -  0  and 
similarly  for  the  second  and  third  families.  Tlic  quarks  of  the  fust  family  are  in  the  uiplet 
(u,d,D)L  where  Q(D)  =  4/3  and  similarly  (c,s,S)L  for  the  second  family.  In  the  third 
family  the  quarks  arc  tissigned  to  an  antitriplet  (b,t,T)L  with  Q(T)  -  +  5/3.  The  X  values 
are  respectively  -  1/3,  ~  1/3,  +  2/3  leading  to  a  cancellation  of  anomalies  between  the 
families  each  of  which  is  separately  anomalous. 

To  break  the  syi.imctry  to  SU(2)l  x  U{1)Y  Ac  Higgs  sector  contains  a  triplet  witii 
X  =  +  1.  All  three  exotic  quarks  acquire  mass,  as  do  five  gauge  bosons:  tlie  Z'  and 
dileptons  (Y",  Y"),  (Y++,  Y+).  Because  of  Z'  -  Z  mixing  the  relevant  scale  is  limited 
below  by  M(Z')  >  300  GeV  and  M(Y)  >  230  GeV,  this  last  being  coincident  with  the 
empirical  lower  limit  [6].  At  first  sight,  Ac  new  scale  appears  to  be  unrestricted  from 
above  but  this  is  not  Ae  case  for  an  interesting  reason.  Ihe  group  theory  of  embedding 
SU(2)  X  U(l)  in  SU(3)  x  U(l)  requires  that  sin^6<1/4.  Phenomenologically 
sin^  0  =  0.233  at  p  =  M/  and  increases  with  p.,  becoming  0.25  ul  p  »  2.2  TeV.  This 
limit  is  singular,  however,  and  gx  becomes  strong-coupled  so  Ae  upper  limit  is  more 
nearly  M(Z')  S  1  TeV  and  boA  Ae  Z'  and  Y  are  hence  accessible  to  Ae  supercollider. 

In  summary,  Ac  chiral  anomaly  of  quantum  Aeory  dictates  the  chiral  fermion 
content.  Explication  of  flavor  predicts  dilcpions  (and  Z'  plus  exotic  quarks)  at  SSC. 

Incidentally  this  "331"  model  gives  insight  into  oAer  features  of  the  standard 
model  from  a  n'-w  perspective,  such  as  llavor-changing  neutral  currents  and  Ae  GIM 
mechanism,  charge  quantization,  po.ssihle  neutrino  ma.ssc.s  and  grand  unification.  These 
questions  are  under  investigation. 


Tliis  work  was  supported  in  part  by  the  U.S.  Department  of  Energy  under  Grant 
No.  DE-FG05-95ER-40219. 
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EXPERIMENTS  PURSUANT  TO  DETERMINING 


THE  DURATION  OF  BARRIER  TRAVESAL  IN  QUANTUM  TUNNELING 


M.  J.  HaKinaiiii  and  L.  Zhao 

Department  of  Dlectricai  and  Computer  Dnyinceriny,  Florida  International  University 
Miami,  FI  H3i99,  USA 

ABSTRACT 

Lorcr/STM  cxpcrimenta  based  on  inudutaiiun  of  Llic  barrier  height  iiy  the  electric 
field  of  light  will  be  used  to  cxaniliie  the  duration  of  bai'rier  traversal.  The  STM 
built  for  these  measurements  has  tlccreased  noise  and  improved  stability.  Our  cal¬ 
culations  suggest  that  a  G70  niii  laser  diode  at  a  power  density  of  100  W/cm^  will 
reduce  the  tunneling  ciirrent,  which  is  emitrary  to  most  phenomena  cans  ’  hv  loser 
illumination, 

Ihe  question  of  tunneling  times  (i.c,  traversal,  rcfleetioii,  and  dwell  times) 
has  practical  significance  and  has  been  the  focus  of  much  interest  and  controversy 
[1].  Measurements  of  tunnel  comhictance  in  helerostnictiires  [2]  and  experiments 
with  Josephson  junctions  [3]  suggest  that  a  specilic  time  is  associated  with  barrier 
traversal.  Quantum  mechanics  provides  useful  results  regarding  tunneling  but  does 
nol  describe  the  motion  of  particley  within  the  classically  forbidden  region. 

A  variety  of  theoretical  procedures  has  been  used  to  determine  tunneling 
times,  with  different  results  [1],  Mirst  of  these  rnethods  give  a  dclinite  value  of 
traversal  time  for  a  specific  problem,  which  appears  iucunsistent  with  the  statis¬ 
tical  nature  of  quantum  phcnonicna.  Distributions  of  tunneling  times  have  been 
predicted  using  Feynman  path  integrals  |.ll  and  Bohm's  causal  interpretation  of 
quantum  mechanics  [5],  but  they  do  not  agree. 

We  model  tunneling  [O]  on  the  basis  of  energy  fluctuations  consistent  with 
the  uncertainty  principle.  Cohen  (71  postulated  that  the  probability  of  a  fluctuation 
decreases  exponentially  with  the  jirodnct  of  the  magnitude  AR  and  duration  At, 
which  product  we  refer  to  as  the  action  of  a  fluctuation.  He  did  not  tren.'  tunneling 
times,  and  ennsidered  only  the  most  luobable  llnctuations  (mininmni  action  permit¬ 
ting  tunneling),  thus  classically  deriving  the  WK13  solution  for  an  opaque  barrier. 
In  previous  work  we  modeled  the  full  range-  of  llnctuations  to  obtain  distributions 
of  the  time  for  traversing  static  I'eci.angnlai  barriers.  For  large  barriers  these  dis¬ 
tributions  arc  leptokurtic  and  centered  at  the  semiclassical  time  (the  classical  time 
for  traversing  the  inverted  barrier  |K)).  The  distributions  are  platykurtic  (broad) 
for  small  barriers. 

Several  experimental  methods  have  been  used  to  examine  the  duration  of 
tunneling.  1)  Analyses  of  measnn-d  tuimr  ■  coiiduetanec  (2|  suggest  that  the  response 
o  image  charges  varies  with  harrier  l(‘ngll’.  The  location  of  the  crossover  from  static 
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to  dynamic  response  appears  consistent  with  the  semiclassical  traversal  time,  but 
there  is  much  scatter  in  the  data  so  this  result  is  not  definitive.  2)  The  effect 
of  a  magnetic  field  on  tunnel  conductance  was  studied  (9],  but  the  data  may  be 
explained  without  reference  to  tunneling  times  (lOj.  3)Tunneling  dynamics  was 
studied  in  a  shunted  Josephson  junction  (3)  but  this  involves  tunneling  between 
the  states  of  a  device  and  does  not  directly  relate  to  tunnehng  by  particles.  4) 
An  operational  tunneling  time  was  determined  from  current  rectification  in  a  laser- 
illuminated  scanning  tunneling  microscope  (STM)  [11],  but  the  measured  decrease 
in  current  with  increasing  barrier  length  may  be  explained  without  reference  to 
tunneling  times. 

We  have  begun  a  project  in  which  laser/STM  experiments  will  be  made 
with  the  objective  of  determining  the  duration  of  barrier  traversal,  but  our  work  is 
based  on  barrier  modldation  rather  than  current  rectification  used  in  earlier  studies 
[11],  Laser  illumination  of  an  S'l'M  junction  luodulalcs  the  barrier  height.  Theory 
suggests  [8]  that  tunneling  has  two  distinct  regimes  as  a  function  of  frequency,  the 
crossover  between  them  occurring  when  the  angular  frequency  of  the  modulation 
equals  the  reciprocal  of  the  traversal  time. 

We  are  completing  a  novel  STM  designed  for  these  experiments.  The  circuit 
is  similar  to  that  of  Park  and  Quate  (12),  but  customized  for  decreased  noise  and 
increased  stability.  The  preamplifier  is  chopper  stabilized,  and  periodic  multivalued 
illumination  is  used  with  boxcar  signal  averaging.  Double  sample  and  hold  circuits 
minimize  the  droop  while  feedback  is  disengaged  when  the  laser  is  pulsed.  The 
quadrant  electrodes  on  the  piezoelectric  tube  scanner  are  fed  with  balanced  X  and 
Y  supplies,  and  the  inner  electrode  is  fed  with  an  unbalanced  7;  supply  to  provide 
orthogonal  positioning  of  tie  tip.  Power  MOS-PETs  are  used  in  place  of  bipolar 
transistors  in  the  high  volt  ,e  sections  to  increase  isolation  and  lower  noise.  A 
differential  inieroineter  witli  a  crossed- roller  translation  stage  provides  increased 
mechaniciiJ  stability. 

We  have  modeled  the  effect  of  a  laser  oii  the  ciiirenl  in  an  STM.  A  rectangular 
barrier  was  assumed,  but  more  apijropriate  expressions  for  the  potential  [13]  will 
be  implemented  in  later  studies.  We  divide  the  barrier  length  into  N  segments  of 
length  d/N,  such  that  each  part  is  small  enough  that  the  jiotential  is  approximately 
a  constant  V  during  transit  by  an  electron.  We  assume  that  an  energy  fluctuation 
causes  the  particle  to  traverse  each  segment,  and  set  Ai.'  -  P  -  1?  (-mv’/Z,  where 
the  particle  has  mass  m,  velocity  v,  and  nonperturbed  energy  E,  In  the  present 
calculations,  within  each  segment  we  consider  only  the  most  probable  fluctuations, 
those  with  the  least  action  permitting  tunneling.  Thus,  within  each  segment  the 
velocity  u  .•=  ^{V  -  A')/m,  th^ action  of  the  fluctuation  A  --  £)/JV,  and  the 

traversal  time  T  ~  d^/2{V  - >;)/W  whieh  is  the  semiclassical  value  [6]. 

Ill  each  simulation  ihe  values  of  1  and  A  are  calculated  within  each  segment, 
using  the  instantaneous  value  of  tlie  modulated  potential  for  V,  and  summiul  to 
determine  J,  and  A,  which  are  thi;  ti'aversal  lime  and  action  for  tunneling  tin  *ugh 
the  entire  harrier. Tliis  calculation  is  made  for  M  different  values  of  the  modulation 
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phase  at  which  the  electron  enters  the  barrier.  For  each  entry  phase  the  transmission 
is  determined  by  assuming  the  probability  of  the  fluctuation  is  proportional  to 
txp(-A,/h).  Finally,  the  mean  value  is  normalized  by  dividing  by  the  value  without 
modulation,  to  obtain  the  relative  value  of  the  current  with  modulation.  The  values 
of  N  and  M  are  increased  untill  these  parameters  are  found  to  have  negligible  effect. 
The  results  of  several  simulations  are  presented  in  the  following  two  figures. 

Figure  1  shows  the  relative  current  as  a  function  of  the  modulating- wavelength 
for  4.0  eV  electrons  with  a  barrier  length  of  6.0  A  and  height  of  5.0  V.  The  three  levels 
of  modulation  correspond  to  illumunation  at  different  power  densities.  Since  there 
is  a  distribution  of  traversal  times,  instead  of  the  definite  values  of  time  implicit  in 
other  analyses  [8],  the  transition  between  the  regime  for  low  and  high  modulation 
frequencies  is  broad.  Our  long-term  objective  is  to  examine  this  crossover  by  mea¬ 
suring  the  current  when  two  or  more  lasers  sequentially  illumine  an  STM  junction 
with  similar  power  densities  at  different  frecpiencies. 

If  the  modulation  frequency  is  high  enough,  Fig.l  shows  that  bander  modu¬ 
lation  tends  to  inhibit  tunneling.  Figure  2  shows  the  relative  current  as  a  function 
of  the  level  of  modulation  for  4.0  eV  electrons  with  a  barrier  height  of  5.0  V'  and 
a  modulating  wavelength  of  670  nm.  The  data  in  Fig. 2  suggest  that  for  barrier 
lengths  between  6  and  10  A  the  current  decreases  as  the  power  density  is  increased, 
la  our  first  experiments  we  will  determine  the  effects  of  power  density  on  tunneling 
current  when  the  STM  junction  is  illuminated  with  a  670  nm  laser  diode.  A  power 
density  of  100  WIem?  ,  providing  adequate  modulation,  may  be  obatined  with  a  20 
mW  laser  diode  focused  to  a  minimal  spot  size. 

A  variety  of  phenomena  occur  in  laser/STM  experiments  [14]  including  cur¬ 
rent  rectification,  photo-assisted  tunneling,  thermal- assisted  tunneling  and  thermal 
^^p^nsion,  as  well  as  the  effects  which  we  have  modeled.  In  our  initial  experiments 
the  use  of  a  visible  laser  would  decrease  current  rectification  [15].  The  relatively 
low  power  density  would  reduce  thermal  effects  as  well  as  current  rectification,  but 
all  of  these  effects  must  be  considered.  Subsequent  experiments  made  to  examine 
the  crossover  in  Fig.l  would  be  more  difficult  to  interpret  because  the  competing 
phenomena  have  different  frequency  dependence. 
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Figure  Captions 

Fig.  1.  Relative  current  vs.  modulating-wavelength  for  4.0  eV  electrons  with 
barrier  length  =  6.0  A  and  height  -  5.0  V. 

Fig.  2.  Relative  current  vs.  level  of  modulation  for  4.0  eV  electrons  with 
barrier  height  =  5.0  V  and  modulating  wavelength  =  670  nm. 
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ABSTRACT 


Th«  non-perturbative  solution  to  the  strong  CP  problem  with  magnetic  monopoles 
as  originally  proposed  by  the  author  is  described.  It  is  shown  that  the  gauge  or¬ 
bit  space  with  gauge  potentials  and  gauge  tranforniations  restricted  on  the  space 
boundary  and  the  globally  well-defined  gauge  subgroup  in  gauge  theories  with  a 
6  term  has  a  monopole  structure  if  there  is  a  magnetic  monopole  in  the  ordinary 
space.  The  Dirac’s  quantization  condition  then  ensures  that  the  vacuum  angle  6 
in  the  gauge  theories  must  be  quantized  to  have  a  well-defined  physical  wave  func¬ 
tional,  The  quantization  rule  for  0  is  derived  as  9  =  0,25r/n  (n  ^  0)  with  n  being  the 
topological  charge  of  the  magnetic  monopoie.  Therefore,  the  strong  CP  problem  is 
automatically  solved  with  the  existence  of  a  magnetic  monopoie  of  charge  ±I  with 
9  ±2ir.  This  is  also  true  when  the  total  magnetic  charge  of  monopoles  ace  very 

lar^n  (|ri|  >  10’'2ir).  The  fact  that  the  strong  CP  violation  can  be  only  so  small  or 
vatu  thing  may  he  a  signal  for  the  existence  of  magnetic  monopoles  and  the  universe 
is  Ojien. 


1,  Introduction  and  Summary  of  the  Main  Results 

Yang-Mills  theories'  and  their  non-perturbative  effects  have  played  one  of 
the  most  important  roles  in  prirticle  physics.  It  is  known  that,  in  non-ubelian  gauge 
theories  a  Pontryagin  or  9  term, 

£•  =  (1) 

can  be  added  to  the  Lagrangian  density  of  the  system  due  to  instanton^  effects 
in  gauge  theories.  This  term  can  induce  CP  violations  for  an  abitrary  value  of  9. 
Especially,  such  an  effective  9  term  in  QCD  may  induce  CP  violations  in  strong  inter¬ 
actions.  In  our  discussions  relevant  to  QCD,  9  is  simply  used  to  denote  0  +  arg(detM) 
effectively  with  M  being  the  quark  mass  matrix,  when  the  effects  of  electroweak 
interactions  are  included.  However,  the  experimental  results  on  the  neutron  electric 

^  Fermaiient  addr«u 

^  Where  the  work  tuppoiied  by  •  tcience  comoriium  sward  of  DOE). 
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dipole  momeat  strongly  limit  the  possible  values  of  the  9  in  QCD  (<  10~“,  modulo 
2'x  for  example).  This  is  the  well-known  strong  CP  problem.  One  of  the  most 
interesting  understanding  of  the  strong  CP  problem  has  been  the  assumption  of 
an  additional  Peccei-Quinn  symmetry^,  but  the  observation  has  not  given® 

evidence  for  the  axions®  needed  in  this  approach.  Thus  the  other  possible  solutions 
to  this  problem  are  of  fundamental  interest. 

Recently,  a  non-perturbative  solution  to  the  Strong  CP  problem  with  mag¬ 
netic  monopoles  has  been  proposed  originally  by  the  author®.  In  our  solution®,  it  is 
proposed  that  the  vacuiun  angle  with  magnetic  monopoles  must  be  quantized.  Our 
quantization  rule  is  derived  essentially  by  two  different  methods.  This  is  given  by 
0  —  0,  or  0  =  2itNJn  (n  ^  0)  with  integer  n  being  the  relevant  topological  charge  of  the 
magnetic  monopole  and  N  may  be  fixed  as  1  in  the  method  1  and  is  an  arbitrary 
integer  in  the  method  2.  The  first  method*  is  to  show  the  existence  of  a  monopole 
structure  in  the  relevant  gauge  orbit  apace  in  Scherodinger  formulation^'®,  and  using 
the  Dirac  quantization  nde  for  having  a  well-defined  wave  funtional.  The  second 
method  is  to  show  that  there  exist  well-defined  gauge  transformations  which  will  en- 
sui'e  the  quantization  of  0  by  the  constraints  of  Gauss’s  law  due  to  the  non-abelican 
electric  charges  carried  by  the  magnetic  monopoles  proportional  to  9  as  noted  in  Ref. 
21  and  generalized  in  Ref.22  to  the  non-abelian  case  for  the  generalized  magnetic 
monopoles*^. 

Therefore,  we  conclude  that  strong  CP  problem  can  be  solved  due  to  the 
quantization  of  9  in  the  presence  of  magnetic  monopoles,  for  example  monopoles  of 
topological  charge  n  =  ±1  with  9  =  ±2r,  or  n  >  2x10*  with  9  <  10"*.  Moreover,  the 
existence  of  non-vanishing  magnetic  fiux  through  the  space  boundary  implies  that 
the  uruverse  must  be  open.  In  this  note,  wc  will  briefly  describe  and  review  our 
solution  to  the  strong  CP  problem  with  raf.gnetic  monopoles  with  the  first  method. 

2.  Quantization  Condition  on  9  and  Solution  to  the  Strong  CP  Problem 

The  main  idea  of  our  discussions  is  based  on  the  follows.  A  wave  functional 
in  the  gauge  orbit  space  corresponds  to  a  cross  section**  of  the  relevant  fiber  bundle 
for  the  theory.  Topologically,  if  there  is  a  non-vanishing  gauge  field  as  the  curvature 
in  the  gauge  orbit  space,  then  the  flux  of  the  curvature  through  a  closed  surface 
in  the  gauge  orbit  space  must  be  quantized  to  have  a  cross  section*^"®.  Physically, 
this  is  equivalent  to  say  that  the  magnetic  flux  through  the  closed  surface  must  be 
quantized  according  to  the  Dirac  quantization  condition  in  order  to  have  a  veil- 
defined  wave  functional  in  the  quantum  theory. 

In  this  method,  we  will  extend  the  method  of  Wu  and  Zee  in  Ref,7  for  the 
discussions  of  the  effects  of  the  Pontryagin  term  in  pure  Yang-MUls  theories  in  the 
gauge  orbit  spaces  in  the  Schrodinger  formulation.  This  formalism  has  also  been 
used  with  different  methods  to  derive  the  mass  parameter  quantization  in  three- 
dimensional  Yang-Mills  theory  with  Chera-Simons  tenn^"*,  It  is  shown  in  Ref.  7 
that  the  Pontryagin  term  induces  an  abelian  backgroimd  field  or  an  abelian  structure 
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in  the  gauge  configuration  space  of  the  Yang-Mills  theory.  In  our  discusiions,  we 
will  consider  the  case  with  the  existence  of  a  magnetic  inonopole.  We  will  show 
that  naagnetic  monopoles’" in  space  will  induce  an  abelian  gauge  field  with  non¬ 
vanishing  field  strength  in  gauge  configuration  space,  and  magnetic  flux  through  a 
two-dimensional  sphere  in  the  induced  gauge  orbit  space  on  the  space  boundary  is 
non-vanishing.  Then,  Dirac  condition’"*;’  in  the  corresponding  quantum  theories 
leads  to  the  result  that  the  relevant  vacuum  angle  S  must  be  quantized  as  fl  ^ 
2T/n  with  n  being  the  topological  charge  of  the  monopole  to  be  generally  defined. 
Therefore,  the  strong  CP  problem  can  be  solved  with  the  existence  of  magnetic 
monopoles. 

We  will  now  consider  the  Yang-Mills  theory  with  the  existence  of  a  magnetic 
monopole  at  the  origin.  Our  derivation  applies  generally  to  a  gauge  theory  with  an 
arbitrary  simple  gauge  group  or  a  U(l)  group  outside  the  monopole.  This  gauge 
group  under  consideration  may  be  regarded  as  a  factor  group  in  the  exact  gauge 
group  of  a  grand  unification  theory.  Note  that  there  can  be  Higgs  field  and  unifi¬ 
cation  gauge  fields  confined  inside  the  monopole  core,  which  will  be  ignored  in  our 
discussion  outside  the  monopoles. 

As  we  will  see  that  an  interesting  feature  in  our  derivation  is  that  we  will  use 
the  Dirac  quantization  condition  both  in  the  ordinary  space  and  restricted  gauge 
orbit  space  to  be  defined.  The  Lagrangian  of  the  system  is  given  by 


(2) 

We  will  use  the  Schrodinger  formulation  and  the  Weyl  gauge  A’ 
momentum  corresponding  to  Af  is  given  by 

=  0.  The  conjugate 

_o  _  _  ia  .  ®  pt 

(3) 

In  the  Schrodinger  formulation,  the  system  is  similar  to  the  quantum  system  of  a 
particle  with  the  coordinate  qi  moving  in  a  gauge  fi«-ld  Ai(ij)  with  the  correspondence’" 

?i(‘)  —  '^“(>*.0. 

(4) 

A,(,)-.A’(A(x)), 

(5) 

where 

A?(A(x))  = 

(6) 

Thus  there  is  a  gauge  stnicture  with  gauge  notential  A  in  this  formalism  within 
a  gauge  theory  with  the  6  term  included.  Note  that  in  our  discussion  with  the 
presence  of  a  magnetic  monopole,  the  gruge  potential  A  outside  the  monopole 
generally  need  to  be  understood  as  well  d‘  led  in  each  local  coordinate  region.  In 
the  overlapping  regions,  the  separate  gauge  potentials  can  only  differ  by  a  well- 
defined  gauge  transformation*’.  In  fact,  single-valuedness  of  the  gauge  function 
corresponds  to  the  Dirac  quantization  condition*’.  For  a  given  r,  we  can  choose  two 
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extended  semi-spherea  around  the  monopole,  with  d  €  [»'/2  —  {,»/2  +  6](o  <  i  <  nj'l) 
in  the  overlapping  region,  where  the  B  denotes  the  6  angle  in  the  spherical  polar 
coordinates.  For  convenience,  we  will  use  differential  form8‘“  in  our  discussions, 
where  A  =  Aidx',F  =  with  F  =  tiA  +  A^  locally.  For  our  purpose  to  discuss 

about  the  effects  of  the  abelian  gauge  structure  on  the  quantization  of  the  vacuum 
angle,  we  will  now  briefly  clarify  the  relevant  topological  results  needed,  then  we 
will  realize  the  topological  results  explicitly. 

With  magnetic  monopoles,  we  need  to  generalize  the  gauge  orbit  space  of 
ordinary  gauge  theories  to  include  the  space  boundary  which  is  noncontractible 
with  non-vanishing  magnetic  flux  quamtized  according  Dirac  quantization  condi¬ 
tion.  With  the  constraint  of  Gauss’  law,  the  quantum  theory  in  the  finite  space 
region  in  this  formalism  is  described  in  the  usual  gauge  orbit  space  W/C.  The  // 
is  the  space  of  well-defined  gauge  potentials  and  G  denotes  the  space  of  continu¬ 
ous  gauge  transformations  with  gauge  functions  mapping  the  space  boundary  to  a 
single  point  in  the  gauge  group.  Due  to  the  exitence  of  magnetic  monopoles,  the 
gauge  transformations  on  the  space  boundary  5*  can  be  non-tiivial,  the  physical 
effects  of  the  well-defined  gauge  transforcnations  need  to  be  considered.  As  it  is 
known  that*’,  only  the  gauge  transformations  generated  by  the  generators  commut¬ 
ing  with  magnetic  charges  may  be  well-defined  globally.  On  the  space  boundary,  U 
will  also  be  used  to  denote  the  induced  gauge  configuration  space  with  gauge  po¬ 
tentials  restricted  on  the  space  boundary,  and  C  also  denotes  the  continuous  gauge 
transformations  restricted  on  the  apace  boundary  and  well-defined  gauge  subgroup. 
Then  we  will  call  corresponding  i//ff  as  restricted  gauge  orbit  apace.  Collectively, 
they  will  be  called  as  the  usual  apace  for  the  finite  coordinate  space  region  and  the 
restricted  space  on  the  space  boundary.  There  should  not  be  confusing  for  the  no¬ 
tations  used  both  for  the  usual  spaces  and  restricted  spaces.  As  we  will  see  that  the 
magnetic  charges  up  to  a  conjugate  transformation  ore  in  a  Cartan  subalgcbra  of 
the  gauge  group,  then  on  the  space  boundary  .9’,  we  need  to  consider  a  well-defined 
gauge  subgroup  G  =  tt(l)  for  the  quantization  of  B.  Similar  to  the  usual  gauge  orbit 
space  on  tlu  compactified  coordinate  space  by  restricting  to  gauge  functions  map¬ 
ping  the  space  boundary  to  a  single  point  in  the  guage  group,  the  restricted  gauge 
orbit  space  is  well-defined  since  the  space  boundary  S’  is  compact. 

Note  that  the  physical  meaning  of  the  restricted  gauge  orbit  space  can  be 
understood  as  follows.  Let  denote  the  physical  wave  functional  and 

*f>/i»»(A(x))  lij  be  its  restriction  on  the  space  boundary  S’  which  actually  only  de¬ 
pends  on  the  direction  of  x.  Then,  the  tphyt  must  be  invariant  under  the  gauge 
transform!' t.ions  well-defined  on  the  entire,  space  boundary.  Namely  the  \s^  is 
defined  in  the  restricted  gauge  orbit  space.  However,  in  the  finite  space  region,  the 
for  finite  x  is  only  required  to  be  invariftnt  under  the  gauge  transforma¬ 
tions  with  gauge  function  going  to  the  identity  at  the  spatial  infinity.  Neunely,  it 
is  defined  the  usual  gauge  orbit  space.  The  entire  ♦pi.y.  is  then  well-defined  in  the 
generalized  gauge  orbit  space  as  described. 

Now  consider  the  following  exact  homotopy  sequence*’  both  for  the  ususal 
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and  restricted  spaces: 

n^CW)  nsiLi/G)  ^  n^-riw)  (n  >  i).  (?) 

Note  that  homotopy  theory  has  also  been  used  to  study  the  global  gauge  anomalies 
especially  by  using  extensively  the  exact  homotopy  sequences  and  in  terms 
of  James  numbers  of  Stiefel  manifolds*^.  One  can  easily  see  that  U  is  topologically 
trivial,  thus  Us{U)  =  0  for  any  N.  Since  the  interpolation  between  any  two  gauge 
potentiaJs  Ai  and  Aj 

A,  =  lAi  ;■  (1  -  t)A,  (8) 

for  any  real  t  is  in  i/  (Theorem  7  in  icef.ji.,  and  Ref.7).  since  A,  is  transformed  as  a 
gauge  potential  in  each  local  coordinate  region,  and  in  an  overlapping  region,  both 
Ai  and  Aa  are  gauge  potentials  may  be  defined  up  to  a  gauge  transformation,  then 
At  is  a  gauge  potential  which  may  be  defined  up  to  a  gauge  transformation,  nmnely, 
A,  p  W.  Thus,  we  have 

This  implies  that 

\In{U/G)  3  nA,-i(e)  {N  >  1).  (10) 

As  we  will  show  that  in  the  presence  of  a  magnetic  monopole,  the  topological 
properties  of  the  system  are  drastically  different.  This  will  give  important  conse¬ 
quences  in  the  quantum  theory.  In  fact,  the  topological  properties  of  the  restricted 
gauge  orbit  spaces  are  relevant  for  our  purpose  since  as  wc  will  see  that  only  the 
integrals  on  the  sp  boundary  6’  eire  relevant  in  the  quantization  equation  for  the 
8.  Now  for  the  re:  1  spaces,  the  main  topological  result  we  will  use  is  given  by 

a-,{u/G)  as  ni(ff)  =  n,(G)  ©  UsCG),  (i  i) 

for  a  well-defined  gauge  subgroup  G.  As  we  will  see  that  in  the  relevant  case  of 
G  =  C/(l)  for  our  purpose  ll;i(G)  =  0.  The  condition  lh{UJg)  /  0  corresponds  to  the 
existence  of  a  magnetic  monopole  in  the  restricted  gauge  orbit  space.  We  will  first 
show  that  in  this  case  /  0,  and  then  demonstrate  explicitly  that  the  magnetic  flux 
can  be  nonvanishing  in  the  restricted  gauge  orbit  space,  where  jr  denotes 
the  projection  of  T  into  the  restricted  gauge  orbit  space. 

Denote  the  differentiation  with  respect  to  space  variable  x  by  d,  and  the 
dift'ei  entiation  with  respect  to  parauneters  {t,-  | »  =  1,2...}  which  a(x)  may  depend  on  in 
the  gauge  configuration  space  by  6,  and  assume  (/5+i(l=0.  Then,  similar  to  A  =  Ai,dx>‘ 
with  li  replaced  by  a,  i,  x,  A  =  A;  t'diSF  =  \F^^L'‘dx^z^  and  =  -^6“*  for  a 

basis  {L"  1  a  =  l,2,...,rant(G)}  of  the  Lie  algebra  of  the  gauge  group  G,  the  gauge 
potential  in  the  gauge  configuration  space  is  given  by 

A  =  J  <f'rA“(A(x))«A?(x).  (12) 

Using  Eq.(6).,  this  gives 

A=  <J^xtqiF/*(x)6A?(x)  = -^  j^ir{6AF). 


(13) 
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with  M  being  the  apace  manifold.  With  6F  =  -Da(6A)  =  -{d(M)  +  ASA  -  SAA],  we 
have  topologically 

Usually,  one  may  assume  A  — •  0  faster  than  l/r  as  x  0  ,  then’’  this  would  give 
y  =  0.  However,  this  is  not  the  case  in  the  presence  of  a  magnetic  monopole. 
Asymptotically,  u  monopole  may  generally  give  a  field  strength  of  the  form““‘“'‘^ 

Fii  =  (15) 

with  ?  being  the  unit  vector  for  r,  and  this  gives  A  -»  0{l/r)  as  x  -*  0.  Thus,  one 
can  see  easily  that  a  magnetic  monopole  can  give  a  nonvahishing  field  strength  y 
in  the  gauge  configuration  space.  To  evaluate  the  y,  one  needs  to  specify  the  space 
boundary  8M  in  the  presence  of  a  magnetic  monopolc.  we  now  consider  the  case 
that  the  magnetic  monopole  does  not  generate  a  singularity  in  the  space.  In  fact, 
this  is  so  when  monopoles  appear  as  a  smooth  solution  of  a  spontaneously  broken 
gauge  theory  similar  to  't  Hooft  Polyakov  monopole*.  For  example,  it  is  known 
that'^  there  are  monopole  solutions  in  the  minimad  SU(5)  model.  Then,  the  space 
boundary  may  be  regarded  as  a  large  2-sphere  5*  at  spatial  infinity.  For  our  purpose, 
we  actually  only  need  to  evaluate  the  projection  of  y  into  the  gauge  orbit  space. 

In  the  gauge  orbit  space,  a  gauge  potential  can  be  written  in  the  form  of 

A  =  (IB) 

for  an  element  a  e  UlQ  and  a  gauge  function  y  €  (?.  Then  the  projection  of  a  form 
into  the  gauge  orbit  space  contains  only  terms  proportional  to  (So)"  for  integers  n. 
We  can  now  write 

SA  =  j-'[Sa-£>,(Ssy-')]8.  (17) 

Then  we  obtain 

^  /^^^^'Sa)+  ^  J^trUD,{Sgr%  (18) 

where  f  =  da +  a^.  With  some  calculations,  this  can  be  simplified  as 

A  =  A+ ^  J^^irlfSgg-'],  (19) 

where 

is  the  projection  of  A  into  the  gauge  orbit  space.  Similarly,  we  have 

y  =  ^  tr{[eia  -  D„(«ff3-‘)l[«a  -£).(«yy"')]}  (21) 

y  =  y-  ^  J^tr[SaD,{6gg~^)  +  D,{Sgg~^)6a-  D,(Sgg~')D,{Sgg~^)], 


or 


(22) 
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Now  all  our  discussions  will  be  based  on  the  restricted  spaces.  To  see  that  the  flux 
of  through  a  closed  surface  in  the  restricted  gauge  orbit  space  UjQ  can  be  nonzero, 
we  will  construct  a  2-sphere  in  it.  Consider  an  element  a  e  U/G,  and  a  loop  in  G-  The 
set  of  all  the  gauge  potentials  obtained  by  all  the  gauge  transformations  on  o  with 
gauge  functions  on  the  loop  then  forms  a  loop  C‘  in  the  gauge  configurations  space 
U.  Obviously,  the  a  is  the  projection  of  the  loop  C‘  into  U/G.  Now  since  ni(17)  =  0 
is  trivial,  the  loop  C*  can  be  continuously  extented  to  a  two-dimensional  disc  in 
the  U  with  5D’  =  C‘,  then  obviously,  the  projection  of  the  into  the  gauge  orbit 
space  is  topologically  a  2-sphere  CUIG.  With  the  Stokes’  theorem  in  the  gauge 
configuration  space.  We  now  have 


f  f  SA=  f  A. 

Jd‘  Jd^  Jc^ 


Using  Eqs.(19)  and  (24)  with  io  =  0  on  this  gives 


Thus,  the  projection  of  the  Eq.(26)  to  the  gauge  orbit  space  gives 


where  note  that  in  the  two  S’  are  in  the  gauge  orbit  space  and  the  ordinary  space 
respectively.  We  have  also  obtained  this  by  verifying  that 

Jd‘ 

or  the  projection  of  /j,,  gives  f. 

In  quantum  theory,  Eq.(26)  corresponds  to  the  topological  result  Ilj(W/5)  s 
III (5)  on  the  restricted  spaces.  The  discussion  about  the  Hamiltonian  equation 
in  the  schrodinger  formulation  will  be  similar  to  that  in  Refs. 7  and  8  including  the 
discussions  for  the  three-dimensional  Yang-Mills  theories  with  a  Chern-Simons  term. 
We  need  the  Dirac  quantization  condition  to  have  a  well-defined  wave  functional  in 
the  formalism.  In  the  gauge  orbit  space,  the  Dirac  quantization  condition  gives 


L/-‘ 


with  k  being  integers.  The  Dirac  quantization  condition  in  the  gauge  orbit  space 
will  be  clarified  shortly.  Now  let  /  lie  the  field  strength  2-form  for  the  magnetic 
rnonopole.  I’he  quantization  condition  is  now  given  by*’ 


*P{  /  /}  =  exp{0'o}  =  6 
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Where  Go  is  the  magnetic  chMgc  up  to  a  conjugate  transformation  by  a  group 
element,  Hi  (i=l,  2,...,r=rank(G))  form  a  basis  for  the  Cartan  subalgebra  of  the 
gauge  group  with  simple  roots  ai  (i=l,2,,..,r).  We  need  non-zero  topological  value 
to  obtain  quantization  condition  for  6.  As  it  is  known  from  Ref.l2,  only  the  gauge 
transformations  commuting  with  the  magnetic  charges  can  be  globally  well-defined, 
only  those  gauge  transformations  can  be  used  for  determining  the  global  topological 
quantities.  Consider  g(x,t)  in  the  well-  defined  U(l)  gauge  subgroup  commutative 
with  the  magnetic  charges  on  the  C'‘ 

1)  Uts»=  tip{4Tmt  ^ 

*ij 

with  m  being  integers  and  1 1  [0,1].  In  fact,  m  should  be  identical  to  k  according  to 
our  topological  result  IljfW/C)  2!  Iliftf).  The  k  and  m  are  the  topological  numbers  on 
each  side.  Thus,  ws  obtain  in  the  case  of  non-vanishing  vacuum  angle  S 

6  =  ^(n^0).  (31) 

Where  we  define  generally  the  topological  charge  of  the  magnetic  monopole  as 


n  =  -2<  i./J'  > 

which  must  be  an  integer'^.  Where 

Y  > 


(32) 


(33) 


the  minus  sign  is  due  to  our  normalization  convention  for  Lie  algebra  generators. 
Note  that  the  parameter  t  of  g(x,t)  in  eq.(30)  may  be  regarded  as  the  time  parameter 
topologically  when  the  time  evolution  is  included,  the  two  end  points  of  the  closed 
loop  then  correspond  to  the  time  infinities.  The  g(x,t)  is  not  a  constant  in  the  entire 
spacetime,  and  does  not  generate  a  Nothcr  symmetry.  The  non-trivial  topological 
properties  ensure  tliat  the  non-trivial  spacetime  dependence  will  be  maintained 
when  continuous  I.oreutz  transformations  are  iiiiplen>.ented.  Consequently,  the  re¬ 
quirement  of  gauge  invariance  corresponding  to  the  g(x,t)  will  not  eliminate  iuy 
charged  coufigurations. 

Therefore,  we  conclude  that  in  the  presence  of  magnetic  monopoles  with 
topological  charge  ±1,  the  vacuum  .angle  of  uon-abelian  gauge  theories  must  be  ±27r, 
the  existence  of  such  magnetic  monopoles  gives  a  solution  to  the  strong  CP  problem. 
But  CP  caimot  be  exactly  conserved  in  this  ease  since  S  =  ±2x  correspond  to  two 
different  monopole  sectors.  The  existence  of  many  monopoles  can  ensure  9  — >  U,  and 
the  strong  CP  problem  may  also  be  .solved.  In  this  possible  solution  to  the  strong 
CP  problem  with  0  <  10'*,  tiie  total  magnetic  charges  present  are  jn]  >  27rl0*.  'i'his 
may  possibly  be  within  the  abundance  allowed  by  the  ratio  of  monopoles  to  the 
entropy'*,  but  with  the  possible  existence  of  both  raonopoles  and  anti-monopolea, 
the  total  number  of  magnetic  monopoles  may  be  larger  than  the  total  n'l.gnetic 
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chMges.  Generally,  one  needs  to  ensure  that  the  total  number  is  consistent  with 
the  experimental  results  on  the  abundance  of  monopoles.  The  n  =  ±2  may  also 
possibilely  solve  CP  if  it  is  consistent  with  the  experimental  observation, 

Note  that  we  only  considered  non-singular  magnetic  monopole  in  the  space. 
For  ’t  Hooft  Polykov  monopole,  the  full  gauge  group  inside  the  monopolc  is  sim¬ 
ply  connected,  it  will  not  give  any  boundary  contribution  to  the  term  in  Rq.(26). 
However,  outside  the  monopole,  the  gauge  symmetry  is  spontaneously  broken,  it 
is  known  that  the  unbroken  gauge  group  cannot  be  simply  connected  to  have 
monopole  solutions.  For  example,  in  SU(5)  model,  inside  the  monopole,  SU(5) 
is  simply  coimected;  outside  the  monopole  the  exact  gauge  group  G=SU(3)xU(l) 
satisfies  IldG)  =  Z.  We  expect  that  in  general,  the  GUT  monopoles  ore  smooth 
solutions,  and  therefore  cannot  have  a  mathematical  boundary  at  a  given  short  dis 
tance  around  the  monopolc  relevant  to  our  boundary  contribution.  Therefore,  the 
realistic  world  meet  the  condition  to  have  our  solution  to  the  strong  CP  problem. 

The  effect  of  a  term  proportional  to  in  the  presence  of  magnetic 

charges  was  first  considered^^  relevant  to  chiral  symmetry.  The  effect  of  a  simi¬ 
lar  U(l)  9  term  was  discussed  for  the  purpose  of  considering  the  induced  electric 
charges’^  as  quantum  excitations  of  dyons  associated  with  the  't  Hooft  Polyakov 
monopole  and  generalized  magnetic  monopoles'®’’*.  Note  that  since  our  solution 
needs  non-  vanishing  magnetic  flux  through  tlie  space  !)oundary,  this  implies  that 
only  an  open  universe  car  be  consistent  with  our  solution.  Note  that  the  relevance 
to  the  problem  is  discussed  in  Ref.  23. 
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